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Abstract. We consider an application of the Plan formula to the study of the properties of the zeta-
function of zeros of entire function. Based on this formula, we obtained an explicit expression for the
kernel of the integral representation of the zeta-function in this case.
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Introduction

Recall (see, for example, [1, Chapter I, S. 1.9]) that the classical Plan formula has the form

S ot =500+ [ amdrei [T g )

and is valid if
1. g(¢) is regular for Re ¢ > 0, ¢ =171+ 1it,

2. lim e~?7ltlg (1 +it) = 0 uniformly for 0 < 7 < oo,
t—o0

T—>00

oo
3. lim [ e~ |g (7 +it)| dt = 0.

The Plan formula has been known for quite some time in the theory of functions of a complex
variable. It is used in investigating analytical properties of functions assigned in the form of
progressions and for finding the sums of progressions in final form. Various generalizations of
the Plan formula are obtained in works [2—4].

*kuzovatov@yandex.ru
TAKytmanov@sfu-kras.ru  https://orcid.org/0000-0002-7394-1480
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Among the physical applications of the classical Plan formula (some of its generalizations)
one may note in the theory of quantum fields for renormalizing the tensor of the energy pulse
of a scalar field in different Friedmann models of the Universe. It is also used for calculating a
vacuum mean tensor of the energy-pulse of quantum fields in different complete and incomplete
manifolds (the Casimir effect). A detailed presentation of these issues may be found in work [2].

In this article we consider an application of the Plan formula to the study of the properties
of the zeta-function of zeros of entire function.

Regarding generalizations of the zeta-function, we note that in 1950s I.M. Gel’fand,
B. M. Levitan, and L. A.Dikii (see, for example, [5-7]) studied the zeta-function associated to
eigenvalues of the Sturm-Liouville operator. As it turned out, its value is connected with the trace
of the operator. Their approach was further developed by V.B. Lidskii and V. A. Sadovnichii [8]
who considered a class of entire functions of one variable, defined the zeta-function of their
zeroes and investigated its domain of analytic continuation. S.A.Smagin and M. A. Shubin [9]
constructed the zeta-functions for elliptic operators, as long as for operators of more general type,
proved a possibility of meromorphic continuation of the zeta-function and gave some information
on its poles.

Multidimensional results were obtained by A.M.Kytmanov and S.G. Myslivets [10]. They
introduced the concept of the zeta-function associated with a system of meromorphic func-
tions f = (f1,..., fn) in C™. Using the residue theory, these authors gave an integral representa-
tion for the zeta-function, but the system of functions f1, ..., f,, was subject to rigid constraints.

1. Auxiliary results

Let f (z) be an entire function of order p in C. Consider the equation

f(z)=0. (2)

Denote by Ny = f~1(0) the set of all solutions to (2) (we take every zero as many times as its
multiplicity). The numbers of roots is at most countable.
The zeta-function (s (s) of Eq. (2) is defined in the following way:

Gle)= Y (~z)",
zn €Ny

where s € C.

In [11], using the residue theory, V.I. Kuzovatov and A.A.Kytmanov obtained two integral
representation for the zeta-function constructed by zeros of an entire function of finite order on
the complex plane. With the help of these representations, they described a domain which the
zeta-function can be extended to.

Theorem 1.1 ([11]). Let f(z) be an entire function of the zero order in C and satisfy the
condition 72 )
z
— Wy = O () .
f(z) E
Suppose that 0 < Re s < 1. Then

(o) = [T (L ) o 3)
/(@)

f(x)

where wy is the limit value of at infinity.
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The method of proof of Theorem 1.1 shows that the statement remains valid in the case
when f (z) is an entire function of order less than 1.

Now we will give an integral representation for the zeta-function (y (s) of zeros z, of f which
are z, = —qn + 1Sn, ¢, > 0. Let us denote

F(fx)=>) e (4)
n=1

We will assume that Re s = ¢ > 1 and the following conditions hold:

lim dn > 0, (5)
n—oo T
o) 1 o—1
the series Z (> converges. (6)
an
n=1

For the convergence of the series (4), using condition (5), it is necessary and sufficient (for real x)
that > 0 [11].

Theorem 1.2 ([11]). Suppose that the conditions (5) and (6) are satisfied and Re s > 1. Then

G =g | e ) e

where F (f,x) is defined by formula (4), and T (s) is the Euler gamma-function.

Our goal is to obtain an explicit expression for the kernel of the integral representation (3)
in case z, = —mwn?. This choice of zeros z, is due to the fact that for series

F(fio)=Y e =3 e ™% =y (x)
n=1 n=1

for > 0 it is known (see, for example, [12, Chapter II, S. 6]) that

2¢(x)+1=\/15{2¢(i>+1}.

2. The main result

Theorem 2.1. Let f(2) be an entire function of order p with zeros z, = —nn?. Then for
real x € (0;4+00) the following holds

fle) _ vm 1

f(x) B 2/x 2z

Proof. We consider entire functions f (z) of order p, which have the form

f(2)0ﬁ<1;>- (7)

The representation (7) is true, for example, for entire functions of order less than 1 or for entire

o0

functions of the first order with the additional condition (the series > PN is convergent). In
n=1 |%n

particular, the representation (7) is true for functions of the zero genus.
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It is easy to show that in this case we obtain

fz) & 1
f(z)izz—zn (8)

n=1

if 2 # z,.
Since the order of the canonical product (7) is equal to the index of convergence p; of its
zeros and for given values of z,
— Inn 1
L= nlgr;o In |z, Y
then representations (7) and (8) are true for considered function f (z).
Now we make use of a summation formula due to Plan (1). Taking

1
=——7, R 0
9(¢) TTace Rez>0
in (1) we find that
il__1+/°°clf
n:12+7m2_ 2z Jy z+mT?

Passing in the last equality from complex z to real z € (0;+00), we obtain
) 1_’_/OC dr 1_'_1/Oo dr
r+m?  f(z) 2z )y xz+wr2 2z w)y T2H4az/m

11 > 1 1 1
S R £ O A I S S ,
2t 7w\« NZEN 2 Jmxr 2 2z 2

Corollary 1. Suppose that the conditions of Theorem 2.1 are satisfied. If wg is the limit value

oo

n=1

fr) oo
of at infinity, i.e.
7 (@) ,
wo = lim 7]8 (x)’
T—r—+00 f (x)
then wg = 0.
Remark 1. If f is an arbitrary entire function of order 1 < p < oo, with zeros z, = —mn?, then
the ratio can be represented as
f(Z) — eg(z)
o0 )
11 (1-2)
n=1 "

where g(z) is an entire function. Since 1 < p < 00, g(2) is a polynomial, deg g = p, and p € N [13].
Therefore,

f@mmwknmﬁﬁ.;)

and

) WEEO 4 Mg () ) |,
) (z)es) =T T
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Consequently in this case we take

F@)  VE 1

5=~ 5o td (), 1<p<oo.

f(x) - 2y 2z

The work was supported by RFBR, grant 18-51-41011 Uzb.t and grant 18-31-00019.
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O npumenenun dpopmyubl Ilnana Kk mcciiegoBaHUIO
a3era~-(yHKIIMA HYJIel 1eaoii pyHKIimn

Bsauecaas U. Ky3oBaToB

Anekcanap M. KeiTmMaHOB
Cubupckuii de1epalibHbIil YHUBEPCUTET
Kpacuosipck, Poccuiickast Penepariust
Aszumbaii CanayiiaeB
Harnymonanbuenit yausepcurer Y36ekucrana
Tamrkent, Y36ekucran

Awnnoranusi. B mannoit cratbe paccMorpeno npumenenue dpopmysbl [lnana K ncciieToBaHHIO CBOUCTB
nzera-gyHKIpYy HyJeil nesoit dyukimu. Ha ocHoBe maHHON (DOpMYIIBI HOJYyYEHO sIBHOE BBIDAXKEHUE JIJIsI
SI/Ipa MHTErPAIBLHOIO MPEJICTABIEHUsT J3eTa-PYHKIIMU B 3TOM CJIydae.

KuaroueBrbie cioBa: m3era-dyuknus myseit, dopmyna [lnana, naTErpaspbHoe mpecTaBIeHne.
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Abstract. The locus of real and complex roots of algebraic equations are constructed in this paper.
Calculations of specific equations show that the location of their roots depends on the type of equation.
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Introduction

In this paper, we consider some of specific algebraic equations. However, our experience shows
that the reported examples allow us to understand the structure and features of the geometric
location of the roots under changes of parameters in the general case.

Systems of nonlinear equations with parameters arise, for example, in the analysis of the
stability of stationary equations of chemical kinetics or in mathematical models of chemical
technologies [1-4]. From a formal point of view, parametric analysis of specific mathematical
model leads to the study of the geometric location of roots of nonlinear (including algebraic)
equations [5-11].

In this paper we consider specific, but very important, case of an algebraic equation of the
form:

F(z, p)=0, (1)

where function F' is a polynomial, z is unknown variable. p is a parameter which is varied
through a wide rage: —oo < p < 4+00. As parameter p changes z(p) defined by equation (1)
can continuously change (deformation) or change abruptly (reconstruction, bifurcation). Thom’s
classification theorem [12,13] gives enumeration of possible local structures at bifurcation points.
However, it is often important to know the quantitative characteristics of possible deformations
of the solutions z under changes of parameters p in a wide interval. For example, it is important
to determine not only the stability of steady states but also the degree of their stability and the
stability margin of phase [2,3].

*vibykov@mail.ru  https://orcid.org/0000-0003-0775-385X
T https://orcid.org/0000-0001-5599-0580
(© Siberian Federal University. All rights reserved

- 141 —



Valeriy I. Bykov, Svetlana B. Tsybenova Root Locus of Algebraic Equations

1. General analysis

The main problem of the qualitative and numerical analysis of systems of nonlinear equations
with parameter (1) is to construct the root locus z(p). As a rule, the problem to construct the
inverse relation

p=p(2). (2)

is a more simple problem.
Construction of the root locus of algebraic equation

n 2" + ap_12" 1+ .. Farz+ a9 =0, (3)

is considered, where a; are real coefficients. Without loss of generality, instead of (3) the following
algebraic equation
2"t ap 12"+ 4+az+1=0. (4)
is considered. Taking one of the coefficients in (4) as parameter p, rewrite this equation in the
following way
1):2"7k~¢—...—|—i (5)
zk?
where n < k < 1 and z € (—o0, +00). For each fixed k, parameter p is a function of real variable
z. Relation (5) allows us to determine the inverse function

z=o(p). (6)
Relation (5) allows us to relatively easy obtain ¢(p) which is the locus of real roots of original

algebraic equation (4). The locus of complex roots z of this equation under changes of parameter
p can be constructed from the condition

Im p(z) = 0. (7)

The simplest problem for equation (3) is to construct the locus of real and complex roots of
algebraic equations with three monomials

2" —p" R 1 =0, (8)

where 1 < k < n; n and k are integers. Let us note that quadratic and cubic equations without
loss of generality quite fit in case (8). From equation (8) we have

1

Relation p(z) defined in (9) specifies the locus of real roots z(p) or rather its inverse function
p(2), where z is real variable.
Differentiating (9) with respect to z, we obtain conditions for critical values of the parameter:

dp k—1_ n—k
o=k - g =0, (10)
from here i
n—=Fk
ze = ( - ) /n, (11)
1
e = (2)% + = (12)

In accordance with the general scheme of studying of (5)—(7), the locus of complex roots of
equation (8) on the complex plane is defined according to (9), taking into account the condition
Im p(z) = 0.
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2. Specific examples

Implementation of the general scheme of construction of the root locus of algebraic equation
(8) is illustrated by some specific examples.
Let us start with the simplest quadratic equation

22 —pz+1=0. (13)
From (13) we have the locus for real roots
1
= —. 14
p=z+ B (14)
Relation (14) is shown in Fig. 1. The critical value of parameter p, is
D=2, zo=1. (15)

From the condition Im p = 0 for (14) we have: a® + b? = 1 on the complex plane (a, b), i.e.,
for various p complex roots lie on the unit circle (see Fig. 2). Let us consider a cubic equation

22 —pz4+1=0. (16)
p 10
5
R 2 4z T
-10
Fig. 1. Locus of real roots of equation (13) Fig. 2. Locus of complex roots a? + b* = 1

It is easy to show that any cubic equation
3 2 _
azx’ + asx” + a1z +ag =0

is reduced to (16), using shift and stretch of argument z. Equation (16) contains a single

parameter p. From (16) we have
1

2
= =, 17
p=2z"+ B (17)
Relation (17) defines the locus of real roots of cubic equation (16) (see Fig. 3). Critical values
of the parameter and variable are

1 1
p*zf‘@+3—4, Zy = (18)

Vi V2
It follows from the condition Im p = 0 and (17) that locus of complex roots of equation (16)
on the complex plane (a, b) is

1
2 2
b* = —. 1
a” + %a (9)
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-10

Fig. 3. Locus of real roots of equation (16) Fig. 4. Locus of complex roots a?+ b?=1/2a

At b= 0 we have a = 1/+/2. Relation (19) is shown in Fig. 4.
For the cubic equation

2 —p2+1=0 (20)
we have 1
p=2z+ o (21)

The loci of real and complex roots of (20) are presented in Fig. 5 and Fig. 6. On the complex
plane the roots of equation (21) lie on the curve

(a® +b*)? = 2a. (22)

The critical values p, and z, are defined in (18).

P

104

Fig. 5. Locus of real roots of equation (20) Fig. 6. Locus of complex roots (22)
Let us consider several variants of the 4th degree equation. For equation
A —pz+1=0 (23)

real roots are specified by relation
1
p=2>4+ > (24)
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Complex roots are defined as above, using condition Im p = 0:
(3a® — b?)(a® +b*) = 1. (25)
Relations (24) and (25) are illustrated in Fig. 7 and Fig. 8, where

p*:i(%+ \/1871> z*:i%. (26)

3 2 3Z
0s a
Fig. 7. Locus of real roots of equation (23) Fig. 8. Locus of complex roots (25)
For the 4th degree equation of the form
2 —p+1=0 (27)

we have 1
p=z2—|——2; Imp=0: (a*? +0?)3=1.
z

The loci of real and complex roots are shown in Fig. 9 and Fig. 10. In this case
Py =2, 2z, ==*1.

For the 4th degree equation of the form

A —pP+1=0 (28)

we have 1
p=z+ ;; (29)
Imp=0: (a*+b*?°=3a*—-b" (30)

The loci of real and complex roots for (28) are shown in Fig. 11 and Fig. 12. Here critical values

2. and p, have the form )
L= <‘/§+), z, = V3.
g ( T
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T
i R

] a
5]
T T B T
Fig. 9. Locus of real roots of equation (27) Fig. 10. Locus of complex roots (a®+b?)? = 1
P
10
b
5
051
4 2 4 2 iz \
i~ 1,
5 i
-D,S:
-
Fig. 11. Locus of real roots of equation (28) Fig. 12. Locus of complex roots (30)
Consider equations of higher degree. For the 5th degree equation
2> —pz+1=0 (31)
we have 1
p=2"+=; (32)
z
Imp=0: 4a(a*—b") =1. (33)

The loci of real and complex roots of (32) and (33) are shown in Fig. 13 and Fig. 14. Critical
values p, and z, are

5 1
The loci of real and complex roots of algebraic 5th degree equations
2 —p+1=0 (34)

and
25 —pt+1=0 (35)
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1 2| IZ 2 d
e
Fig. 13. Locus of real roots of equation (31) Fig. 14. Locus of complex roots (33)
’ .
5
-\3|||\-|2||||-|\||J\|||’\I|||\|2||\||32 |-||||-D|I5||||U‘[||||D|I5|||| |a

10

Fig. 15. Locus of real roots of equation (34) Fig. 16. Locus of complex roots of equation (34)

are presented in Figs. 15-18.
The loci of complex roots of equations of higher degree

P —pz+1=0 (36)
and
B —p"+1=0 (37)

are shown in Figs. 19, 20.

Presented results allows us to estimate by analogy the qualitative nature of the corresponding
parametric portraits of various types of algebraic equations of higher degree. For example, the
loci of complex roots of equations

2 —pf+1=0 (38)

and
A0 p? +1=0 (39)

are shown in Fig. 21 and 22.
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Fig. 17. Locus of real roots of equation (35) Fig. 18. Locus of complex roots of equation (35)

B

Fig. 19. Locus of real roots of equation (36) Fig. 20. Locus of complex roots of equation (37)

b.

Fig. 21. Locus of complex roots of equation (38) Fig. 22. Locus of complex roots of equation (39)

Conclusion

Comparative analysis of algebraic equations (38), (39) allows us to conclude that complex

roots of equations
2" —pz+1=0 (40)

at large m, rather densely fill the whole complex plane except the inside of unit circle with the
centre at the origin. On the contrary, for equations

2" —pz 4 1=0 (41)
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complex roots are located inside of unit circle with the centre at the origin. For equations
2 —pzm R 41 =0, (42)

where k changes from 1 to m — 1, the situation is intermediate between situations for (40) and
(41). One part of the branches of the root locus on the complex plane goes to infinity, and other
part is localized in a neighbourhood of the origin.

The performed analysis of several specific cases allows us to do some conclusions for algebraic
equations of more general type

2"+ a2" ot ame1z+1=0. (43)

As real parameters a; change, the loci of real roots of equation (43) can be easily determined by
analogy with the performed analysis. To determine the locus of complex roots of equation (43)
the results for some special cases presented in Figs. 9-22 will be undoubtedly useful.

Calculations show that a parametric portrait of an algebraic equation significantly depends
on the type of an equation. Trinomial equations are simply analyzed. In typical case, the number
of branches on which the real and complex roots are located is determined by the number of
nonzero terms of this equation. The character of the localization of complex roots depends on
the equation degree and degree of unknown variable at which the varying parameter is set.

Thus, the presented elementary numerical and qualitative analysis of specific algebraic equa-
tions allows us not only to get specific results of the analysis of the parameter dependence of
equation roots but also to work out the understanding of qualitative features of curves on which
roots of algebraic equations are located. It gives us the possibility to predict the qualitative
behaviour of these roots as parameters change over a wide range.
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I'eomerpmdeckoe MecTo KOpHeil ajaredpamdecKnx ypaBHEHUIT

Bagnepuit . BrikoB

Caetrsiana B. IIlpibeHoBa
Nucruryr 6uoxumudeckoit dpusuku um. H. M. Dmanysna PAH
Mocksa, Poccuiickast @enepariust

Amnnoranusi. B pabore mocTpoeHO reoMerpmyeckoe MeCTO JeHCTBUTENHHBIX U KOMILIEKCHBIX KOPHEMH
ajreOpanmvyecKnx ypaBHeHuil. PacuyeTbl KOHKPDETHBIX YpaBHEHHl IIOKA3bIBAIOT, YTO PACIIOJIOXKEHUE STUX
KOPHE# CyIIeCTBEHHO 3aBUCUT OT BUJIA YPABHEHUSI.

KuaroueBrbie cioBa: anrebpandeckne ypaBHEHUS, JTeHCTBUTEIbHbIE U KOMILIEKCHBIE KODHHU, T€OMETPU-
JeCKOe MeCTO KODHell, HeJIMHelHble YDaBHEHHSI C ITapaMeTpaMH.
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Introduction
We consider the following system of quasilinear and singular elliptic equations:

—Ap,uy = Ml + 6hy(z) in Q
—Ap,ty = AuS?u? 4 Shy(z) in

(P) ;
uy,uz > 0in Q

u1, Uz = 0 on 02

where ) is a bounded domain in RY (N > 2) having a smooth boundary 9Q, A > 0, § > 0 are
parameters, and h; € L>() is a nonnegative function. Here A, stands for the p;-Laplacian
differential operator with 1 < p; < N. A solution of (P) is understood in the weak sense, that
is, a pair (u1,u) € Wy P (Q) x WyP?(Q), which are positive a.e. in Q and satisfying

Q

We consider the system (P) in a singular case assuming that

Pim2y, Vi, do = / (Mufius + 0hi)p; da, for all p; € Wy (Q), i =1,2.
Q

O<as<pi—1, 0<pBi<ps—1and —1<ay, f2<0, (1)
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Np;
N —p;
fixed the right term in the first (resp. second) equation of (P) is increasing in ug (resp. uy).

Recently, singular cooperative system (P) with § = 0 was mainly studied in [8,9,20]. In [20]
existence and boundedness theorems for (P) was established by using sub-supersolution method
for systems combined with perturbation techniques. In [8] one gets existence, uniqueness, and
regularity of a positive solution on the basis of an iterative scheme constructed through a sub-
supersolution pair. In [9] an existence theorem involving sub-supersolution was obtained through
a fixed point argument in a sub-supersolution setting. The semilinear case in (P) (i.e. p; = 2)
was considered in [7,13,21] where the linearity of the principal part is essentially used. In
this context, the singular system (P) can be viewed as the elliptic counter-part of a class of
Gierer-Meinhardt systems that models some biochemical processes (see, e.g. [21]). It can be also
given an astrophysical meaning since it generalizes to the system the well-known Lane-Emden
equation, where all exponents are negative (see [7]). For the one dimentional case (N = 1)
we quote [15] and the references therein. The complementary situation for the system (P) with
respect to (1) is the so-called competitive system, which has recently attracted much interest.
Relevant contributions regarding this topic can be found in [9,18,19]. For the regular case in
(P), that is when all the exponents are positive, we refer to [6,22], while for quasilinear systems
with singular weights we cite [2,4] and their references.

where pf = . This assumption makes system (P) be cooperative, that is, for u; (resp. us)

It is worth pointing out that the aforementioned works have examined the subhomogeneous
case © > 0 of singular problem (P) where

O=((p1—1—a1)(p2—1-p52) — froe. (2)

The constant © is related to system stability (P) that behaves in a drastically different way,
depending on the sign of ©. For instance, for © < 0 system (P) is not stable in the sense that
possible solutions cannot be obtained by iterative methods (see [5]).

Unlike the subhomogeneous case © > 0 studied in the above references, the novelty of this
paper is to establish the existence, regularity and nonexistence of (positive) solutions for singular
problem (P) by processing the two cases: "homogeneous’ when © = 0 and ’superhomogeneous’
if ® < 0. It should be noted that throughout this paper, ® < 0 (resp. = 0) means that
pi —1—a; — B; <0 (resp. =0).

The existence result for problem (P) is stated as follows.

Theorem 1. Assume (1), © <0 (resp. © = 0) and suppose that

lgf hi(z), Hglzf ha(x) > 0. (3)

Then, there is g > 0 (resp. O, Ao > 0) such that, for all § € (0,00), problem (P) possesses a
(positive) solution (uy,us) in CoP(Q) x CoP(Q), for certain B € (0,1), verifying

u; = cd(x) in £,

for some constant ¢ > 0 and for all X\ > 0 (resp. A € (0,Xg)). Moreover, if © =§ =0 and
P2 p1
=—(P1—1—0a1) or ag="—(p2—1—-p2),
B1 o (p1 1) 2= (P2 B2) (4)

then, there exists Ay > 0 such that problem (P) has no solution for every X € (0, \,).

The main technical difficulty consists in the presence of singular terms in system (P) with
(1), expressed through (super-) homogeneous condition. Our approach is chiefly based on sub-
supersolution method in its version for systems [3, section 5.5]. However, this method cannot
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be directly implemented due to the presence of singular terms in (P) under assumption (1). So,
we first disturb system (P) by introducing a parameter € > 0. This gives rise to a regularized
system for (P) depending on & whose study is relevant for our initial problem. By applying the
sub-supersolution method, we show that the regularized system has a positive solution (u1 ¢, u2.e)
in CL2(Q) x C1#(Q) for some S € (0,1). Tt is worth noting that the choice of suitable functions
with an adjustment of adequate constants is crucial in order to construct the sub-supersolution
pair as well as to process the both cases ©® < 0 and ® = 0. The (positive) solution (uj,us) in
(Wy P (Q) N L®(Q)) x (W P2(Q) N L>®(2)) of (P) is obtained by passing to the limit as & — 0.
This is based on a priori estimates, Fatou’s Lemma and S -property of the negative p;-Laplacian.
The positivity of the solution (u1,us) is achieved through assumption (3) while C*#-regularity
is derived from the regularity result in [11].

The rest of the paper is organized as follows. Section 1 is devoted to the existence of solutions
for the regularized system. Section 2 established the proof of the main result.

1. The regularized system
Given 1 < p < oo, the space LP(Q) and W, *(Q) are endowed with the usual norms
1/p 1/p
[ull, = (f lul? da:) and [uf, , = (f |Vul? dx) , respectively. We will also use the space
Q Q

CyP (@) = {ue ¥ (Q):u=0on 00} for a suitable 8 € (0,1).
In what follows, we denote by ¢ ,, the positive eigenfunction associated with the principal
eigenvalue \; ,,, characterized by the minimum of Rayleigh quotient

[V,

Pi
Moy = inf — P
P ewtriangoy b

()

For a later use recall there exist constants li’lAi > 0 such that

Zl¢17p1 () = d1,p, () = ZQ(Z)]_’pl (x) and l1d(x) = ¢1,p,(x) = lad(z) for all x € Q, (6)

where d(x) := dist(z,09Q) (see, e.g., [10]).

_ Let © be a bounded domain in R]Y with a smooth boundary 9 such that Q@ C . Denote
d(z) := d(z,09). By the definition of ) there exists a constant p > 0 sufficiently small such that

d(z) > pin Q. (7)
Define w,; € C 1(5) the unique solution of the torsion problem
—Apwi=1in Q, w;=0 on I, (8)

satisfying the estimates ) 3
i) > cod(x) in D, (9)

for certain constant c¢g € (0,1) (see [12, Lemma 2.1]).
For a real constant C' > 1, set

(s 0o Wi) = (ccprp,, C M), i =1,2, (10)
where c. > 0 is a constant depending on € > 0 such that

0<c <colytC™h (11)
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Then, by (10), (6) and (8), it is readily seen that
Ti(z) = C~tw;(z) = Ctepd(z) = CLepd(z) >
> 171C gy p, (1) = coy p, () = u; () in Q, fori=1,2.
For every ¢ € (0,&p), with €g < 1, let introduce the auxiliary problem
—Apup = Mug +€)* (ug + €)% + Shy(z) in Q
(Pe) —Apous = Aug +€)*2(ug + €)% + Sha(z) inQ
uy,ug =0 on 99
which provides approximate solutions for the initial problem (P).

Lemma 1. Assume (1) and hq,ho # 0 in Q. Then, if © <0 (resp. © =0), there is a constant
do > 0 (resp. do, Ao > 0 ) such that for all § € (0,0¢), (u1,T2) in (10) is a supersolution of (Pe)
for all A >0 (resp. A € (0, o)) and all € € (0,¢p).

Proof. Assume © < 0 and set ¢g = C™1,

1 . 1
50 - 21‘—512{017’?_1 |h1||oo} (12)

On account of (1), (7)—(10) and (12), for all § € (0,dp) and & € (0,&¢), one derives
(ﬂl + 6)7061 (ﬂ2 + E)7'81(_A;01E1 - 5h1) = ﬂl_al (ﬂ2 + 50)761(_AP161 -6 th”oo) >
> CortP (cod(@)) 7 (||wallo, + 1)~ (C=P =D = 5 ||l ) =
> CP= e (cop) = (fJwalo + 1) (1 = 6C7 [ Rl ) >
1 —
> Ecﬂlf(m*l*al)(cop)*al(||w2||oo +1)7F >\ in Q,
and similarly
(T + €)™ (T + &) P2 (= Ap,To — 0ha) = (W1 + £0) 2Ty 7 (—Ap, T2 — 6 || hall ) =
> C 82 (|lwy || + 1) (cod(x)) P2 (C~ P2~ — G ||hal) =
— o2~ (P2 1=82) (|[uy || 4 1) 72 (cop) B2 (1 — 6oCP2 1 ||hal ) =
> %Caz—(pz—l—ﬂﬂ(uwl”m + 1) (cOp)_'@2 > ) in Q,

for all A > 0, provided C' > 1 is sufficiently large. This shows that (@, W2) is a supersolution
pair for problem (P.). If © = 0, by repeating the argument above, the same conclusion can be
drawn for A € (0, \g) with a constant Ay > 0 that can be precisely estimated. This completes
the proof. O

Lemma 2. Assume (1) and © < 0 hold. Then, (u; .,u,.) is a subsolution of (P.) for all
A, 8 >0 and every e € (0,eq).

Proof. Fix € € (0,&¢). From (10) and (1), we obtain
(yl,e + E)_al (QQ,E + E)_61 (_Aplul,s - 5h‘1) <
< Cglil(csgﬁl,pl + 50)70[1 (Cs¢l,p2 + 5)7&)\1,171 Qﬁ,lpill <
< Cglil((rbl,pl + 60)7(11 (CEQSLID + €)7ﬁ1A17p1¢];7_p1 <

<A e P (¢l + DT Ay, ||¢1,p1||§é_1 <A inQ
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and similarly

(ﬂl,s + 5)_a2 (H2,€ + E)_Bz (_APZQQ,E - 6h2) <

g (@l,s + E)_Oé2 (@2,5 + 50)_/32 (Ap2@2,6) =

= 227 (cahrp + )T (D1ps +20) TP AL ST, < 14
< A2 (|| g1 pyll o +20) 2 M s H¢1,p2”£271 <\ inQ,
provided c. > 0 is sufficiently small. Gathering (13) and (14) together yields
—Apu; o < Muy o +8)% (uy . + E)ﬂ"' +6h; in Q,
proving that (u; .,u, ) in (10) is a subsolution pair for problem (7). O

We state the following result regarding the regularized system.

Theorem 2. Assume (1) and hqi,ho # 0 in Q. Then

(a) If ©® <0 (resp. © = 0) there exist a constant o9 > 0 (resp. o, Ao > 0) such that for all
0 € (0,00) system (‘Pc) has a (positive) solution (u1 ¢, use) € C’é’ﬁ(ﬁ) xCé’B(ﬁ), B e (0,1),
satisfying

Ui e(x) < (x) in Q, (15)

for all A > 0 (resp. A € (0,)g)), and every ¢ € (0,&g).

(b) For © <0 and under assumption (3), if 6 > 0, there exists a constant ¢y > 0, independent
of €, such that all solutions (u1e,us.) of system (P.) verify

Ui e(x) = cod(zx) for a.a. x € €, for all € € (0, ). (16)

Proof. On the basis of Lemmas 1 and 2 together with [3, section 5.5] there exists a solution
(u1,e,u2,e) of problem (P.), for every e € (0,&9). Moreover, applying the regularity theory
(see [16]), we infer that (uy ., us.) € CoP (Q) x C4?(Q) for a suitable 8 € (0,1). This proves (a).

Now, according to (3), let o > 0 be a constant such that infq hq(z), infq ho(z) > o. Define
z; the only positive solution of

—Ap,zi =060 inQ, z=0 on 09,
which is known to satisfy z;(z) > cod(x) in Q. Then it follows that —Apu. > —A,,2; in Q,

U e = 7z on 09, for all ¢ € (0,¢0), and therefore, the weak comparison principle ensures the
assertion (b) holds true. O

2. Proof of the main result

1 1
Set ¢ = — with any positive integer n > 1/g¢. From Theorem 2 with ¢ = —, there exists
n

n
Ui 1= Uy, such that

1
n

(—Ap, Ui, i) = )\/Q (Ulm + %)a (uz}n + %)Bi% dx + (5/thapidx, (17)
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for all p; € Wol’pi (Q),7=1,2. Taking ¢1 = u1, in (17), since oy < 0 < B1, we get

1 3] 1 B1
luanll¥p, = A/ <u1,n + > <u2,n + ) Uy dz +/ Shauy p dz <
Q n n Q

< )\/ uftH (ug,y + 1) da;+5||h1|\oo/ Uy d <
Q Q (18)

<)\/ﬂ‘1’“+1 (@ + 1% dx+5||h1||oo/ﬂl dz <
Q Q

SNQU(F 5™ (M2l oo + D7 + 6 [l 1allo0)-

Hence, {uy,} is bounded in Wy ** (Q). Similarly, we derive that {us,,} is bounded in Wy** ().
We are thus allowed to extract subsequences (still denoted by {u;,}) such that

Uiy — u; 0 WP (), i =1,2. (19)

The convergence in (19) combined with Rellich embedding Theorem and (15)—(16) entails
cod(z) < ui(z) < u;(z) in Q. (20)

Inserting ¢; = w;n — w; in (17) yields

1\ 1\ B
(—Ap, Wi gy Ui — Us) = / |:)\<u1,n + *) (U2,n + *) + 6h/i:| (Ui — u;) da.
Q n n

We claim that

lm (—Ap, i, Ui n — u;) < 0.
n— o0

Indeed, from (15), (16) and (10), we have

<<u1n+ ) <u2n+%>51+6h )(uln—ul)

< (ug, (u2n—|—1 )7 4 0hn) ([ ]) <
2

<

X

1

Cod al ’ZLQ + ].)ﬁl + 6h1)u1 S

N

< 2((cod())** ([82]l oy + 1) 46 1210 ) 171 o < Cod()** in @,
with some positive constant Cy. Then, (1) together with Lemma in [14, page 726] imply that
1\ 1\B1 1
(ul,n + 5) (uz,n + H) +6hy ) (wrm —u) € LM(Q). (21)

Using (19), (21) and applying Fatou’s Lemma, it follows that

1\ ™ 1 B
lim sup/ ( (ulm + ) <U27n + ) + 5h1> (U1, —u1)dz <
n— 00 Q n n
1\« 1 B1
< / lim sup ( (ul,n + ) (uz,n + ) + (5h1) (w1, —w1) | dz — 0,
Q n—oo n n

showing that lim sup (=Ap, w1 n,u1,, —u1) < 0. Likewise, we prove that
n—oo

lim sup (—Ap,ug.n, U2, — u2) < 0.
n— 00
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Then the S -property of —A,, on Wy**(Q) (see, e.g., [17, Proposition 3.5|) guarantees that

Uiy — u; in WP (Q), i =1,2. (22)
On account of (17), besides (22), the next step is to verify that
. 1y 145 a; B
lim (uLn + 7) (ug,n + 7> i de = | ufuy'ey; de, (23)
N o n n Q

for all ¢; € W, 7 (). By (15), (16), (1) and (20), it holds

1\ 1 1\ A i 3
(w0 +5) " (w2 + ) 0] < (cod@)® (Tallog + 1%l

and
1\ @2 1\ B2
(Ul,n + *) (U2,n + *) P2
n n

Then, by (1) together with Hardy-Sobolev inequality (see, e.g., [1, Lemma 2.3]), assertion (23)
stem from Lebesgue’s dominated convergence Theorem. Hence we may pass to the limit in (17)
to conclude that (u1,uz) is a solution of problem (P) satsifying (20). Furthermore, using (1),
(20) and (10), one has

< ([l +1)°2 (cod()) 2.

utust + 0hy <UL A+ 0 bl <
< (cod(@)) 7)1 + 8 | o d()™— < (24)
< Cfd(z)* for all x € Q

and
uSu? + Shy < TS + 0 ||hal|, <
<[5 (cod(x)) + 8[|l d(x)?2~F2 < (25)
< Chd(z)P2 for all v € Q,

for certain positive constants C and C5. Hence, (1) enable us to apply Lemma 3.1 in [11] to

infer that (u,v) € C3*(Q) x C3P(Q) for some S € (0,1).

We are left with the task of determining the nonexistence result stated in Theorem 1. Arguing

by contradiction and assume that (ug,us) is a positive solution of problem (P) with 6 = 0.
Multiplying in (P) by w;, integrating over €, applying Young inequality with aq, 82 > —1, we

1 —1— Bip1
/Ivu1|’“ dx—A/ a1+l 51dx<A/ (0‘1+ P+ Muﬁl“‘l) dx (26)

P1

_ 1 _ @2P2 1
/ |Vus|"? dz = /\/ o202y < /\/ <Z)2p52u{,21;32 + 62p+u§’2> dx. (27)
Q 2 2

Adding (26) with (27), according to (4), this is equivalent to
ar+1 pp—1- B2 +1 p1*1*a1
Vui Pt + ||Vu mg/\[( + ) ( ) v||P2 ]. (28
IVu [, + Vel s . [l Iy P s [ollps |- (28)
Since © = 0, observe from (4) that

a1+1+p2—1—,82_a1—|—a2+1

P1 P2 P1 (29)
52+1+p1—1—011:51+52+1
D2 D1 P2 ’
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Then gathering (5), (28) and (29) together yields

ar+as+1 B+ B2+ 1
(= 2220 (A = 22 el <0

b2

which is a contradiction for

. D1 D2
A < Ay = min M oprs A .
{a1+a2+1 bPU B By + 1 1’p2}

Thus, problem (P) has no solution for A < A., which completes the proof.
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CuHryJIsipHble KBa3UJINHENHbIE 3JINIITHYEeCKNE CUCTEMbI
¢ (cymnep-)OgHOPOAHBIM yCJIOBUEM

Xana /Inan

Bpaxum Xog

Yuusepcurer bajku-Moxtap Annaba
Annaba, Axup

Abaenbkpum Myccayu
Yuusepcurer Mupa Bemxkaita
Bemxkaiia, Amxup

Awnnoraums. B nannoii pabore Mbl yCTaHABINBAEM CYIIECTBOBaHUE (HECYIIECTBOBAHKUE) U PErYJISIPHOCTD
TIOJIOYKUATEJIbHBIX PEIIEHUH M1 KJIacCa CUHTYJISIPHBIX KBA3UJIUHEHHBIX SJIJTANTAYECKUX CUCTEM, IIOJITH-
Hsomuxcs (Cynep-)oaHopogHoMy yeaoBuio. Iloaxom ocHOBaH Ha MeTOmAaX CyOCyNepPenIeHui Jjisi CHCTEM
KBa3WJIMHENHBIX CUHI'YJISPHBIX yPaBHEHUIl B COUYETAHUU C apryMeHTaMU BO3MYIIEHMSI, BKJIIOYAIOIINMU
CHUHTYJISPHBIE YJICHBI.

KurouyeBrble cj0oBa: CHUHIY/ISPHAs CUCTEMA, P-JAlIACHaH, CyOCyIeppeIleHne, PeryaspHOCTb.
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Abstract. Many tasks of digital signal processing require the implementation of matrix operations
in real time. These are operations of matrix inversion or selving systems of linear algebraic or dif-
ferential equations (Kalman filter). The transition to the implementation of digital signal processing
on programmable logic device (FPGAs), as a rule, involves calculations based on the representation of
numbers with a fixed point. This makes solving spatio-temporal processing problems practically im-
possible based on conventional computational methods. The, article discusses the implementation of
spatial-temporal signal processing algorithms in satellite broadband systems using QR decomposition.
The technologies of CORDIC computations required for recurrent QR decomposition when used together
in systolic algorithms are presented.
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Introduction

Modern satellite broadband radio communication systems have a significant drawback - low
noise immunity. The solution te-this problem is based on the use of phased array antennas.
Such antennas are controlledusing adaptive algorithms, the parameters of which can be quickly
changed in accordance with the emerging interference environment.

To work effectively.in real conditions of parametric a priori uncertainty and a dynamic change
in the statistical characteristics of interference, adaptive systems are required, the parameters
of which can be quickly-¢hanged in accordance with the interference environment. Currently,
theoretically substantiated and tested in practice, the methods of the Markov theory of optimal
filtration. This theory has been fully and strictly developed in a number of books and articles
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[1-12]. In [6, 10, 11], the solution to the problem of adaptive filtering of signals based’on the use
of the lemma on the inversion of the correlation matrix (MIL) of input signals of am, adaptive
filter is considered. This solution leads to a recursive least squares (RLS) algorithm.

The same problem can also be solved by reducing the matrix of input samples of the,adaptive
filter signals to a triangular form. In this case, the range of numbers involved in the ¢alcalations is
reduced by comparing the solution to this problem with the estimation of thé inverse correlation
matrix of interference using MIL. This increases the stability of QRD RLS algerithms.

Assume that the signal and interference affect the input of a multichannel M-element
phased array antenna. The set of signals from the outputs of the M-element antenna array
is described by the time function yi(t),y=2(t),...,ym(t) and form a,column vector yi(t) =
= [y1(t),y2(t), ..., ym(t)]T. Moreover, a single-channel reception (M = 1) is considered as a
special case of multi-channel.

Discretization of the received useful and interference signals is‘performed at the radio fre-
quency fo. A feature of this is the small sampling interval A¢, which}is approximately half the
period of the carrier frequency Ty = 1/fo, At = 1/2fy =/To/2. Discrete interference values
obtained from the antenna are random numbers that are conveéniently represented as a column
vector y; = [y;(kAt)] = [y;(k)], K = 1, L, where L detepmines the duration of the observation
interval T'— L = T'/At. In the case of multichannel recéption, the vector of received oscillations
will have the following form Y = (Y1Ys... Y} ... Y7)T and dimension (T x M).

Most QR decomposition algorithms are based ¢n Householder reflection and Givens rota-
tions [13]. For the implementation of space-time’prdcessing, the most useful is the recursive
version of the Givens method, which provides updates t6 the solutions at the rate of arrival of
the input samples of the signal. High real-tim€ performance provides a systolic version of the
QR algorithm using pipelined implementation 6f{ivens rotations on FPGA. High speed fixed-
point number calculations on FPGAs are previded by the CORDIC processor. The principle of
its operation differs significantly from the arithmetic-logical devices of existing processors. To
implement Givens rotation, 10 shift-addition operations are sufficient. In this case, an accuracy
sufficient to achieve an interference suppression ratio of more than 50 dB is ensured.

Thus, the development of this research area promises a significant improvement in the quality
of reception and processing of bréadband signals and noise immunity based on the existing
element base and is relevant. Cousider the implementation of spatial-temporal signal processing
algorithms using QR decomposition. “F6 solve the problem of recurrent QR decomposition, we
will develop CORDIC computing technology in systolic algorithms.

1. Recursive adaptation algorithm using QR decomposition

A recursive adaptation‘algorithm using QR decomposition estimates the filter coefficients at
the current time stepsthrough the calculated filter coefficient at the previous step. Due to its
recursive nature, the algorithm is called QRD — a recursive QR decomposition algorithm. QR
factorization consists in reducing a linear system to a triangular one. For this, the original matrix
is represented as the product of the upper triangular matrix R and the orthogonal matrix Q.

Consider a system jof linear equations

Ay =b, (1)

where A — (n x’m) is the matrix, x is the vector of derivatives (for example, weights for the
adaptive ailtenna array), b is the m-vector. The QR decomposition of matrix A of size (n x m)
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for any n > m can be described as:

Q is a unitary matrix: Q - Q" =1, where I is the identity matrix, R is (n x m)/the upper right
triangular matrix. Equation (2) can be written in divided form:

A-Q.R-Q m Qi Q)] m ~Q. R, 3)

where R, is the (m x m) triangular matrix, Qq is the (m x n) matrix and Qs is the ((n—m) xm)
matrix.

In the spatio-temporal processing of broadband signals, the system 6f"equations is usually
redefined because n > m. Solution (2) minimizing the norm of the residual ||Ax — b|| has the
form x = (ATA)"'AThb.

Substitution of equality A = QTR gives the following form

A=RT'QTQR)'RTQ"b = R._'Q%W!

Here the triangular (m x m)-matrix is subject to ciptulation,” which requires (m?)/2 opera-
tions of addition and multiplication. Let us synthesize/a reégursive algorithm for estimating the
correlation matrix of interference based on QR decomposition From the theory of matrices it is
known that there exists a unitary matrix Qg (k), that for.any Agys matrix can be obtained by
decomposition

(4)

F
QkHAkM = |: M :| )

Otz _adymr

where Fy is the upper triangular square matrix, calléd the Cholesky decomposition, O¢7_ npyas is

the zero rectangular matrix. The superscript \H means complex conjugation and transposition.
For the unitary matrices Qg(k), the equalities Qi (k) - Q1 (k) = QH (k) - Qi(k) = I and

Qi (k) = Q' (k).

If designated
Ay =00 (k)Y 1. (k), (5)
where
k=1 0 0 0
0 Ak—2 0 0
A2'5:diag{‘/)\k_l,‘/Ak_Qf"‘/)\1»1}: : 0 0 (6)
0 0 - VA
0 0 0 1

The parameter X'1s used to weight the signals and allows you to take into account changes
in the statistics of signals if they are non-stationary and their statistical parameters change over
time. The parameter A is also called the exponential weighting parameter or the "orgetting
factor" parameter. Its value is usually limited by the limits (1 — 0.4K) < A < 1 [14,15]. For
example, at A = 09, )\0 = 1, )\1 = 09, /\2 = 0.81, /\3 = 072, /\4 = 066, /\5 = 0597 . .,/\10 =
0.35,..., 90 = 0.12,...,A30 = 0.04, ..., g0 = 0.015,..., A50 = 0.005, ..., X190 = 0.000027, that
is, the parameter \ determines the "memory" of the algorithm for solving the recursive problem.

For 0 < A < 1 and small values of the difference k — 7, the summed terms are weighted
with ldrge Wweights, and for large values of this difference, with smaller weights. For A\ = 1 this
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"memory" is equal to k samples of the observed signals. For 0 < A < 1, the contriputiomof the
same i-th samples to the sum is different for different A\. This contribution is greatémfor large A
and smaller for smaller A. That is, with decreasing A, the effective memory degcreases and vice
versa. Substituting equation (5) in (4) we obtain

QAL (¥ (h) = | ] )
where A °
YanAL W Qulh) = [ ") [ [ 00, Q] ®)

Reducing the matrix Ry (k) to a triangular form using the observation matrix Y%, (k) can
be performed in various ways, the main of which is Givens rotation.,/The matrix f{M(k) can be
obtained recursively in time, performing calculations for the k-th iteration using the results from
the previous, (k — 1)-th iteration. This is as follows.

Let us assume that at iteration k-1 there is a decompositions:

Q= DAL (k= DY ey = [ = V) )
Ok—1-m)m
and conversion is required
5 Ry (k
Qf Ay, m =1 M. (10)
(k—M)M
Using the result of (9), we define the mafrix

~ H _

Qi = | gl =D o 1)
(V. 1

If the matrix ALP(k)Y# (k) multiplied from left on the matrix (11), this operation modifies

Mk

equation (9), adding it to the matyix in the/right side of (k+ 1) — w (bottom) row:

Qi (M)A, ()Y 17 = Qff (k)

AOPADS, (k — I)Yz\lif(k—n(k - 1)]

Y i (k)
0.5 _ (12)
QLA AL )Y 3 o—py (k= 1) AT R (k= 1)
- Y (k) = | Op—1-am
N Y (k)

To perform the tramsformation (10), in equation (12) it is necessary to zero the last line.
From equations (10).and (12) it follows that

QAL (MY 1. (k) = QY (1) QF ()AL (R)Y 1, (k) =

AOS5R (ke — 1) R (k) . (13)
. Ry (K
Y1 (k) 0, (h=M)M
where the matix Qi (k) is the product of two matrices
QI (k) = O (AL (). "
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Thus, the reduction of matrix A (k)Y 1, (k) to a triangular form using the métrix Q (k)
(10) at iteration k can be done by zeroing the last row in the matrix (12) using the result of
reducing the matrix AP, (k—1)Y 1, (k—1) to a triangular form obtained af.iteration k — 1.
This zeroing is carried out using matrix QkH (k), which is a product of matrices composed of
Givens rotation matrices.

The recursive relationship between f{M(k —1) and f{M(k)in a more comipact form, i.e., when
k matrices with a fixed number of elements (M + 1) x (M + 1) are used at €agh iteration, can
be represented using the following equation

~

_ ﬁ)(}’;)} 7 (15)

where matrix G, (k) is unitary. This matrix can be formed using Givens spins. The structure
of matrices G, (k) is a “compressed” to size (M + 1) x (M + 1) maprix QY (k) with a variable
number of elements (k) x (k).

GI\/IJrl(k) [Ao%lzkg 1):|

The elements of Givens matrices are determined from equation (15), where

M
GM+1 (k) = H G§\4+1(k)~ (16)

Givens G, (k) transformation is determined by theyplang rotation matrices of the form:

1 0

G(i,j) = ; : : (17)

1

Matrix G; ; with fixed walues of i,j € {1,2,...,m — 1} differs from the identity n-matrix

E in that in it the 2 X 2sgubniatrix E occupying the cell formed by the intersection of the i-th
~ c —s*

and j-th rows and g6lumns is replaced by the submatrix G; = ( ) , with elements ¢ and

c

s
s satisfying the condition
s*+c =1 (18)

With this normalization condition, matrix G; and matrix G; are orthogonal. The elements
c and s cai be interpreted as the cosine and sine of a certain angle of rotation transformation.

Using a séguence of such orthogonal transformations, matrices G1, Go, ..., G,,—1 of the form
(17) can be reduced to the right triangular form by sequentially canceling the subdiagonal ele-
ments 1 the first, second, ..., (n — 1)-st columns. We consider the first of N steps leading to
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transformation (15), for which matrix Gg\l/j)_i_l(k) is used. Then

CM’l(ki) 0 s 0 —S}\k/[’l(kﬁ)
AOSR (K — 1) ! ! ! !
1 Thuy(R = . . . .
Ggw)ﬂ(k) X [ ?(O)H(m 1 = : o In_sg : x
M 0 0 - 1 0
SM,1(]€) 0 e 0 CM,l(]{i)
(A5 Rag a1 (k— 1) >\0'5]?M,12(k 1) - /\O'SJ?M,l(I\/I—l)(k -1 /\O‘SJ?M,lM(k - 1)]
0 )\O'5R]V[’22(k - 1) e )\O‘SRMQ(M_”(]C — ].) /\0'5R]V[,2M(k — 1)
y : : . : ) : _
0 0 o Rag =1y v—1) (BN/1) RZ\{,(Mfl)M(k —-1)
0 0 0 Ryrvn(k—1)
~(0)* ~(0)* ~(0)* ~(0)*
it (k) Bra®) IR 9512 ()
_)\0'5RM711(1€> )\0'5]%]\/[,12(]45 — 1) R )\0'5RM,1(M71)(]€ — 1) )\O'5RM)1M(]€ — 1) T
0 A5 Ryoa(k—1) - ARyl (k— 1) NOPRason(k — 1)
; 0 0 B RM,(M—l)(M—l)(k -1 RZ\([,(M—l)M(k —1)
0 0 RA[,MM(k—l)
~(1)* ~(1)x* ~(1)*
L0 Bk Jor iar—1y (k) G v ()
(19)
In equation (19), vector ?](\?)H(k) is defined as
< H ~(0)* ~(0)* ~(0)*
Y R) = [ (6). 972 ). - G h ()] = YR (). (20)
The superscript in parentheses means'the number of the transformation performed on variable
gjg\g): (k) with number 7 in the vecfor. Such a conversion over gjj(\g)f(k) is performed once (after

the first time the variable is reset), gvér gjgv(p;(k) — twice (after the second time, the variable is

reset), etc. and over g]](\(/p;[(k;) — M times (after the M-th time, the variable is reset).

From equation (19) it follows that

eara (KA Ry 11 (k — 1) — s34 ()7573 (k) (k) = Rag1 (k) (21)
and
saPy(k)AS R s (k — 1) + a1 (R)557 (k) = 0. (22)
Performing similar.conversion of all ¢ = 1,2,..., M, can be established that
enti (k)N Ragis(k — 1) — siy (k)7 " (k) = Rarai(k), (23)
sari (KX Ragii(k — 1) + ey (k)G (k) = 0. (24)

Then froin equation (22) we can determine that

—1

sati(k)=—cpr i (R)GS 7 (k) AP Ragia(k — 1)]
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and, given that ¢ + ss* = 1, from the equation

2 * N -1 (2 *
Ara(k) + eara ()T ()N Rarai(k — 1] eara (k)" (k) AP Ragi

= 2, ()N Rarsi (k= 1)) + cﬁmk)[y%[ f’*(k)*i‘-”(k)] (25)
= & (AR (k= 1) + B DN (k= 1) =

can determine that

eari (k) =¢AR%4.M<k—1>[Aé%w_ii<k—1> Tar " (R)isr (k }

= /AR, (k= 1) \/[ARM,“(k—l)Jrng\}Z”*(k) i\ (k)| = AR (k — 1) Ry (k).

where
}?M zz \//\RM u N(l . 1) (27)
It is taken into account that the diagonal elemen&( of the matrix R, (k) are real
numbers. Then, using (26) in equation (24), we can_determine

sni(k) = _)\O’SRM.n'(

R ~(z 1)*(]{}) _
~“ ira TRy (k). (28)
Thus, equations (26)—(28) allow us to ca ulate e cosine and sine of a certain rotation angle.

According to (19), they calculate the element of the i-th row of matrix R, (k) , zero out the
i-th element of vector Yx[ 1)H(k’) odlfy the remaining nonzero elements of this vector as

0,0,..+,0,0,5577 1 (k). .. 7573 ()]

r(i—1)H ~(1—1)x* ~(1—1)x*
Y ) = B), 38t () 3ad )] (29)
and
0,...,0,0,5% (k 7 (K 30
20,0050,0, 950 (K)o g g (B) |- (30)

These transformatiopmyfor e ch value of i include calculations (26)—(28), and for all j =

~<k = eari(k)A Ragij (k — 1) — shy . (R)5 S " (k) (31)

OM )N Ragij(k — 1) + ear(R)GY " (k). (32)

Thus, ﬁnsformatlon (13) can be performed either as Q¥ (k )Agﬁ(k)Yﬁk)(k), applying a

k x k m to a k x M matrix A% 5(k)Y]\Iflk)(k) at each iteration, or using a matrix

u AOSR (ke — 1)
ey l) k) applied to a k x M matrix | Og._1_anm
@ Y ()
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2. Parallel implementation of the QR algorithm
in a triangular systolic array
Givens transformation has good properties for use in a triangular systolic array./The archi-

tecture of the basic computations of the algorithm using such calculators is given in [16] and in
Fig. 1.

Fig. 1. Blockidiagram of a triangular systolic array

The systolic array is basedson.the method of triangular complex rotations and allows to obtain
a significant performance gain\in comparison with the method of complex rotations of Givens.

In the system of a triangularisystolic array, there are individual processing cells located in an
ordered structure. Eac¢h individual cell of the system has its own processing functionality and
local memory. Only neighbering cells are connected to each other and there is no direct connec-
tion between cells ghiat_are not adjacent. When data is fed into the systolic array system, the
processing cells at the front end of the system will process the data, store them in local memory,
and then forward them to adjacent cells. This processing and transfer of the processed data in
each cell continues until the data stream reaches the end of the system, where the final calcula-
tion results arelebtained. The proposed architecture provides a significant reduction in the time
required t@ perform QR decomposition using the same computing resources (CORDIC compu-
tational Lells). Another advantage of the proposed scheme is that during QR decomposition,
the upper triangular matrix R has only real diagonal elements. This simplifies the subsequent
inversion of the matrix R using the backward substitution algorithm, which requires division by
the diagonal elements of the matrix R .
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Algorithm (15) shows that the application of Givens rotations in a post-arrdynto multiply
matrices on the left side of the preliminary array allows one to obtain a triangular mafrix and
zero out the input vector Y (k). The number of elements in the input vector Y (k) gerresponds to
the number of antennas. The number of required Givens rotation operations is the same as the
number of elements in the input. That is, each rotation of Givens will reset exactly’one element
of the input vector. Thus, the algorithm for generating a radiation paftern. with K antennas
requires the Givens rotation operation K in the calculation of the post-array.

In calculations, the Givens rotation operation can be performed/in parallel, because there
is no data dependence between the Givens rotation operation at ¢ne of the inputs and the
Givens rotation operation at the same position in subsequent iterations.”Thus, Givens rotation
operations can be performed in parallel.

Conclusion

The proposed architecture of the triangular systolic arragmusing the method of the triangular
complex rotations optimized for implementation in large-scale integrated circuits, allowing you
to effectively perform the operation QR-decomposition/éf.complex matrices. Compared with the
QR-RLS algorithm, the proposed architecture can provide @ gain of up to 35% in the time of
calculating the QR decomposition. The synthesizéd algorithm will make it possible to imple-
ment the methods of spatio-temporal processing gfibroadband signals of satellite communication
systems.

This work was supported by the Ministry of \Science and Higher Education of the Russian
Federation in the framework of the Federal’target program «Research and development on pri-
ority directions of development of the scientific-technological complex of Russia for 2014-2020»
(agreement no. 05.605.21.0185, unique ID praject REMEFI160519X0185).
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PekypcuBHbIil ajiropuT™Mm @neHnBaHusI KOPPEJIAITMOHHOM
MaTpHUIbl TOMeX, ocHOBaHHbIT Ha QR-pazioxennn

Banepmnit H. Tankun
Avurpnit . Imurpuen
Anppeit B. I'magpiien
IIérp FO. 3BepeB

Cubupckuii derepabHbIl YHUBEPCUTET
Kpacnosipck, Poccuiickas Pejeparius

Awnnorauusi. Muorue 3afaqan mpichpoBoit 06paboTKN CUTHAJIOB TPEOYIOT BBIMTOJTHEHUS] MATPUIHBIX OTIe-
panuii B pexKunMe peasibHOro BPeMeHn. DTo oneparuu o0palieHusl MATPHUIbl UJIA DEIIeHUs] CUCTEM JIMHeli-
HBIX asrebpandeckux mm auddepennuanbubix ypasuenuii (buasrp Kanvana). Ilepexon k peanusarym
1 poBoit 06pabOTKM CHIHAIOB HA TPOrPAMMUPYEMBIX JIOTHIECKHX MHTErpaibubix cxemax (IIJINC),
KaK [PAaBUJIO, IIPEJIIIOJIAraeT PACIeThl, OCHOBAHHBIE HA IIPEJICTABJICHUN IUCEN ¢ (PUKCUPOBAHHON TOYKOIA.
D10 JesaeT NPaRTHUecK HEBO3MOXKHBIM PeIlleHHe 3a/1ad IIPOCTPAHCTBEHHO-BPEMEHHOH 00paboTKM Ha
OCHOBE TPAIUINOHHBIX BBIUIUCIUTEIBHBIX METO/IOB. B cTaThe paccMaTpuBaeTCs PeATH3aIinus aJrOPUTMOB
[IPOCTPAHCTBEHHOSBPEMEHHON 00pabOTKU CUTHAJIOB B IMUPOKOIIOJIOCHBIX CIIYTHUKOBBIX CHCTEMAX C HC-
nonb3oBanueir-QR-pasnoxenus. [Ipeacrasnensr Texuosoruu Boranciennii CORDIC, veobxoaumMble J1ist
noBTOopHOrQ QR-paz3sioKeHnst TP COBMECTHOM HCIOJIb30BAHUN B CHCTOJINIECKUAX AJTOPUTMAX.

KuarouyeBbie ciosa: dasumpoBaHHasi aHTEHHas peIIeTKa, aJlalTUBHbIE aJropuTMbl, Guabrp Kaivana,
PEKYPCUBHBLIN aJrOPUTM 110 KPUTEPUIO HAUMEHBIINX KBaapaToB, QR-pasioxkenne, cucrosmaeckue ajiro-
PUTMHI.
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Introduction

There are currently no methods to study the general systems of partial differential equations.
Therefore it is necessary to investigate special classes of equations. For example, the linear
systems of homogeneous first order differential equations with one unknown function form one
of well-studied classes [1,2].

In the beginning of the twentieth century, French mathematicians Riquier, Janet, and Cartan
made significant progress in studying a broad class of partial differential equations [3-5]. Over the
past several decades, new tools and terminology coming from differential geometry, differential
and commutative algebra began to be applied in the formal theory of differential equations [6-8].
It is now becoming increasingly important to consider algorithmic problems of the theory of
differential equations [9,10]. Some algorithms are implemented in computer algebra systems
such as Maple, Reduce, Mathematica.

In the papers [11,12], we used tools from the algebraic geometry and Grobuner bases to study
local properties of analytic partial differential equations. Here we consider smooth case. Some our
notions can be explained by means of an example. Consider the n + m-dimensional real space
Rt equipped with the natural coordinate functions z1,...,2Zn,y1,...,%m and the standard
topology. Denote by §(V') the algebra of smooth functions on an open set V' C R™* and denote
by §. the algebra of germs of smooth functions at a point a € R"*™. A subset B = {f1,..., fm}
of F(V) is called a normalized set, if each function f; € B is of the form

fi =vi + gi(x),

where the function g; can depends only on 1, ..., x,. We say that an ideal of the algebra F(V)
is soft if it is generated by an normalized set. It is easy to give analogous definitions in the case
of the algebra 3§,.

The goal of this paper is to present an algebraic technique for studying compatibility of
smooth partial differential equations. Section 1 deals with the infinite-dimensional space R” of

*kaptsov@icm.krasn.ru
© Siberian Federal University. All rights reserved

- 170 -



OlegV. Kaptsov Ideals Generated by Differential Equations

all the maps T — R equipped with the product topology (where T is a countable set). To each
open set V of the space R” one associates an algebra F (V') of smooth functions on V depending
only on finitely many variables. The set of all germs of these functions at a point a € R” forms a
local algebra F,. Next we define the appropriate normalized sets and soft ideals in the algebras
F(V) and F,. It turns out that every normalized set leads to a manifold in R”.

Let N be the set of all non-negative integers and Ny = {1,...,k}. In Section 2 we consider the
infinite jet space J = R? with T' = N,,U(N,,, x N?), then a system of partial differential equations
is a subset of the algebra F(V)). We define passive systems of partial differential equations at
a point and on an open set in J. These notations are analogous to Grébner bases [13], but our
definition does not apply any ranking.

In Section 3 we introduce the basic tools for study passive systems. One of these is a stratified
set which is given by a partition and a monoid acting on the set. Any stratified set must satisfy
certain compatibility conditions. The monoid (N™,+) acts on the algebras F(V) and F, by
means of derivations. The stratification allows us to introduce reductions of functions as well as
reductions of germs modulo differential systems and to define reducibility conditions at a point
and on an open set in J.

The crucial theorems are given in Section 4. We prove that if a differential system S is a
normalize set and satisfies reducibility conditions at a point, then it generates a soft ideal and
it is passive. Furthermore, if the system satisfies reducibility conditions on an open set, then
the orbit of S leads to a manifold in the infinite jet space J. At the end of our paper we give
examples of passive systems dealing with sinh-Gordon equation.

1. Normalized sets in an algebra of smooth functions

We shall use the following notations R, for the set of all real numbers, N, for the set of all
non-negative integer, Ny, for the set {1,2,...,k}. Let T be a denumerable set; the space of
maps z : T —> R is denoted as R” and equipped with the product topology. In this case a
neighbourhood base for any point a € R” is given by

Ular,p) ={z €RT : |z, —ay,| < pi, i € Ni}, (1.1)

where t; € T, p; > 0, p = (p1,---,Pk), ar = {a1,,...,as,} is a set of k coordinates of the
point a; 2, ..., 2, are k coordinates of the point 2. The functions y; : RT — R defined by
ye(z) = z(t), t € T, are the standard coordinate functions (variables). The set Y = {y; }ter is
the standard coordinate system on RT.

Let V be an open set in R” and let F (V) be the R-algebra of real functions on V that depend
on finitely many variables and are smooth (i.e. they have derivatives of all orders) as functions
of a finite number of variables. Suppose a function f € F(V') depends on some set of variables,
then this set denotes by ivf. When H is a subset of F(V'), we shall use the notation

ivH ={ivf: fe H}. (1.2)

The family {F(V)}ycrr gives rise to the sheaf F of smooth functions on R For each point
a € RT a stalk F, of the sheaf is a R-algebra of germs of smooth functions at a. Given a function
f € F(V), then its germ at a is denoted as fa or f for simplicity.

Each stalk F, of the sheaf F is a local algebra. Indeed, if feF,and f(a) #0, then1/f € F,
and f does not belong to any proper ideal of the algebra. Hence the set

M, ={f € Fo: fla) =0} (1.3)

is a unique maximal ideal of F,.
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We shall say that a germ fe Fo depends on g if there is a neighborhood V' of a such that
any representative f of f depends on y; in every neighborhood V' C V' of a. Assume a germ
f € F, depends on a set of variables, then this set denotes by v f.

Definition 1.1. 2.1. A set B C F(V) is called normalized if the following conditions hold:

(i) any function f € B can be written f = y; + g, where the coordinate functions y; form a
set L and the functions g do not depend on elements of L;

(i) if f1 =y++ g1, f2=yt + g2 € B, then f1 = fo. The elements of the sets L and Y \ L
are called principal and parametric respectively.

We shall give a similar definition for germs. Let Y, denote the set of germs of the coordinate
functions at a.

Definition 1.2. A set B C F, is called normalized if the following conditions hold:

(i) every germ f € B can be written f = 1 + §, where the germs v; form a set L C Y, and
the germs g do not depend on elements of L;

(i) if fi =0+ g1, fo = s + G2 € B, then f1 fa. The elements of the set L are called the
principal variables and elements of the set Y, \£ are parametric variables.

Proposition 1.3. Suppose fz =Yz, + Gi, © € Ny, are some elements of a normalized set BC F,
and a germ F' € F, depends on yy,, ..., ¥yi,. Then there exist germs qi,...,qx € Fq and a unique
germ T € F, which does not depend on yi,, ...,y such that

\hx
ﬁl

(1.4)

Proof. Suppose the germs F, f1, ceey fk depend on ¥,,...,¥y:,. From the Mather division
theorem [15], we obtain

F=dgqfi+m,
where 1 € F,; 71 € F, does not depend on ¥, . Using this theorem to the germ 77 yields
F=qf+df+,

where 75 does not depend on @, , 31, Continuing in the same way, we derive (1.4). ~
One needs to verify uniqueness of 7. Assume there exists another representation of F'

F=Y G*fi+r. (1.5)

-

s
Il
—

It follows from (1.4) and (1.5) that
k
=S
i=1

with f =7 —T, h; = G; — ¢;*. Let f, h;, f; be representatives of the germs f, ii,», fi - Then there
is a neighborhood of a such that

k
F=Y hif;. (1.6)
=1

Next we introduce new variables

yél = fl,...,ygk = fr. (1.7)
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Since f; = yi, + g; in some neighborhood of a, we can find y;, from (1.7) and substitute in the
expression (1.6). Then we may write

k
=1

where h1, ..., hj are some smooth functions while f can only depend on Ytyins - -+ Yt, - Assuming
that

Yi, =0,...,y;, =0,
we have f = 0 and therefore 7 = 7*. m]
Proposition 1.4. Let B C F(V) be a normalized set. Assume that a function F € F(V) is
a polynomial in some principal variables yi,,...,yt, of B with coefficients depending only on

parametric variables. Then there is a unique function r € F(V) not depending on the principal
variables and some functions qi,...,q € F(V) such that

F=> qfi+r, (1.8)
where f; =y, +9; € B.

Proof. The function F is a polynomial in the principal variables v, , ..., y:, and the functions
f1,- .., fx are polynomials of the first degree with coefficients 1. Then we can obtain (1.8) using
the multivariate division with remainder [13], although F(V') is not a field. Moreover, the
function r does not depend on the principal variables and lies in F(V').

The uniqueness of r can be proved as in Proposition 1.3. Suppose that the function F is
written in the other form

F=> "dgfi+r, (1.9)

where the function v’ does not depend on the principal variables. Then from (1.8) and (1.9) we

have
e (110

with 7"/ =7 — 1" and ¢/ = ¢, — ¢;. Under the transformation

y£1:f17"'7y£k:fk' (111)

the relation (1.10) becomes
=gy,

where ¢7,...,q; € F(V), while the function " does not depend on y;,, ...,y . Setting

ygl :07"'ay7§k:0a

we obtain " = 0. O
Remark. Inserting the values y;, = —gi1,...,%, = —gr in the function F, we obtain the
function r.

A general definition of a smooth manifold is in [14], but we shall only consider embedded
submanifolds of RT".

Definition 1.5. Let V be an open set in RT. A map ¢ : V — R is called smooth on V if for
all t € T the functions ¢y = y; 0 ¢ are smooth on V.
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Let V, V' be open sets in RT. We say that a map v : V. — V' is a diffeomorphism if ¢
carries V. _homeomorphically onto V' and if ¢ and ¢~ are smooth. If T* C T, then a set

Cr- ={zcRT : 2(t) =0,Vt € T}

is called a coordinate subspace of RT. We shall assume that any subset Q@ C RT is equipped with
a topology induced from that of RT.

Definition 1.6. A subset M C R is called a smooth manifold if for any a € M there are a
neighborhood V. C RT', an open subset V' C RT', and a diffeomorphism ¢ : V. — V' such that

d(VNM)=V"NCr-,
where Cp+ is a coordinate subspace of RT .

Proposition 1.7. Assume that {g;}iers is a family of smooth function on an open subset W C
RT" with T" = T\ T" and denote by V the open set W x RT" in RT. Then the set B =
= {y + g }rerr C F(V) is normalized and the set

Z(B)={2€V:f(z)=0,f€B}
is a manifold in RT.
Proof. Let ¢ : V — RT be a map given by
Ui = Yt + Gt Yl =ys VteT'VseT.
Then the inverse map is of the form
o o
Y =Yt — gt Ys = Ys-

It is easy to see that .
o(VNZ(B)=VnR",

and hence Z(B) is a manifold. a

2. Passive differential systems

We now introduce the basic notions concerning compatibility of partial differential equations.

Definition 2.1. (i) We say that a proper ideal I of an algebra F(V') is soft if there is a normalized
set B C F(V) to generate the ideal. The set B is called a normalized system of generators of I.
(i) Let J be a proper ideal of an algebra F,. A normalized subset BC F, generating the
ideal J is called a normalized system of generators of J and we say that the ideal is soft.
We recall that a derivation in an algebra A over R is a map D : A — A such that

D(ab) = aD(b) + D(a)b, D(kia+ kob) = k1D(a) + k2D(b)
for all a,b € A and for all k1, ks € R.
The next proposition describes an arbitrary derivation of the algebra of germs F,.

Proposition 2.2. Let D, D be derivations of the algebra F, such that D(y;) = D(y:) for all
yt €Y. Then D =D and

D)= Y g2 D). Vi€ T (2.1)
teT
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Proof. Repeating the proof Theorem 4.2 (a variant of Hadamard’s lemma) in [15], we see
that the set Y of germs {7 }ser at a € RT generates the maximal ideal (1.3). It follows from the
Proposition 8.16 [16] that D = D. It is easy to see that the expression (2.1) gives the derivations
of F,. Even though the formula (2.1) involves an infinity summation, when applying D to any
germ f , only finitely many terms are need.

Now we proceed to consider differential equations. Further, assume that

T =N, U(M x N"),
where M = N,,, or M = N. By J denote the space R” and call it the jet space. The standard

coordinate functions on J are denoted by z1,...,%,, ul, where i € M, € N*. The standard
coordinate system Y on J is decomposed into two sets
X ={z1,...,2,}, U={u} ', (2.2)
The elements e; = (1,0,...,0),...,e, = (0,...,1) are generators of the monoid N”. Intro-
duce derivations Dy, ..., D, on the algebras F(V), F, so that
0 of . i of -~
Dif = aa{ + 0> %ugﬁj, Dif = 65; + > f Uae,- (2.3)
[ GFEM,aENn «@ 7 jEM,aEN? 8ua
Thus F(V) and F, became differential algebras. O

We, following Ritt’s terminology [17], call the coordinate functions uf the indeterminates and
u!, the partial derivatives of uy.

Definition 2.3. We shall say that a subset S C F(V) is a differential system on an open set
V C J if any function f € S depends on at least one of the partial derivatives. If Ml = N,,, then
we say that S is a system with finite number of indeterminates, but if M = N then we get a
system in infinitely many indeterminates.

Let W be an open set in R™ and let h : W — R™ be a smooth map with components h,, for
m € M. Then a map h*> : W — J whose components are x;, hS, = D¥(hy,) fori € N,, m € M,
a € N” is called the infinite prolongation graph of h.

Definition 2.4. Let S be a differential system on an open subset V. C J. A smooth map
h:W — R is called a solution of a differential system S if the following conditions hold:

1) R°W)CV, (2) foh®=0, ¥fes.

Remarks. In other words, the map h is a solution of the system S if under substitution of
D<(h;) for u’, every function f € S vanishes. A germ of a solution is defined in the obvious way.

An ideal of the algebra F(V') generated by a set {D*(f) : f € S,« € N"} we shall denote by
((S)). Similarly, let S, be a set of germs of functions in S C F(V) at a. An ideal of the algebra
F, generated by the set {D*(f): f € S,a € N}, denoted by ((S)).

It is obvious that a map h is a solution of a differential system S if and only if foh®> = 0 for all
f € ((S)). There are some cases in which it is convenient to deal with other differential system
S’ such that ((S")) = ((9)). In particular, such examples arise when we consider compatible
systems of differential equations of the first order for a single unknown function [2].

Recall that if G and H are sets, then G acts on H in case there is a mapping ¥ : Gx H — H.
The mapping 1 is called a action. When v is fixed, then gh denotes ¢ (g,h). The monoid
(N™ 4, 0) acts on the algebras F(V), F, by

af =Df,  af =D*f, VaeNWfeFV)VfeF,.

The sets R R
O(f)={D*f:aeN"}, O(f)={Df:aeN"}

are orbits of a function f and a germ f under (N, +,0).
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Definition 2.5. (i) A germ f e F, of the form f = @i, + g is called solvable with respect to .,
if the germ § does not depend on elements of the orbit O(at)).

(ii) A function f = u’, € F(V) is solvable with respect to ul, if the function g does not depend
on elements of the orbit O(u’).

Suppose a germ f € F, is solvable with respect to @’,. Then the germ it is denoted by st f.
Let S, be a set of solvable germs at a point a, then we shall use the notation stS = {stf : f € S,}.
The same notation is used for functions.

Definition 2.6. A differential system S C F(V') is called passive at a € V if the ideal ((S))q
is smooth, the set S, consists of solvable germs, and a set of principal variables of a normalized
system of the ideal ((S))q coincides with the orbit O(stS,). The system S is passive on V if
every function in S is solvable, the ideal I = ((S)) is smooth, and a set of principal variables of
a normalized system of the ideal I coincides with the orbit O(stS).

3. Stratified sets and reductions

We need a convenient criterion for recognizing passive systems. For this purpose, we shall
introduce additional tools. Recall that a preorder < is a binary relation that is reflexive and
transitive. A strict partial order < is a binary relation that is irreflexive and transitive.

In what follows, we shall deal with a well-ordered set I'. Every partition {H, },cr of a set H
gives rise to a preorder and a strict partial order on H as follows:

hi S hy <= dy,yc€ F(’yl <y Ah € H’n Ahy € H’Yz)’ (31)

hi <hy <= dy,¥%c€ F(71 <7y Ahy€ H’Yl Ahy € H’Yz)' (32)

In this case we say that the set H is equipped with a induced strict partial order. We also say
that a monoid G acts on the set H if there exists a map (g,2) — gz of G x H into H satisfying

eh = h, (9192)h = g1(92h) Vh € HVg1,92 € G,

where e is the identity of G.

Definition 3.1. Suppose {H.} cr is a partition of a set H equipped with a induced strict partial
order, G is a monoid acting on H. We shall say that H is a stratified G-set if for all g € G it
satisfies the following conditions :

1) V’yVhl Yho 37/(]7,17]7,2 € HA/ — ghhghg € H’Y');

2) hi1 < hy = ghi < gha;

3) h=<gh Vhe HVge G (g #e),

where e is the identity of G.

Remark. The above definition is a generalization of ranking [6].
Define an action of the monoid (N”, +) on the set of coordinate function U by the rule

Bul, :ug_w Va, € N'Vie M

with M = N,;, or M = N. It is easy to see that U = |J
gives an example of stratified N"-set.
Let V be an open set in J and X is given by (2.2). We consider two sets

nen Un with U, = {ul, € U : |a| = n}

FW)x ={feFWV):iwfc X}, FV)=FV)\FV)x. (3.3)
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We shall indicate how a partition {U, },er of the set U leads to a partition of F(V)).
Consider sets
v,=xu( U Uy), 0=minfyer} (3.4)
Yoy <Y

which form an ascending chain of subsets of Y. The sets
J'={z€el:y(z)=0,Vye (Y\Y,)}, (3.5)

FIV)={feFV):iv(f) CY,} (3.6)

also form ascending chains of subspaces and subalgebras respectively. This chain of subalgebras
generates a partition {®7(V)},cr of the set F(V') , where

V) =FW\( U FW), o) =Frr)\F(V)x. (3.7)

Yo <y’ <y

Let us consider three set of germs
Fl={f€Fariv(f) CY,}, (3.8)

Fox ={f€Fa:ivfCc X},  Fo=Fai\ Fax. (3.9)
A partition {®] },er of the set F, is given by

ol =FN\ U F) P =Fr\Fux (3.10)

Yo<vy' <y

Lemma 3.2. Suppose that the set U (2.2) is a stratified N"-set. Then the sets F(V) and F,
are also stratified N™-sets.

Proof. 1t suffices to check three requirements of a stratified set for generators of the monoid N".
At first, we consider the set F(V). To prove first property of a stratified set it will suffice to
show the following statement. If fi, fo € ®7(V), then there exists an element 7" € T' such that

functions Dy (f1), D (f2) given by (2.3) lie in & (V). We remark that if 5)—{ vanishes on some

open set 2 in J then the function f does not depend on u?, in Q. Since f1, fo € ®7(V), then
there are variables u!, u?g € U7, and points a1, as € V such that

of of
aul (a1) #0, a—é(%) 0.

It follows from assumption of our Lemma that for all uf, ué € U” there exists 4" € I" such that

, ; / ofi 7] ; /
Diul,, Dku?g liein U™ . Thus, we clearly obtain 65’1 Upypeps ?ﬁufﬂek € &7 (V) and furthermore,
“ B

Dif1,Drfa € CIW'(V). In a similar manner, one can prove two other properties. ~
We shall now prove that F, is also a stratified N"-set. At first, we show that if f € ®7 then
for any representative f of the germ f there exists a an neighborhood V* of a such that for every

. 0
neighborhood V' C V* of a there are a variable v}, € U and a point b € V'’ with a—{(b) # 0.
u

~ e
Suppose this is not the case. Then there exists a representative f of the germ f such that for

every neighborhood V* of a there is a neighborhood V' € V* of a in which 87{(1)) = 0, for

. o
any variable u!, € U7 and every point b € V'. Therefore, the function f does not depend on
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variables u’, € U” in neighborhood V’. We thus get a contradiction to f € ®. This implies

[e3%

Let us prove the first property of a stratified set for F,. Suppose that fl and fg lie in ®7. It
suffices to show that Dy f; and Dy fs lie in &) for some v’ € I'. From assumption of this lemma,
there is an element «" € T' such that

Dylly, = Ulyye,, Driiy = Uh,,, Vi, uy €U

It follows as above that there are variables u?,, “{3 € U7, an element 4’ € T’ and a number k € N

afl ~ an ~j

di Ugy ey s a—%uﬂﬂk lie in ®) . Hence Dy, f1, Dy fo € ®) . The other properties

such that germs

are proved in the same vein. A R
In what follows we shall suppose that F(V) and F, are stratified N"-sets equipped with a
induced strict partial order. O

Definition 3.3.

(i) A function f = ul, +g € F(V) is called orderly solvable (with respect to ut ), if g < ul,.
The variable ul, is denoted by Itf and is called leading term of f.

(i) A germ f = @, + g € Fq is called orderly solvable (with respect to ul,) if g < al,. The
germ @, is denoted by ltf and is called leading term of f.

Proposition 3.4. Let FeF,bea germ depending on 11}3 Suppose that f =a’ +g is a orderly

solvable germ with respect to i}, and there exists § € N" satisfying 3 = o+ 8. Then there exists
a unique germ 7 € F, and a germ q € F, such that

F=GD’f+7, i ¢ivF (3.11)
q=F, rxF. (3.12)

Proof. The germ D‘Sf is equal to ag +D%G, where D%G < a;i Then from the Mather theorem
[15], we obtain (3.11). The uniqueness 7 is proved just as in the second part of Proposition 1.3.
It is clear that

w(§) C (iw(F)Uin(DG)), w(F) C (iw(F)Uiv(D’F)), i, ¢ ivF.

Since It(D%§) = i, it follows that D°G < F. The last relations lead to (3.12). ad

If the assumptions of Proposition 3.4 are satisfied, then we say that the the germ F reduces
to 7 modulo f at a, denoted by F' — 7.

f
Proposition 3.5. Let F' be a polynomial in u% with coefficients that lie in F(V) and do not

depend on uzﬁ Assume that f = u’, + g is a orderly solvable function with respect to u®, and &
is a element in N™ satisfying 8 = o+ §. Then there exists a unique function 7 € F(V) and a
function g € F(V) such that

F=qD’f+r, u ¢ivr (3.13)

g=F, r=<F (3.14)

Proof. The relation (3.13) follows from Proposition 1.4. The inequalities (3.14) are proved just
as in the second part of Proposition 3.4. O

If the assumptions of Proposition 3.5 are satisfied, then we say that the the function F' reduces
to the function r modulo f on V, denoted by F ? r.
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Definition 3.6. A differential system S C F(V) is called weakly solvable if every function f € S
is orderly solvable. We write ItS = {ltf: f € S}.

It is clear that if a germ f € F, is orderly solvable with respect to @', then it is solvable with
respect to i, in terms of Definition 2.5. In the future, we suppose that stf = Itf in this case.
Furthermore, we assume that stS = [tS for every weakly solvable system.

Definition 3.7. Let S C F(V) be a weakly solvable differential system.
(i) Let a be a point in V. We shall say that a germ F € F, reduces to a germ 7 € F, modulo
Sa, written F' — 7|, if there exists a consequence of germs 71,...,T,_1 € F, such that

S

F—r— — 7 —7

f1 f2 fr—1 fr

with fl,...,fk S ga.

(ii) Let S be a normalized set in F(V). Suppose that F € F(V) is a polynomial in O(ItS)
with coefficients being in F(V) and depending only on variables in O(Y \ ItS). We say that
F reduces to a function v € F(V) modulo S, written F ? r if there exists a consequence of

functions r1,...,7k—1 € F(V) such that

F—r— —rp_1—7r
f1 f2 fr—1 fr

with f1,...,fr € S.
Let us define a binary operation ¢ on N by
OtOﬂ = (Nla"'ap’n)a

where a = (ai,...,an), B8 = (B1,...,8n), ni = max(a;,B;) — ;. Suppose that functions
f1, f2 € F(V) are orderly solvable with respect to g, uj respectively and f1, fo are their germs
at a € V. Then we define two differences

7(f1, f2) = D*F f; — D> f,, 7(f1, f2) = D*P f — DP° f,. (3.15)

Definition 3.8. Let S C F(V) be a weakly solvable differential system.
(i) The system S satisfies reducibility conditions at a € V' if

7(f1, f2) r 0f, (3.16)

for each pair of functions fi, fo € S such that ltfy = ul,, ltfo = ufg
(ii) Let S be a normalized set in F(V'). We say that S satisfies reducibility conditions on 'V
if
7(fi.f2) 50 (3.17)
for each pair of functions fi, fo € S such that It fy = ul, It f» = uj.

Denote by D an algebra of operators such that every element of I can be written as a finite

sum
P=> a,D* (3.18)

with a, € R. Let RU be a vector space over R consisting of finite sums
5= Z b’fufg, b’ eR. (3.19)
Define an action of D on RU by letting
Pufg = Zaauiﬁ,@,

and extending P to RU by linearity.
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Definition 3.9. Let y be an k-tuple (yi,,...,Ys,) of variables y;, € U. An k-tuple d =
= (dy,...,dy) of operators in D is called syzygy of y, if

diye, + -+ diyr, = 0.
The syzygies of the k-tuple y constitute a D-module denoted by Syz y.

Suppose y = (y1,, .- -, yt,) € U* with y;, = ul, and y,, = ulﬁ, then
0ij = Daoﬁei — Dﬂoaej (320)

is a syzygy of y. It is easy to show (see [11]) that the syzygies (3.20) generate the D-module
Syz y if a number of the indeterminates uj € U is finite.

Example. Assume m=1 and n=2, so that U={u; ;) : 4,7 € N}; take y = (u(o,1), %(0,2), U(1,1))-
It is obvious that (D3, —1,0), (D;1,0,—1) and (0, Dy, —Ds) are syzygies of the 3-tuple y.

4. Passivity criterion of differential systems

In this section we give sufficient conditions for a differential system to be passive. Further-
more, we prove that any passive system generates a manifold in the jet space.

Let S € F(V) be a weakly solvable differential system. We call a point a € J equivalent to a
point b € J, written a ~ b, if y(a) = y(b) for all coordinate functions y € Y\ O(itS).

Theorem 4.1. Let S = {f1,...,fx} C F(V) be a differential system with finite number of
indeterminates. Suppose that S is a normalized set and satisfies reducibility conditions (8.16) at
a € V. Then the following properties hold:

(1) there is a unique point b ~ a such that

Def(b) =0, VfeSVaeN (4.1)
(2) the system S is passive at any point ¢ ~ a.

Proof. Since S is a normalized set, we conclude that the orbit O(S) is a weakly solvable differential
system. This gives rise to the uniqueness of the point b satisfying the condition (4.1).

We have shown above that a partition {U, },cr of the set U provides the ascending chain of
subspaces J7 (3.5), the chains of subalgebras F7(V) (3.6), F7 (3.8) and leads to the partitions
{@7(V)}yer (3.7), {®)}yer (3.10) with z € V. We also recall that Y, is defined by (3.4).
Consider linear mappings 7., : J — J7, where the coordinates of 7., (z) are given by

y(my(2)) = y(z) Yy eYsy; y(my(2)) =0 VyeY\Y,.

Recall that S, is a set of germs of functions in S at the point z. We shall use the following
notion:

Yo = min{y € T': O(S,) N &Y # 0},

0] =0(S.))NnF), C]=0(S.)Nnd].
It is obvious that
or=cru( |J o (4.2)
YoSY<7Vx

for any v, > 9. Let (OY) be an ideal of the algebra F) generated by O7.
We shall use transfinite induction to prove that for all v > ~q the following properties hold:
(i) there exists a point b, ~ 7, (a) such that f(b,) =0 for all f € O;’v;
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(ii) there exists a normalized system B of generators of the ideal (02 ) for any point ¢ ~ 7 (a).

Assume that v = 7o then two cases arise:

1. All leading terms of germs in C° are distinct.

2. There exist at least two germs fz, f] € C7° such that ltfZ = ltf]

It is clear that in the first case there is a point by, ~ 7., (a) such that f(b,,) = 0 for
all f e Cgfo. Furthermore, the properties (i) and (iii) are satisfied because B> = C2° is a
normalized system of generators of the ideal (OY°) and B = S7 is a normalized system of
generators of the ideal (OVO>. In the second case, there must be germs f;, fJ € C"YO such that
Itf; = ltfj Then fl f] , where 7' < 79, and fl — f] ? 0 according to the conditions of

our theorem. Since O;/ is the empty set then we have f; = f]

Assume that our statement is true for all v with 79 < v < 7% and prove its for 7 = ~,. As
above, we need to distinguish two cases:

1. All leading terms of germs in C7* are distinct.

2. There exist two germs f g € C)* such that It f = ltg.
In the first case, the property (i) is trivially satisfied. According to the assumption of induction
and the formula (4.2), the set

ar=cru( |J B
YoSY<Vx

is a system of generators (not necessarily normalized) of the ideal (O*) for any point ¢ ~ 7, (a).

In the second case, there are two germs f7 g € C) with It f = [tg. Then there exist two
germs fp, fq € S, such that

Itf =ItD" f, = Itg = ItD" f,,

where D¥ = D" ... DFn and D" = D" --- D'I» are some differential monomials. Therefore, we
have

DH(itf,) = D(it],). (4.3)

Denote by y an n-tuple constructed from all elements of the set 1tS,. Assume that the elements
ltfp and ltfq are the i-th and j-th items in y. It follows from (4.3) that d = Dt e; — D"¢; is a
syzygy of y. It is easy to see that there is differential monomial D" such that d = D"0;;, where
oi; is one of the sygyzies (3.20) generating D-module Syz y.

The difference f — § reduces to the zero germ modulo S,. Indeed, the system S satisfies
reducibility conditions at a by assumption, then we have

DDUz‘j(fpafq) =f-g ? 0.

Next, we include any one of the germs f ,g in a new set gen)* while the other is not. In the
same way we inspect all pairs of germs in C)* with equal leading terms, form the set gen)* and
obtain a system of generators

Gy =genu( |J BY)

YoV <V«

for the ideal (O)*).

We now prove the existence of a normalized system of generators for ideal (O)*). Any germ
f e G NdY is of the form f= al, + h with h € F and v < v*. According to Proposition 1.3
and the assumption step of 1nduct10n the germ h is represented by

=qGife, + +dpfi, + 7,
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where fti € Bg,fji € FJ, and the germ 7 € F,) does not depend on principal variables of B;Y
Then the germ f* = @}, + 7 is included in a set ben)*. To do so with every germ in GJ* N @,
we obtain an normalized system of generators

BY = ben)* U ( U f}g)

Yoy <V«

for the ideal (O)*).

Let us take a point ¢ ~ m,, (a), then the ideal (O}*) is isomorphic to the ideal (O2*) of the
algebra F)*. Indeed, if a function f lies in S, then f, = @ |, + §o and f. = @ |, + §. because
S is a normalized set. Since ¢ ~ m,, (a), then g, = §. and the ideal (O}*) is isomorphic to the
ideal (O*). Therefore, the ideal (O2*) has a normalized system of generators.

It is easy to show that a point b, such that m,(b) = b, for all v € I, satisfies (4.1) and the set

B.= |J BY
Yoy

is a normalized system of generators for the differential ideal ((S)). of F.. Therefore, the ideal
({(S))e is soft. By construction, we see that the set B, coincides with the orbit O(ItS.). Thus S
is a passive system at ¢ ~ a and the theorem is proved. O

Theorem 4.2. Let S = {f1,...,fx} C F(V) be a differential system with finite number of
indeterminates. Suppose that S is a normalized set and satisfies reducibility conditions (3.17)
on V. Then the system S is passive on V and the set

M={zeV:f(z)=0,f€0(9)} (4.4)
s a manifold in J.

Our proof is almost the same as the proof of Theorem 4.1. We employ the following denota-
tion:
Yo =min{y €T : O(S)N®" (V) £0}, O =0(S)NF(V),

C7=0(S)Nd(V), S¥=0(S)NFI(V).

Let (O7) be an ideal of the algebra F7(V') generated by O7.

Using transfinite induction, we prove that for all v > 7o there exists a normalized system
of generators of the ideal (O7). Just as in the above theorem, we see that O is a normalized
system of generators of the ideal (O7).

Suppose that for each 79 < v < 74 there exists a normalized system of generators B” of the
ideal (O7). We need to check the existences of such a system for v = 7,. At first one obtain a
special system of generators G7* of the ideal (O7+). For this purpose, we consider the two cases
again:

(1) All leading terms of functions in C7* are distinct.

(2) There exist at least two functions f;, f; € C7* such that ltf; = ltf;.

In the first case the set
ar=cru( |J B)

YoSY<Vx

is a system of generators of the ideal (O7*) In the second case there exist functions f,g € C7*
such that ltf = ltg. Thus there exist functions f,, f; € S and elements ;1, v € N" satisfying

Itf = D*(itf,) = D"Itf, = Itg.
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It follows from condition of our theorem that the difference f — g reduces to the zero function
modulo S. One of the functions f, g is included in a set gen”*. In the same way we search for
all pairs of functions in C"* with equal leading terms, form the set gen”* and obtain a system

of generators
G+ = gen?* U ( U B“’)
YoSY<V+
for the ideal (O7*).

We can then construct the set B7* as follows. Any function f € G+ is the form u + h,
where h € F7(V) with v < ~,. Furthermore the function h is a polynomial in principal variables
of BY and coefficients of this polynomial depend only on parametric variables.

Using Preposition 1.4, we write

h = thfu + 7,

where fi, € BY, ¢; € F7(V), and the function r € F7(V') depends only on parametric variables.
We include then the function f* = w!, + r in a set ben”. To do so with every function in
G7"* N @7+, we obtain an normalized system of generators

B = ben™ U ( U BV)

Yoy <Vx
for the ideal (O7). The set
B=|J B
Yoy

is a normalized system of generators for the ideal ((S)) of (V') and this ideal is soft. It is easy
to see that the set B coincides with the orbit O(It.S). Thus the system S is a passive on V. From
Proposition 1.7 it follows that the set (4.4) is a manifold in J and the theorem is proved.

5. Examples

We exhibit some examples assuming that n = 2, m = 1 and denoting by u the variable uqg.
The sets U, = {u;; : i +j = n} form a partition of U = {u;;}; jen. We shall sometimes apply
the usual terminology of differential equations.

The smooth function

f=1wu11 —sinhu (5.1)

corresponds to the partial differential equation
Uge — sinhu = 0. (5.2)
It is known (see [19]) that vector fields

1 0 5 5 0
X1 = (uo3 — 5“81)% +--0, Xo = (ugs — 5“31“% - §U01U(2)2 + guf’n)% +---

are higher symmetries of the equation (5.2).
1
Let Sy be a differential system consisting of the functions f and hy = w3 — 5“81' We want

to show that the ideal I = ((S;)) is soft. For this purpose we shall construct a passive system
generating the ideal I. The functions f and h; are orderly solvable with respect to u;; and
upg respectively. It is a straightforward calculation to check that the function 7(f, k1) (given by

1
(3.15)) reduces to the function fi = wup2 — §u31 tanh(u) modulo S;. Then an easy calculation
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shows that the function 7(f, f1) reduces to the function fo = uj9 — 2 cosh(u)/ug; modulo f. It is
easy to see that the function 7(f1, f2) reduces to 0 modulo the system S = {f1, fo}. Furthermore
the system S generates the ideal I and is passive.

We now find solutions of the system S. The function f; produces the ordinary differential
equation

1
Ugy — iui tanh(u) =0

having the first integral u, / cosh? u. Using this integral and the equation

coshu
Ut = 2 )
Uy
we obtain the implicit solution
du
——— =cx —2t/c+
/ v cosh u /

with ¢,c; € R.

. . . ) 5
Consider now the system S, consisting of the functions f and hy = ugs — 5’11%111403 — §u01u32+

3
+§u31. A direct calculation shows that the function 7(f, he) reduces to the function

1 3 3
f3 = ug4 — uprug3 tanh u + ngQ tanhu — nglum + gugl tanh u

modulo S3. Then the function 7(f, f3) reduces to

4(ud; — 2up3) coshu

f4 = t10+ 8U01U03 - 411%2 - 3%%1
modulo S35 = {f3, f4}. It is possible to check that the function 7(fs, f4) reduces to 0 modulo
Sy ={f3, fa}, the system Sy is passive and it generates the soft ideal ({S3)).

The next example is closely connected with the equation (5.2) as well. The set

20,0
T2 4t 45 =0, r,s € R,

Vrax
is invariant manifold of the partial differential equation
Vg = Ugy /U
as shown in [20]. Using the transformation v = exp w we rewrite the last equations as
Waa + Waas — W+ 7 exp(3w) + sexp(—w) =0, 1w — (1 + w2) exp(~w) = 0.
These equations correspond to two functions
f5 = w03 + uo1uoz — ugy + rexp(3u) + sexp(—u), fo = u1o — (uoz + ugy) exp(—u).

It is easy to check that the system S5 = {fs, f¢} generates a soft ideal ((S5)) and is passive.
The function Dy (fs) reduces to the function f7 = w11 +rexp(2u) + sexp(—2u) modulo f5. This
function lies in ideal ((S5)) and corresponds to equation

Uty = sinh(2u)

with r = —1/2 and s = 1/2.
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6.

Conclusion

We defined the concept of a passive system of equations using algebraic constructions. It

is proved that such systems are manifolds in an infinite-dimensional space of jets. Moreover,
the space is equipped with the Tikhonov topology. We prefer to use the term passive system
as it is classical and the word involution is used in different senses. The passivity criterion is a
generalization of the classical case. However, we do not prove the existence of a solution to the
passive system since we are dealing with smooth systems.

This work was financially supported by the Russian Foundation for Basic Research (Grant

no. 17-01-00332-a,).
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N peasbl, mopoxkjaeHHbIe JquddepeHnnaabHbIMU
ypaBHEHUSIMU

Ouger B. Kanmos
MNucruryT Bhraucanresnsaoro mogenuposanns CO PAH
Kpacnosipck, Poccuiickas @eneparus

Awnnoranusi. B pabore npeiaraercss HOBbBIN ajredpanvecKuil MoIxXoM K MCCIEJOBAHUI0 COBMECTHOCTHI
muddEPEHITNATBLHBIX YPABHEHUN. DTOT MOAXO]T MUCIOIB3yeT METOIbI KOMMYTATHBHOMN aarebpbl, aareb-
pamndeckoit reomerpun u 6asucoB ['pebuepa. MbI mosrydaeM J10CTATOYHbBIE YCJIOBUS ITACCUBHOCTUA CHCTEM
YpaBHEHMII B YaCTHBIX MMPOU3BOJHBIX W JOKA3bIBAEM, UTO TAKUE CHUCTEMbI TIOPOXKIAIOT MHOroo6pa3usl B
mpocTpaHCcTBe cTpyii. [IpencraBiensr mpuMepsl UCCIeI0BaHUST TACCUBHOCTH CUCTEM, TIOPOYKIEHHBIX CHM-
MerpusiMu ypasuenus sinh-Cordon.

KiroueBsie cioBa: quddepeHnmaibable KoJblla U uieanbl, 6a3uc I'pebHepa, ypaBHEHHSI B YaCTHBIX

TTPOU3BOIHBIX.
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1. Definitions and main results
On complex valued functions f : Z" — C we define the shift operator §; as follows:
0+ flan, ..,z ) = flo,. oz + 1,000 )

and the polynomial difference operator

P(6) = cud®,

weN
where 2 C Z" is a finite set of points of an n-dimensional lattice, 6* = 67" -...-d%» and ¢, € C
are the coefficients of the difference operator.
We consider the difference equation
PO)f(z) =g(x), zeX, (1)

where f(x) is an unknown function, and g(x) is a function defined on some set X C Z". Also
choose a set Xy C Z™, the points of which will be called initial (boundary) points.

*aplyapin@sfu-kras.ru  https://orcid.org/0000-0002-0149-7587
Tsrilathasami66@gmail.com
(© Siberian Federal University. All rights reserved
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In the general situation we have to solve the Cauchy problem: find a function f(z), satisfying
equation (1) and coinciding with a given function ¢(x) of initial data on the set Xj :

f(@) =p(x), xeXo. (2)

The function g(x) in the right-hand side of (1) and the initial data function ¢(z) in (2) is called
the Cauchy data of problem (1)—(2).

Existence and uniqueness of problem (1)—(2) (solvability of the Cauchy problem) depends on
all the objects involved in its formulation: the difference operator P(d), the set X on which the
right part of the equation is given, and the set X on which the initial data (z) is defined.

In the one-dimensional case two variants of the Cauchy problems are usually considered:

(i) X = {x € Z : x > 0} is the set of non-negative integers, P(§) = > ¢, 0%, Xo =
w=0
={0,1,...,m—1}, ¢ #0,
() X={z€Z:xz>m}, P(6)= > c,0% Xo={0,1,...,m—1}, ¢o #0.

w=0

For example, option (i) is used to describe the solution to equation (1) in the theory of discrete
dynamic systems (see [6]). Option (ii) is most useful in problems of enumerative combinatorial
analysis (see [17]).

In the case of constant coefficients, the z-transformation

o0
N @)
F(z)=)
=0
is the powerful method to study discrete dynamic systems and generating functions
(oo}
F(z) =) fx)z"
=0

are used for studying problems in enumerative combinatorial analysis.

In the multi-dimensional case, the number of formulations of Cauchy problem (1)—(2) in-
creases. We discuss some of them.

An analogue of the one-dimensional case (ii), when X = Z% is the non-negative octant in Z",
Xo =25\ Xm, 0€Q, mj =max{w; :w; € Q,i=1,...,n}, m=(my,...,m,) and X, = {z €
ZY% :x; =z my, i =1,...,m}, is considered in [2], which is devoted to multi-dimensional difference
equations with constant coefficients and their use in enumerative combinatorial analysis. Several
equivalent conditions, providing solvability of problem (1)—(2), are given in Theorem 3 in [2].
Particularly, the convex hull conv{Q\ {0}} NRY is not empty.

Various analogues of variant (i) of the Cauchy problem for the multi-dimensional case are

constructed as follows. Let A = {al,...,aN} be the set of vectors o/ = (af,...,ad) € Z",

j=1,...,N, and K is a lattice cone spanned by these vectors
K={zcZ" :x= a'+---+ vV, N\, €Z>,i=1,...,N}.

For points u,v € K a partial order relation > is defined as follows: u>v < u—v € K. We
K K

also denote u 2v < u—v ¢ K. We assume that the cone K is pointed, which means it does not
K

contain any line or, equivalently, lies in an open half-space of R".
We consider a finite set of integer points A C K, in which there exists a point m such that
forall o/ € A, j =1,..., N the condition o’ <m holds.
K
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The solvability of the problem when the cone K is simplicial (which means that every element
in it admits a unique expansion in the generators) and the sets X = K and Xo= X\ (m + K),
on which Cauchy problem (1)—(2) is solved, was studied in [1,10-13,19]. Additionally, in
these papers, the solutions f(z) to problem (1)—(2) are given in terms of the Cauchy data
and fundamental solution to (1)—(2) (the Green function). These solutions play an important
role in the study of asymptotics of solutions to the Cauchy problem, in particular, to study
the stability of the problem and its connection with the properties of the characteristic set

Vp:={z€C":P(2):= > ¢, 2¥ = 0} of the equation (1), where 2% = 27 - ... - 23"
wel
A multidimensional analogue of option (ii) for the Cauchy problem(1)—(2) was not described

in [2]. This is apparently due to the fact that in problems of enumerative combinatorial analysis
the search for the generating function for the combinatorial object is considered as a full solution
to the problem, rather than the study of its asymptotic behavior.

For n > 1 we formulate the following variant of a Cauchy problem, which combines multi-
dimensional analogs of (i) and (ii) for which the simplicity of the cone K is not required. We
denote m =al +---+a¥, g =1,a° = (0,...,0).

The Cauchy problem. Find a function f: K — C, satisfying the difference equation

N

Sef(e—al)=g(z), z>m, 3)
K

=0

and which coincides with the given function ¢(z) on the set Xy = {z € K : xim}:

f(x) =op(x), zeXo. (4)
The characteristic polynomial for (3) is a Laurent polynomial (since it may have terms of negative
N A
degree) P(z) = Y c;jz7.
j=0

Equation (3) with initial data (4) is used to describe a major class of problems in enumer-
ative combinatorial analysis such as lattice path problems (the Dyck, Motzkin, Schréder and
generalized lattice paths, see [2,4,15]).

The fact that the cone K is pointed allows us to use the method of generating functions.
This involves defining for any p € K the element in the ring Cx|[2]] of (formal) power series

Fuz)= 3 fl)s".

T2 p
K

We also define F(z) = Fy(z).

Using the method of generating functions, we will derive a formula which expresses the gen-
erating function F'(z) in terms of the characteristic polynomial for (3) and generating functions
for the Cauchy data.

Theorem 1. The generating function F(z) of a solution f(z) to difference equation (3) with
initial data (4) is representable as

N .
F(z) = P(;j_l) (z;) Cjzaj Py —ai(2) + Gm(z))a (5)

where P(z71) = P(z7 Y, .0 27 Y), ®p_wi(2) = F(2) — Fru_ai(2) and G (2) = 3. g(x)2®.

» “n
r>=>m
K
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Proof. Multiplying the left-hand side of (3) by 2* and summing over x > m yields
K

N N
DD ITTIRIIENS S S FEIES Ser S L
x >m j=0 j=0 T>m 7=0 T+al >m
K K K

N N _
= 2" Fruai(2) = )¢z (F(2) = B (2))
j=0

7=0

Repeating the same with the right-hand side yields
PN F(2) =Y 2 By i (2) + Ginl2).

Thus we obtain (5), which proves the theorem. a

Remark 1. Formulae (5) was derived in [14] for the Riordan arrays and in [11] for K = Z~
and g(z) = 0.

A function P : Z™ — C is called a fundamental solution to the Cauchy problem (3)—(4) if it
satisfies to the difference equation

Zcﬂ)(x —ad) =6o(x), =e€Z" (6)

where do(z) is the Kronecker symbol:

0 ifa#0,
50(5”)_{1 ifxi().

The support of the function P(zx) is a set

suppP(z) = {z € Z" : P(z) # 0}.

Lemma. If P(x) is the fundamental solution to Cauchy problem (3)—(4) and supp P C K, where

Y Pla)t =1 (7)

K is a pointed cone, then

zEeZn
Proof. The product
N N
ch ZP =Zch 2o’ = ZZC] P(r —a?)z® —Zéo
§=0 YA j=0zezn x€Zn j=0 zezn
which proves the lemma. g

The fundamental solution is

(—Cl))‘l S (—CN)AN()\l + - +)\N)!
Plx) = , x20,
rezf

1
and can be obtained by expanding LT into the Laurent series as follows:

(271)
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N k
1 1 = o
P(z-1) N - Z Z(_CJ)Z -
1= 3 o)z k=0 \i=i
j=1
_ Z (—61))‘1 '---'(_CN)AN()\I_F"'_‘_)\N)! Z)\lalerJr)\NaN _

—c)M (e (A AN, N
=3 3 e A = 3 ) =

The Laurent series Y. P(z) 2% converges in a domain which can be described in term of
>0
K
an amoeba Ap of the Laurent polynomial P(z). Namely, the logarithmic image of the domain
is a complement component of the amoeba Ap corresponded with the point 0 of the Newtone
polytope Np (see [7]).
Function P4(z;h) = 3 h()\) was considered in [15] and called the vector partition function

Al=zx
rez
‘ : : (=)l
associated with h(\). Provided that h(\) = e get
P(z) = Pa(z; h). (8)

For h(\) = 1 the vector partition function P4(z;h) = Pa(z) is a number of non-negative
integer solutions to a linear Diophantine equation A\ = x (see, for example, [17]):

Py(z) = Z 1, zeZ".
Ad=z

Aeig
For h(\) = e~*¥ properties of the function

Pa(y;h) = Y e ¥, yecCh, 9)
Al=z
rezf
called the vector partition function associated with the set of vectors A, were investigated in [3].
In particular, they derive the residue formulas for its generating function and an analog of the
Euler-Maclaurin formula, in which the vector partition functions are represented as the action
of the Todd operator on the volume function of a polyhedron. Furthermore, a sum of e~ (M)
in integer cones was investigated in [16] in connection to generalization of the Riemann-Roch
theorem. A structure theorem for the vector partition function was presented and polyhedral
tools for the efficient computation of such functions was provided in [18].

For ¢(x) = 1 the function P4(A; ¢) coincides with the classical vector partition function. For
o(x) = e~ @Y we obtain a vector partition function of the form (9). If we take N =2, A = (1 1)
and (x1,x2) =h(x1), then Pa(A;¢0) = > h(xy) = Z)\: h(z1). Thus, the problem of finding

A 0

T1+T2= T1=
z1,2220

the vector partition function Pa()\; ) is a generalization of the classical summation’s problem
of functions of a discrete argument.

The concept of the fundamental solution P(z) to (3)-(4) yields a formula expressing f(z) in
terms of Cauchy data ¢(x) and g(x).
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Theorem 2. A solution to the difference equation (3) with initial data (4) is given as follows:

flz)="Y_ Pl—yrly).

Osyse
K K

N .
>ocply—ad) if yEm,
7=0 K

9(y) if y=m.
K

where T(y) =

Proof. Using expression (5) from Theorem 1 and expression (7) from Lemma yields

N .
F(z) = 3 P@)z" | 362" @ooa(2) + Gm(2)
=0

x>0
K
Since
N _ N
chza D, _.i(2) = Z Z cjply — o) | 27,
=0 y20y#m \J=0
K K
we get
F(z)= > P@)" Y 7(y)",
x>0 y=0
K
N ‘ )
> ciply—al) ifyzm,
where 7(y) = ¢ 5=0 K
9(y) ity >m.

Finally, taking into account that P(z) = 0 for z 20 we get
K

Fi2)=> | D Py |= > > Pa-yry |"

z20 \y=>0 z20 \0<y<z
K K K K K

Equating the coefficients of z* we obtain

fla)="Y_ Pla-yr(y),

Osyse
K K

which proves the theorem. O

2. Applications to lattice path problems

A lattice path is a finite sequence pg, p1, ..., pr, of points in Z™ and its steps are the finite set of
lattice vectors p —pr_1 € A= {at,...,aN}, k=1,2,..., L. The common class of lattice paths
arises by imposing some conditions on the paths: points pg, & = 0,1,..., L, are distinct (non
intersecting paths). In the context of lattice path counting problems the function f : ZV — Z
that counts the number f(z) of paths in a specified class for which py = 0 is computed (the
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condition py = 0 does not result in a loss of generality). Examples of some well-known lattice
paths: Dyck, Motzkin and Schroder paths (for more details see [2,5,8,9]).

It is well-known that the function f(z) satisfies difference equation (3) with ¢g = 1, ¢; =
...=cy=—1and g(z) =0 (see [2]). Thus P(§) =1 — 4§ —... 5",

Theorem 2 yields a simple formula for the number f(z) of such paths (see also [15]). The
following condition for an initial data function p(x) of Cauchy problem (3)-(4) for the lattice
path problem holds:

0 if 220,
K

plx)=4¢ 1 if =0,
(1—P(0))p(x) if x%&x #0.

Since 7(y) is equal to 1 only at the origin and vanishes at other points we get f(x) = P(x).
Considering (8) we obtain

f(z) = Pa(x;h), where h(\) = |i—!'

Example A.

We consider a set with three steps A = {a!= (1,0), a?= (0,1), a3= (1,1)} and let f(z1,x2)
denote the number of paths from the origin to (z1,72) € Z? using steps from the set A. The
cone K is spanned by the vectors from A and m = a3 + as, since ag = a3 + as.

We consider the two dimensional difference equation

f(w1,20) — f(z1 — L,22) — f(21,m2 — 1) — f(1 — 1,22 — 1) =0, (10)

and its characteristic polynomial P(z1,29) =1 — 27 — 25 — 27125 1.

By Theorem 2 a solution to this difference equation is

fler,ma) = > Pler —y1, 22 — y2)7(y1,92),

Osyse
K K

where 7(y1,92) = ©(y1,92) — @(y1 — 1, 42) —@(y1,92 — 1) —@(y1 — 1L,y2 — 1) if (y1,92) 2 (1,1)
and 7(y1,y2) = 0 otherwise.

1

To find the fundamental solution P(xy, ) we expand P! (27!, 25) as follows

oo

1 1 )
Pzt 2Y) 11— (st 22+ 2122) kZ( 1+ 22 + 2122)

[}

min(r1,r2)

_ (k1 + k2 + k3)! 4 ks _ (z1+z2—t) . .
= > Tkl 1 (2z2) = > (o — iy — i1 22

k1,k2,k3>0 1,220 t=0

Consequently, Lemma and the term of the fundamental solution gives

min(zi,x2)

(.1?1 + X2 —t)! (k1+k2+k3)'
Pz, z2) = = = = Pa(x M.
(w1, 22) ; (21 — t)l(z2 — )4 kﬁ%:xl Joy Voo s A A)
ko+kz=xzo
k1,k2,k3>0
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Finally, we have the solution for difference equation (10) with initial data function f(z1,29) =
= QO(I‘]_,LUQ), (l‘l,l‘z) ;é (17 1) as follows

(@1, w2) = P, 22)0(0,0) + Y Plar — y1,22)(0(41,0) — (31 — 1,0))+

y1=1
+ ) Plar, 22 — 12)(0(0,32) — 90,52 — 1)).
y2=1

In the case of lattice paths, ¢(y1,0) —¢(y1 —1,0) =0 for y; > 1, ©(0,y2) — ¢(0,y2 — 1) =0
for yo > 1, and ¢(0,0) = 1, we obtain

flz1,z2) = Pz, x2).

Example B.

Let o' = (2,—1), a® = (—1,2) be a column vectors, we let K denote the cone K spanned by
the vectors K = (al, a?), m = o' + a2 = (1,1).

We consider the two dimensional difference equation

f($1,$2)—f(.’[1—2,$2+1)—f($1+1,$2—2):0 (11)

and its characteristic polynomial P(z1,29) =1 — 21_222 - 2122_2.
By Theorem 2 a solution to this difference equation is

fler,ma) = > Pler— 1,22 — y2)7(y1,v2),
0<y<a
K K
o1, y2) — e — 2,92+ 1) —oyr + Lya —2) if (y1,92) (1, 1),
K

0 if (ylayQ) 2(]-7 1)
K
)1t

To find a fundamental solution P (1, #2) we expand the characteristic polynomial P(z; %, 25 )

where 7(y1,y2) =

into a series:

1 = . —1_2vk (k1 + k) o vk -1 2k
5. -1 15 :Z(zfzzl‘f'% L2k = Z ﬁ(zfzz b (2 )k =
1— 27z " — 2] 25 Pt by o0 kq'ko!
(k1 4+ k2)! oy ko —ky 42k (z1 + 2)! @ @
- Z Ky o A ey = Z (2m1+m2)|(m1+212)1 12"
k1+k2>0 e (z1,m2) 20 3 ) 3 ’
K
Consequently,

1 + x2)!
P($1,$2) = ( )

(2$1+w2)'($1+2x2)|'
S )| )
Finally, we have the solution for difference equation (11) with arbitrary initial data

f(xl,xQ) = @($17]"2)7 (.1‘1,.132) ;’4(1’ 1)
K

fz1,22) = P(x1,22)9(0,0) + iP(wl —2t,z9 +t)(p(2t, —t) — (2t — 2, -t + 1))+

t=1

+ i’P(xl +t, 29 — 2)(p(—t,2t) — p(—t + 1,2t — 2)).

t=1
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In the case of lattice paths, ¢(2t, —t) —¢(2t—2, —t+1)=0 for t > 1, p(—t,2t)—p(—t+1,2t—-2) =
=0 for t > 1, and ¢(0,0) = 1, we obtain

f(mla xQ) = P(wth)'

This work of author was financed by the PhD SibFU grant for support of scientific research
no. 14.

References

[1] M.S.Apanovich, E.K.Leinartas, J. Sib. Fed. Univ. Math. Phys, 10(2017), no. 2, 199-205.
DOI: 10.26516/1997-7670.2018.26.3

[2] M.Bousquet-Mélou, M.Petkovsek, Discrete Mathematics, 225(2000), 51-75.

[3] M.Brion, M. Vergne, J. American Math. Soc., Vol. 10, no. 4 (1997), pp. 797-833.
DOTI: 10.1090/50894-0347-97-00242-7

[4] S.Chandragiri, J. Sib. Fed. Univ. Math. Phys, 12(2019), no. 5, 551-559.
DOI: 10.17516/1997-1397-2019-12-5-551-559

[5] P.Duchon, Discrete Math, 225(2000), 121-135.

[6] S.N.Elaydi, An Introduction to Difference Equations, 3rd edn. Undergraduate Texts in
Mathematics, Springer, New York, 2005.

[7] M.Forsberg, M.Passare, A.Tsikh, Advances in Mathematics, 151(2000), no. 1, 45-70.
[8] I.M.Gessel, J. Combin. Theory. Ser. A, 28(1980), 321-337.
[9] J.Labelle, Y.N.Yeh, Generalized Dyck paths, Discrete Math, 82(1990), 1-6.

[10] E.K.Leinartas, Siberian Mathematical Journal, 48(2007), no. 2, 268-272.
DOI: 10.1007/s11202-007-0026-0

[11] E.K.Leinartas, A.P.Lyapin, J. Sib. Fed. Univ. Math. Phys, 2(2009), no. 4, 449-455 (in Rus-
sian).

[12] E.K.Leinartas, T.I.Nekrasova, Siberian Mathematical Journal, 57(2016), no. 2, 98-112.
DOI: 10.17377/smzh.2016.57.108

[13] E.K.Leinartas, M.S.Rogozina, Siberian Mathematical Journal, 56(2015), no. 1, 92-100.
DOI: 10.1134/S0037446615010097

[14] A.P.Lyapin, J. Sib. Fed. Univ. Math. Phys, 2(2009), no. 2, 210-220.

[15] A.P.Lyapin, S.Chandragiri, Journal of Difference Equations and Applications, 25(2019),
no. 7, 1052-1061. DOI: 10.1080,/10236198.2019.1649396

[16] A.V.Pukhlikov, A.G.Khovanskii, St. Petersburg Mathematical Journal, 4(1993), no. 4,
789-812.

[17] R.Stanley, Enumerative combinatorics, Cambridge Univ. Press, Cambridge, 1999.

- 195 —



Alexander P.Lyapin, Sreelatha Chandragiri The Cauchy Problem for Multidimensional Difference. ..

[18] B.Sturmfels, Journal of Combinatorial Theory. Series A, 72(1995), 302-309.
DOI: 10.1016,/0097-3165(95)90067-5

[19] T.I.Yakovleva, Siberian Mathematical Journal, 58(2017), no. 2, 363-372.
DOTI: 10.1134/S0037446617020185

3amada Koimm 1j198 MHOTOMEPHOTO Pa3HOCTHOTO YpPaBHEHUS
B KOHYyCaX MeJIOYNCJIEHHOIN pelieTKu

Anexcangp Il. Jlsmnuua

Cubupckuii de1epalibHbIl YHUBEPCUTET

Kpacnosipck, Poccuiickass @eneparms

Jlecocubupckmit nemarorndecknit nacTuTyT — Dunaa COY

Jlecocubupck, Poccniickast @enepanmst
IHIpunaarxa Hangparupm
Cubupckuii derepa bHbIl YHUBEPCUTET
Kpacnosipck, Poccuiickas ®eneparus

Awnnoranusi. B pabore paccmorpen BapuanT 3amauu Ko f1j1s1 MHOrOMEPHOTO PA3HOCTHOTO yPABHEHUST
C TIOCTOSTHHBIMU KO3 PUIMEHTaM¥, BOSHUKAIOIIUHI C 3aa9eil 0 Jucje myTeil Ha IeIOYNCEHHON pereT-
Ke B [IEPEYHCIINTEILHOM KOMOMHATOpHOM aHasm3e. [losmydena dopmysia, BeIparkarolias IPOU3BOISIILY IO
dyuknuio pemrenust 3ajaau Komm depe3 npousBossinue GYHKIMA JaHHBbIX KoIu, n HalijieHo peleHne
sagagn Kommm depes ee dyHIaMeHTAIBHOE pelieHne n Janubie Ko,

KuroueBrie cioBa: pa3HOCTHOe ypaBHeHHe, (pyH/IaMEHTAJIbHOE DPelleHue, IMPOU3BOAIIAs (DYHKIUS,

oyt Jluka.
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Abstract. Rotationally-axisymmetric motion of a binary mixture with a flat free boundary at small
Marangoni numbers is investigated. The problem is reduced to the inverse linear initial-boundary value
problem for parabolic equations. Using Laplace transformation properties the exact analytical solution
is obtained. It is shown that a stationary solution is the limiting one with the growth of time if there
is a certain relationship between the temperature of the solid wall and the external temperature of the
gas. If there is no connection, the convergence to the stationary solution is broken. Some examples of
numerical reconstruction of the temperature, concentration and velocity fields are given, which confirm
the theoretical conclusions.

Keywords: binary mixture, free boundary, inverse problem, the pressure gradient, the stationary solu-
tion, Laplace transformation, thermal Marangoni number.

Citation: V.K.Andreev, N.L.Sobachkina, Rotationally-axisymmetric Motion of a Binary Mixture with
a Flat Free Boundary at Small Marangoni Numbers, J. Sib. Fed. Univ. Math. Phys., 2020, 13(2),
197-212. DOI: 10.17516/1997-1397-2020-13-2-197-212.

Introduction

The main purpose of this work is to construct an exact solution of the inverse initial boundary
value problem of rotationally symmetric motion of a viscous heat-conducting binary mixture
with a flat free boundary at small Marangoni numbers, as well as a numerical solution of the
problem.The movement is caused by a non-stationary pressure gradient.

It is well known that for small Marangoni numbers, the momentum equation can be simplified
by discarding convective acceleration. Such movements are called crawling. Similar simplifica-
tions can be obtained for the energy and concentration transfer equations. One of these problems,
considered in paper [1], is devoted to the study of solving the thermodiffusion equations of a spe-
cial type that describes the two-dimensional motion of a binary mixture in a flat channel. In the
resulting initial boundary value problem, the analog of the Marangoni number is the Reynolds
number. Assuming that this number is small, the problem becomes linear. Its solution is found
using trigonometric Fourier series that converge rapidly for any given time.

There are a lot of theoretical works concerning convective movements in flat layers with a free
boundary. R.V.Birikh’s exact stationary solutions to the problem of thermocapillary convection
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(© Siberian Federal University. All rights reserved
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in a flat horizontal layer are well known in work [2]. One solution describes the flow in the band
—h < z < 0, both borders of which are solid walls, and in the second — the upper border of the
band is free, subject to the action of thermocapillary forces. The solutions were widely used and
cited [3-15]. In a number of these works [6,7,10,13-15], the flat Benard-Marangoni convection of
a viscous incompressible liquid was studied in the Oberbeck—Bussinesque model. A characteristic
feature of the obtained solutions is the one-dimensional velocity coordinates, and the temperature
and pressure fields are three-dimensional. In the work [13], an exact solution was obtained near
the point of the temperature extremum at zero Grasgoff number. The found solution serves as
an initial approximation for constructing solutions for Grasshoff numbers greater than zero. In
works [14,15] of the initial boundary value problem describing non-stationary layered flows of the
Benard—Marangoni convection in an infinitely extended flat layer, the existence of counterflows in
the liquid layer was found. The presence of counterflows is equivalent to the presence of stagnant
points, which indicates the existence of a local extremum of the kinetic energy of the liquid.

In this paper, in the absence of external forces, we study the creeping axisymmetric motion
of a mixture with a flat free boundary with a Hiemenz type velocity field [16]. Here the inverse
problem arises, since the non-stationary pressure gradient is also the desired function.

1. Statement of the problem

We consider the axisymmetric motion of an infinite horizontal plane layer of a viscous heat-
conducting binary mixture bounded by a solid wall z = 0 and a free boundary z = [(t) (see
Fig. 1). Let u(x,t) is the velocity vector, p(x,t) is the pressure, 0(x,t), ¢(x,t) are deviations
from the average values temperature and concentration values of the mixture under conditions
of complete weightlessness. The process is described by a system of equations of thermodiffusion
motion [17]:

1
dfu—Fpr:uAu, divu =0,
e 1)
do dc
— =xA — =dA A
o XA, 7 dAc+ adA#,

where p is the average density, v is the kinematic viscosity, x is the thermal diffusivity, d is the
diffusion coefficient, « is the thermodiffusion coefficient (Soret coefficient); d/dt = 0/0t +u -V
is the full time derivative, A is the Laplace operator.

z z=i{t)

F

Fig. 1. Diagram of the flow region

Remark 1. The equation of energy from the system (1) does not take into account the term
describing the dissipation of kinetic energy. This is due to the fact that the ratio of this term and
u - VO for most processes does not exceed 10~7. In addition, all model parameters are assumed
to be constant, and they are reliably determined experimentally.

Let u(r, z,t), w(r, z,t) are projections of the velocity vector in cylindrical coordinate system.

- 198 -



Victor K. Andreev, Natalya L. Sobachkina Rotationally-axisymmetric Motion of a Binary Mixture. ..

The solution of the problem is searched for in a special form:
u=rui(z,t), w=w(zt), p=plr,zt), 0=a(zt)r*+0b(z1),

2
c=h(z,t)r? + g(z,1t). @)

A solution of the form (2) is called a Hiemenz type solution [16], in which the velocity field is linear
relative to one from the coordinates. It is partially invariant with respect to the five-parameter
subgroup generated by the operators 9/9r, td/0r + 0/0u, 0/06, d/dc, 0/0p [18].

Substituting the form (2) into the system of thermodiffusion equations leads to the system
(reassign u; <> u):

1
rug + ru? + rwus + - pr = rvus,; (3)
p

wy + ww, + %pz = VWzz;
2u+w, = 0;
ar + 2au + wa, = Xa,,;
by + wb, = x(4a +b.,);
hy + 2hu + wh, = dh., + ada,;
gt +wg. = d(4h + g..) + ad(4a + b..),

that needs to be solved in the field ¢ > 0, 0 < z < [(¢).
It is assumed that the surface tension coeflicient o at the free boundary linearly depends on
the temperature and concentration

O’(&,C) =00 — %1(0 — 90) — %2(0 — Co),

where g1 > 0 is the temperature coefficient of surface tension, &5 is the concentration coef-
ficient of surface tension (usually a5 < 0, since the surface tension increases with increasing
concentration); 0o, co are some constant average values.

Boundary conditions on an unknown free boundary z = I(¢) for the system (3)—(9) have the
form:

& = w0y (10)
uzz—ﬁa—zﬂh; (11)
pv pv
Pgas — D + 2prw. = 0; (12)
ka, +v(a — agas) = 0; (13)
kb, + (b — byas) = 0; (14)
h, + aa, = 0; (15)
g: +ab, =0, (16)

where pyqs, 0gas are the pressure and the temperature of the surrounding gas; k, v are the thermal
conductivity and the heat transfer coefficients. It is assumed that the transfer processes in gas
can be neglected. It is assumed that the gas pressure py,s is constant, and its temperature 6y,
at the border with the liquid mixture is set by the function of time. Thus, the ratio (10) is the
kinematic condition, (11), (12) are tangential and normal dynamic conditions, (13), (14) is a
condition for heat exchange with the gas surrounding the mixture, (15), (16) is a condition for
the absence of a flow of matter across a free boundary (thus the effect of surfactants on z = i(t)
is not taken into account).
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Boundary conditions on a solid wall z = 0:

w(0,t) =0, w(0,t) =0, a(0,t)=a(t), b0,t)="0(¢), (17)
h.(0,t) + aa.(0,t) =0, g¢,(0,t) + ab.(0,t) = 0.
Initial conditions:
u(z,0) = ug(z), w(z,0) =wo(z), a(z,0)=ap(z),1 b(z0)=by(z), a8)

h(Z,O) = hO(Z)’ g(Z,O) = gO(Z)v Z(O) =1lp >0,

and the functions ug, wo, ag, b satisfy the conditions (17); ug and wqg are connected by equa-
tion (5); ug,ag, ho are connected by condition (11); hg, ap — by conditions (15) and (17);
go, bo — by conditions (16) and (17). Thus, the approval conditions are met.

From the equations (3), (4), the pressure gradient (p,,p,) is expressed:

pr = —rp(us + u? + wu, — ZTESF (19)

Pz = p(wzz — Wt — U)’LUZ); (20)

The compatibility conditions of the equations (19), (20) are satisfied identically: p,, = p., = 0.
It follows that the function u(z,t) will be determined from the equation

ug +u? + wu, = vug, + f(t), (21)

and the pressure is restored by the formula

p=—5pf(t) +s(z.1). (22)

here f(t) is arbitrary function, and the derivative of the variable z from the function s(z,t)
is exactly the right side of the equation (20). The function s(z,t) is considered known if the
function w(z,t) is found.

Therefore, the problem is inverse, since the longitudinal pressure gradient f(¢) is an unknown
function. In the theory of inverse problems, it is called a source function.

2. Converting to a task in a fixed area

You can see that the equations (21), (5), (6), (8) are independent of the others. They
form a closed initial boundary value problem for defining the functions u(z,t), a(z,t), h(z,t), and
I(t). Therefore, we will reduce the task to finding only these functions. To do this, we integrate
the equation (5) and exclude the function w in the equations (21), (6), (8). In the resulting
system, we introduce dimensionless variables and functions with equalities:

T:i;a y:i7 U:l(%la A:@a
Ig I(t) v T (23)
Zagus 2 I(t) 0
Agas:T, H(Z,t):?, L(T):F’ F(T): 2
here T, ¢ are characteristic temperature and concentration.
The result is a task in a fixed area 0 < y < 1:
v 1
MU)=U, —(InL).yU, — 2Uy/ Uly,)dy 4+ U? — Iz Uy, — F(1) =0; (24)
0
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v 1
F({U,A)=A;, —(InL),yA, — 2Ay/ Uly,7)dy +2AU — Bz Ay =0; (25)
0

rL?
y
R(U,A/H)=H, — (InL),yH, — 2Hy/ Uy, 7)dy +2HU—
0
(26)
1 Sr
- H. -2
ScL? ¥ ScL?
In (24)—(26), dimensionless parameters are entered: Sc = v//d is Schmidt number, St = adT /ve

is Soret number, Pr = v/x is Prandtl number.
The following conditions are met on a solid wall y = O:

Ayy = 0.

U@,7)=0, A(0,7)=A(r), H,0,7)+SrA,(0,7)=0. (27)
On a free boundary y = 1:
dL !
=2 [ Uy (28)
dr 0
Ay + LBi(A— Ays) =05 (29)
1
57 Us = Ma A+ McH; (30)
H,+SrA, =0, (31)

where Bi = 7lg/k is the number of Bio; Ma = &, Tly/pv?, Mc = =eacly/pv?, respectively, the
thermal Marangoni number and the concentration Marangoni number.
Initial conditions for 7 = 0:

U(y,0) = Uo(y), A(y,0) = Ao(y), H(y,0)= Ho(y),

(32)
L(0)=1, F(0)= F° = const.
To find an unknown pressure gradient F'(7) when solving the inverse problem, you need to
set an additional condition. As such the condition is an integral redefinition condition, which is
written as:

1
/ Udy=0, y=1 (33)
0

This is a condition of closed flow. Thus, the flow rate of the liquid mixture through any normal
cross-section is zero. Given the conditions (28) and (32), it follows from the integral redefinition
condition (33) that the free boundary remains fixed and is equal to L(7) = 1.

3. Stationary solution

We will assume that the thermal Marangoni number is Ma < 1 (the creeping motion),
as well as Ma ~ Mec, that is, thermal and concentration effects on a free boundary of the
same order. Formally decomposing the functions U, A, H in a row by Ma, we get for the
first approximation the problem (24)-(26) with Ma = 0. In the equations of momentum, heat
transfer, and concentration, the convective terms are discarded. We will consider the steady
flow of the liquid. For such a movement, all the required functions do not depend on time; let’s
denote them by U®(y), A%(y), H'(y), F°. Also, on a solid wall, A(7) = A = const. Let’s write
out the corresponding boundary value problem for 0 < y < 1, which becomes linear for small
Marangoni numbers:

Uy, +F°=0; (34)
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0 _n-
A0 =0; (35)
0 0 _
HY, +8rAY, =0, (36)

with boundary conditions (27)—(31).

When searching for a stationary solution, a fundamental result was obtained. That is, in
order for the solutions found to satisfy all boundary conditions, it is necessary and sufficient that
the temperature of the solid wall is associated with the external temperature of the gas by a
certain condition. The relationship between temperatures is as follows:

B4, .
S Bi+2’ (37)
Then the required functions in the first approximation have the form:
BiA®  (2y—1)
A%y = gas . 38
() = — e, (39)
BiSr A2, (1 —2y)
HO(y) — gas )
(v) g — V), (39)
Bi A%, . (1 — MSr)(y — 1,5y%)
0 _ gas ) . 4
v°y) — , (40)
Bi A%, (1 — MSr)
FO =3 —% 41
Bi+2 ’ (41)

where M = sy¢/2,T is a dimensionless parameter equal to the ratio of the thermal Marangoni
number to the concentration Marangoni number.

In addition, representations are found for other functions of the General problem, which made
a significant contribution to obtaining a certain relationship between temperatures:

2
B'(y) = —gaﬂ/?’ — 2020 + 1y + fo; (42)
0 2 3 2
G (y) = —3NY’ - 272y + 01y + d2; (43)
where aq, ag, f1, B2, 71, Y2, 01, 02 are constants defined from boundary conditions (27)—(32):

_ Bi Agas _ 3

a277Bi+2’ o] = —2Q, BQ* 9
ﬂ . Bi(Bgas — 52 + %O&l + 2&2) + 2&1 -+ 40[2 (44)

' Bi+ 1 ’
oy St Sr
Y1 =-—1Sr, Y2 = —%, 01 =—p18r, 02 = 16 + &2 +C.

Here B is the second component of the solid wall temperature for the stationary case, and C' is
a constant that sets the average cross-section concentration y = 0.

4. Determining of the temperature field

For solution of nonstationary linear problem is used Laplace transform. Believe (assuming
the existence of A, Ay, Ayy, Agas [19]):

Ay,p) = /OOO Ay, 7)e P dr, (45)
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then the problem for A(y, 7) is reduced to the boundary value problem for an ordinary differential
equation

Ay —PrpA=—Prdo(y), 0<y<l; (46)
A(0,p) = A(p), y=0; (47)
Ay +Bi(A— Ayys) =0, y=1. (48)

The General solution of the equation (46) is as follows:

I [ | VPrp o as a0

with the constants C and Cs, which are defined from boundary conditions (47), (48):

Prp

Prp

Cr = Alp), (50)

—1
Co= \/Prpch\/Prp—l—Bish\/Prp} {Bi[lgas— A(p) (\/Prpsh\/Prp—i— Bich\/Prp) —

(51)
Bi/P !
PV P, / Ao(x)sh[\/Prp(x — 1)] dm}.
p 0
The original A(y, ) is restored using the formula
1 l+i00
Aly,r)=-— [ A "7 dp. 52
(y:7) =5 / (y,p)e™ dp (52)

l—i0c0

The integral (52) is taken along any straight line Rep =1 > sg, where sq is the growth index of
the function A(y, ), and is understood in the sense of the main value.

The task for determining the image B(y,p) is exactly the same as the task (46)(48) with
the replacement of the right part: —Pr Ag(y) for —Pr By(y) — 4A. Thus, this function is found
by the formula:

Pro [V
Prp Prp prp/ Bo(x)sh[\/Prp(J;—y)} dz—
’ (53)
/Prp — 2y shw/ p+ =2 / (x)ch [\/Prp(x—y)} dz,
0
with constants C3 and Cj defined from boundary conditions:
Cs3 = B(p), (54)
-1
04:[w/Prpch\/Prp—l—Bish\/Prp} {BiBgas—B(p)(\/Prpsh\/Prp—l—Bich\/Prp)—&—
1 . 1
+Pr/ Bo(x)ch[\/Prp(xl)] dxfw/ Ao(x)ch{\/Prp(xl)} dz+
p
0 0 (55)
2y/Prp (! chy/Prp Bichy/Prp
A h|/P —1)| dx +2C; | —=— +sh/P _—
# 2O [ ot |Pep (o =) e 201 (Tt o P+ ZEE ) ¢
shy/Prp Bishy/Prp
2C h+/P —_— ) ;.
i ( VPrp VI T
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You can show using the explicit formulas (49)—(51) and asymptotic representations: sha ~
x+ 23/6, chx ~ 1+ 22/2 for & — 0 [20], that

. _ . T o 0
Jim Ay, ) = lim pA(y,p) = A°(y),
where A%(y) is a stationary solution for the function A(y, 7) in (38). When proving, keep in mind
that the functions Agqs(7) and A(7) are originals along with their first derivatives [19] and assume
. . he . 7 1 _ 0 . T 1 _
the existence of limits: Tlggo Agas(T) = Il)l_r)r%)pAgas(p) = Agas Tl;n;o A(T) = Zl)li%pA(p) =A In
addition, the condition (37) must be met.
Similarly, it is shown that
lim B(y,7) = lim pB(y,p) = B"(y),
T—00 p—0
that is, as time increases, the temperature perturbation becomes stationary, provided that the
functions Bgqs(7) and B(7) are originals along with their first derivatives and there are limits:
. R T B _ 0 . 1 ~ _
A Byas(7) = lim pByas(p) = Byas, lim B(r) = lim pB(p) = B.
Thus, the fair
Theorem 1. Problem solving for the functions A(y,T), B(y,T) are determined by the inverse
Laplace transform by the formulas (49), (53), and with the growth of time, they reach a stationary

regime, if Agas(T) = ADye, Bgas(T) = By, A(T) = A,B(t) — B when 7 — oo and the
condition (37) is met.

5. Determination of the mixture concentration

Applying to the initial-boundary problem for the concentration the mixture of Laplace trans-
form, obtain for the image H(y,p) task

ﬁyy —ScpH = —ScHy(y) 4+ SrPr Ag(y) — StPrp A, 0<y<1; (56)
H,+Std, =0, y=0; (57)
H,+SrA, =0, y=1. (58)

The General solution of the equation (56) for Pr # Sc is as follows:

H=Cs ch\/Scpy+C’6sh\/%y+
1 y
— Hy(z) — StPrA h - -
+\/ﬁ/0 (ScHy(z) — SrPrAg(z))s {\/%(a: y)} dx (59)
/P (Y
- Srbr (Clch\/Prpy—i—Cgsh\/Prpy—l— I;rp/ Ao(x)sh[\/Prp(x—y)} dx),
0

Pr — Sc

with constants Cs and Cg defined from boundary conditions (57), (58):

(5 SrvPrSc
Co=—"—"———
Pr — Sc

—204 —



Victor K. Andreev, Natalya L. Sobachkina Rotationally-axisymmetric Motion of a Binary Mixture. ..

Cs = [\/%sh\/%] 1{ /Ol(ScHo(x) — SrPrAg(z))ch [\/%(x - 1)] dz+
+P§r_SCSC [\/ﬁp (Crshy/Prp+ Cachy/Prp) - (61)

1 /prae
—Pr / Ap(z)ch {\/Prp(x - 1)} dx} - CQPSrifs’(r:Sc cthy/Scp.
0 r=

The task for defining an image G(y, p) is exactly the same as the task (56)(58) with replacing
the right part: —ScHo(y) + SrPr Ag(y) — SrPrp A for —ScGo(y) + SrPr By(y) — StPrp B — 4H.
The General solution for G(y,p) when Pr # Sc has the form:

G = Cychy/Scpy + Cs sh\/%y-i-
\/W / (ScGo(x) — SrPrBy(z))sh {\/% (x — y)} dr—

2C%y

Scp
P VP v (62)
_Srbr Prp Prp P / Bo(x)sh|+/Prp(x —y)| de—
Pr—Sc p
QCly 2?/
ch\/ sh\/Pr y—|— Ao(z)ch|v/Prp(z —y)| dz |+
0
2y (Y
+S? (ScHo(x) — SrPrAg(z))ch|+/Scp (z —y)| dz,
74
where the constants C7 and Cg are defined from the boundary conditions as follows:
2 P -2

Co = Cs  SrSc(PrpCy Ch) (63)

. _|_ s
Sep  /PrScp (Pr — Sc)

-1
Cr = | VBepsy/Sop| {205 (Sl snv/Bep ) + 20 (UL 4 /S ) +
VScp v/Scp

+ /0 1(ScGo(x) — SrPrBy(z))ch [M (z — 1)} dz+

1
PerCSC [ /Prp (Cg shy/Prp+ Cy chVPrp) —Pr / By(z)ch {\/Prp (x — 1)} dx—
- 0

— 90, <ChVPrp +sh«/Prp> — 920, <Sthrp +ch«/Prp> +

VPrp VScp
+ % /01 Ao(x)ch[\/%(x - 1)} do — 2‘/? /01 Ao(x)sh[M(m _ 1)} dw} -
2

-2 /O (ScH(x) - SrPrAO(x))ch{\/%(I _ 1)} ot

\/W / (ScHy(z) — SrPrAg(z))sh [\/S?(m— 1)] } Cgcthy/Scp. (64)
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You can show using the formulas (59)—(61) that

T—r00

lim H(y,7) = lim pH(y,p) = H(y),
p—0

where H'(y) is a stationary solution for the function H(y,7) in (39). When output, you must
again assume that there are limits: lim Ag, (1) = AY,., lim A(7) = A. In addition, the
T—00 ! T—00
condition (37) must be met.
Similarly, it is shown that
lim G(y,7) = lim pG(y,p) = G°(y),
T—00 p—0
where G%(y) is a stationary distribution for the function G(y, ).
Thus, the fair

Theorem 2. Problem solving for the functions H(y,T), G(y,T) are determined by the inverse
Laplace transform by the formulas (59), (62), and with the growth of time, they reach a stationary
regime, if Agas(T) — AY.q, Bgas(T) = By, A(T) = A, B(t) = B when 7 — oo and the
condition (37) is met.

6. Determination of the velocity field

Applying the Laplace transform to a problem for speed reduces it to a boundary value
problem for an ordinary differential equation

Uyy —pU = =Up(r) — F(p), 0<y<I; (65)
0(0,p) =0, y=0; (66)
/OlffdyzO, y=1; (67)
U, =—2(A+MH), y=1. (68)
The General solution of the equation (65) is written as follows:

U = Cychy/py + Croshy/py + \jﬁ /Oy Uo(z)sh [\/ﬁ (z — y)} dz, (69)

with constants Cg and Cyg defined from boundary conditions (66)—(68):
0 =12, (70)

2(A+MH) + /p [Us(x)chy/p(z — 1) dz + F(p)sh\/p
Cio = 0 pCh\/]T) ) (71)

where the functions fl(y,p),ﬁ(y,p) are given by the formulas (49), (59) for y = 1, and the
pressure gradient F(p) is as follows:

-1
F(p) = [\/ﬁch\/ﬁ - sh\/ﬁ} {@ (chy/p — 1)(24 + 2MH —
(72)

- /01 Uo(z)chy/p (z — 1) dx) — pchy/p /01 [/Oy Up(z)chy/p (z — 1) dm} dy}.
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You can derive equality from the expressions (69)—(72):
lim pU (r,p) = U°(y), (73)
p—0

where U°(y) is a stationary velocity distribution from (40). When you output (73), you must
assume the existence of the limits: lim Agqs(7) = A%, ., lim Byus(7) = BY,,, lim A(7) = A,
rooo I 9087 100" 9 9957 1 500

lim B(7) = B and the fulfillment of the condition (37).
T—00
Thus, the fair

Theorem 3. Problem solving for the function U(y,T) is determined by the inverse Laplace
transform by the formulas (69), (71), and with the growth of time, they reach a stationary regime,
if Agas(T) = AY.s, Byas(T) = BY,,, A(T) = A, B(1) — B when 7 — o0 and the condition (37)

gas’ gas’
15 met.

7. Numerical solution

The obtained formulas in the Laplace images were used to find the temperature, con-
centration, and velocity fields of the mixture under certain conditions imposed on the external
temperature Ag,s(7) and the solid wall temperature A(7). In this purpose, the numerical method
of the inverse Laplace transform was used using the quadrature formula of the highest degree of
accuracy, constructed for the Riemann—Mellin integral [21]:

c+ico
1
£(t) = / Fo)e” dor (74)

211,
c—100

Let the image function F'(o) is regular in the half-plane Reo > «. Replacing 0 = p/t + «
converts (74) to an integral

e+i00
1 eat . v
=525 | e (75)
ot /

here £ — any small positive number, and F*(p) = F(p/t + a) = F(c). It is assumed that F*(p)
has the form F*(p) = o(p)/p*, here k > 0, ¢(p) is regular in the half-plane Rep > 0 and there
is tli)m ©(p) # 0;00. Then the quadrature formula of the highest degree of accuracy is applied

to the integral

1 e+io00 »
e
—_— —d
57 / w(p)pk p
E—100
which has the form _
1 e+100 » n
e
—_— —dp ~ A o(DPm), 76
5 / #(p) 5 dp mz_l @(pm) (76)
and since
@(pm) = Dr F* (pm) = Dy F(pm/t + ),
then
eat n
f(t) = 7 Ampfn F(pm/t+a)7 (77)
m=1
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moreover, the coefficients A,, and p,, nodes depend on k u n. The formula (77) was the basis of
a program that performs the inverse Laplace transform. The coefficients A,, and the nodes p,,
were taken from [22].

Using the numerical method, quantitative results were obtained for a model system with the
following parameter values: Agas =02, A=-01,Sr =3, Bi=2 Pr=2, Sc =1, M = 100,
Agas(T) =AY, + exp(—=A7) sin(wr), A(T) = A+ exp(—A7) sin(wr), here w = 1. Fig. 2-7 shows
the evolution of dimensionless profiles of temperature, concentration, and velocity of the mixture
at different times.

08 . 1.2
o~ T

07} -~ 3

1 1 ]
06} // J _

-
_\ _—
nst e 2 | osa 7 -
- N =
04} Ve ST RN //
Apgal 1A \ ~
. L .1 //
- 0.4+ —
nzf g J
01} s e o2t 3
ot 5J,_’__,_;’—' .
=T 4
_U‘]____——’_' -
702 1 1 1 L L 1 L 1 1 _02 1 1 1 1 1 L L L L
“0 01 02 03 04 05 06 07 08 09 1 0 01 02 03 04 05 0B 07 08 08 1
a) ¥ b) ¥

Fig. 2. The temperature profileat A=1: 1 —7=0.02, 2 —7=0.2, 3 —7=24, 4 — 7 =4.5,
5 — the stationary solution

s L L L L L L L L L
0 01 0z 03 04 05 0B

a) y

08 L I I L L I L L I
0 01 02 03 04 06 0B 0OF 06 08 1

b) F

Fig. 3. The concentration profileat A\=1: 1 —7=0.02, 2 —7=02,3 —7=17, 4 —7=4.,
5 — the stationary solution

If the functions Agqs(7), A(7) have finite limits at 7 — oo, equal to Agas and A, respectively,
and the condition (37) is met, then there is convergence to the stationary distribution (see Fig.
2a,3a,4a at A = 1). If these functions have no limits at 7 — oo (either the limits exist, but
the connection between A% . and A is broken), then non-stationary solutions do not converge to

gas
stationary solutions with increasing time (see Fig. 2b, 3b, 4b at A = 1).
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Fig. 4. The velocity profileat A\=1: 1 —7=0.04, 2 —7=10, 3 —7=14, 4 — 7 =23.14,
5 — the stationary solution

0z I 1 1 1 1 I 1 1 I 2 1 1 1 I I 1 I 1 1

Fig. 5. The temperature and concentration profiles at A = 1072: 1 — 7 = 0.03, 2 — 7 = 0.3,
3 —7=35.6, 4 — 7 =37.85, 5 — the stationary solution

For Fig. 5, 6 presents temperature, concentration, and velocity profiles for A = 1073, It takes
a longer period of time for the solution to return to the steady state, and there are fluctuations.
The dependence of the speed U(y, 7) on the parameter M was also studied (see Fig. 7). It turned
out that the non-stationary solution quickly switches to the stationary regime for any M.

Analyzing the numerical solution for the function U(y,7), we conclude that she takes a
minimum value for y = 1/3, as well as U < 0 for 0 < y < 2/3 and U > 0 for 2/3 < y < 1,
which corresponds to the result obtained in the formula (40). It follows that the current changes
direction at a depth equal to 2/3 of the thickness of the liquid layer.

Fig. 8 shows the trajectories of liquid particles (current lines) and the surface of the current
when moving a viscous heat-conducting binary mixture with a flat free boundary. It can be seen
that there is a return rotationally-symmetric flow of the liquid, which occurs under the influence
of a pressure gradient. The resulting motion is a vortex in the ry plane with the center shifted
to the free boundary. In this case, the maximum speed is achieved on a free surface.

Let’s see what happens to the rest of the required functions. As a result of heat exposure,
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Fig. 6. The velocity profileat A\=10"3: 1 —7=0.5, 2 —7=4.5,3 —7=352, 4 — 7 = 37.8,
5 — the stationary solution

L ! )| ! L | L 02 L L L L L L I L I
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=
—
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Fig. 8. a) the trajectories of liquid particles, b) the surface current
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the temperature A(y, ) increases and the concentration H(y,7) decreases. There is a thermod-
iffusion effect-the Soret effect. Anomalous thermodiffusion occurs, in which light components
tend to move to colder areas, and heavy components end up in areas with increased temperature
(since ¢ in the system (1) is the concentration of the light component).

Conclusion

Rotationally-symmetric motion of a binary mixture with a flat free boundary at small
Marangoni numbers is investigated. The problem is reduced to the inverse linear initial-boundary
value problem for parabolic equations. Using Laplace transformation properties the exact ana-
lytical solution is obtained. It is shown that a stationary solution is the limiting one with the
growth of time if there is a certain relationship between the temperature of the solid wall and
the external temperature of the gas. If there is no connection, the convergence to the stationary
solution is broken. Some examples of numerical reconstruction of the temperature, concentration
and velocity fields are given, which confirm the theoretical conclusions.
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BpammarenbHo-ocecuMMeTpUIHOE ABUKEHIE OMHAPHOI
CMeCH C ILIOCKOII CBOOOAHOI IpaHUIE ITPU MAaJIbIX YMCJIaAX
MapaHronu

BuxkTop K. Auapeen

MNucruryT Bhraucanresnsaoro mogenuposanns CO PAH
Kpacnosipck, Poccuiickas @eneparnus

Cubupckuii deepabHblil YHUBEPCUTET

Poccniickass @eneparust

Haranba JI. Cobaukuna
Cubupckuii peiepasbHbIi yHUBEPCUTET
Poccniickass @eneparust

Awnnoranus. VccienoBano BpamareibHO-CUMMETPUYHOE JBUYKEHNE ILJIOCKOTO CJI0s1 OUHAPHO cMecH Co
CBODOOTHOM rpaHUIleil Mpu MaJbIX Ynciaax Mapanronu. 3a1ada CBOUTCS K OOPATHON JIUHEHHON HAYATBHO-
KPaeBoil 3ajate /11 mapaboandecknx ypaBHeHnmit. B nzobparkenusix mo Jlammacy mosmydeHo TouHoe aHa-
auTrdeckoe penreHne. HalineHo craimoHapHOe pellleHMe 3aJa9d M JOKa3aHO, YTO OHO SIBJISETCS IIpe-
JIeJTBHBIM C POCTOM BPEMEHH IIPH YCJIOBHH CYIIECTBOBAHUS OIPEIEJIEHHON CBSA3U MEXK]y TeMIepaTypoil
TBEP/IOi CTEHKH U BHEITHEN TeMIepaTypoil raza. B ciaydae oTCyTCTBUS CBSA3M CXOAMMOCTH K CTAIMOHAD-
HOMY pellleHuIo0 HapylraeTcs. [IpuBeieHbl IpUMephl YNCIEHHOTO BOCCTAHOBJIEHUS IIOJIE TEMIIEPATYPHI,
KOHIIEHTPAIIUH ¥ CKOPOCTH, IIO/ITBEPXKIAIOIINE TEOPETUIECKNE BBIBOIBI.

KurouyeBsbie ciioBa: OuHapHasi CMeCh, CBOOOJIHAsI TPAHUIA, OOpaTHas 33/1a4a, IPAJIUEeHT JaBJICHUs, CTa~
[IMOHAPHOE pellleHne, npeodpasopanue Jlamngaca, TenmoBoe unciao MapaHrosu.
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Abstract. In this work we solve an anisotropic antiplane elastoplastic problem about stress state in a
body weakened by a hole bounded by a piecewise-smooth contour. We give the conservation laws which
allowed us to reduce calculations of stress components to a contour integral over the contour of the hole.
The conservation laws allowed us to find the boundary between the elastic and plastic areas.
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Introduction

Fields of shifts and stresses in the case under consideration are the following [1]
u=v=0, w=w(r,y) 0r=0,=0,=Ty=0, Te=71" (2,9), Tp.=7"(2,7). (1)

Here u, v, w are shift vector components, 0,0y, 0, Tay, Tzz, Ty» are stress components, x,y, z the
Cartesian coordinates, axis directed parallel to the element.
In the elastic zone there are the relations

1 2
a@% + 88% = 0 (equilibrium equation), (2)
1_ %772 = GQ% (Hooke's law) . (3)

Here G; are constants called elastic moduli [2].
From (2), (3) there arise relations in the elastic zone
O*w O*w
G
Ox? + G Oy
ort or?
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G1 =0, (4)
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From (2) and (5) it follows that 71, 72 satisfy the system of linear equations

ort or’ ort or?
YT o + Oy P Jy " ox ’ (6)
where n = G1/Gs.
In the plastic zone there holds the relation (2), and also
a13(t")? + a3 (7%)? = 1 (yield condition), (7)
722—: = 71% (Hencky's equation) . (8)

Here a13, as3 are constants called anisotropy coefficients.
On the boundary of the elastic and plastic areas the stresses and shifts are supposed to be
continuous.

1. Conservation laws

By a conservation law for the system of equations (6) we shall call the relation of the form of

0A (x,y,Tl,T2) 0B (ac,y77'1772)
_l’_
Or Jy

:wlFl +w2F2, (9)

where w? = wi(x,y, 71, 72) are some functions not identically zero simultaneously.

Note. A more general definition of conservation laws and their use in mechanics of a solid
body being deformed can be studied for example in [3-5].

For the purposes that are set in this article a simplified formulation in the form of (9) will
suit fine.

In (9) the values A, B are called conserved current components.

Let us assume that the components A, B appear as follows

A= OélTl +617—2 +')/17 B = a27_1 +B272 _'_72’ (10)

where of = o' (z,y), 8¢ = 8% (z,y), 7' =" (z,y) are some smooth functions to be determined.
Let us substitute (10) into (9), as a result we obtain

apTt +alty + By 4 BT 4 vy ot oty + Byt 4 By =
() 4 () =0,

(1)

where the index below stands for a derivative with respect to the corresponding variable.
From (11) we obtain

al=w!, B'= —nw?, o?=w? pZ=uwl, al + af}: 0, Balc + B; =0, v} Jr'yj: 0. (12)
From (12) excluding w® we obtain

ot =%, Bl =-na? al-— nﬂé =0, AL+ oz; =0, v} —|—'y§ =0. (13)
By virtue of relations (12) the conserved current components are written as

_a1
A=a'r 4+ 872 44, B= ic ™+ alr? + 42 (14)
n
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Since the right-hand part (9) is equal to zero, according to Green’s formula we obtain

Ay + By) dxdy = Ady — Bdx =
Yy
s as
» (15)
= j{ (a'r! + 872 + 4" )dy — <6 mhalr? vz) dz =0,
s n

where S is the area, 95 is its piecewise-smooth boundary. All the functions in (15) are supposed
to be smooth.

2. Elastoplastic problem for an arbitrary hole in case
when the plastic area surrounds the entire hole

Assume C' is a piecewise-smooth contour, there is a load applied to it

2 12
Ll 4 lor? =7, || < M’ (16)
13023

where (l1,l3) are normal’s vector components to contour C'. The plastic area’s contour L sur-
rounds entirely the hole C. See Fig. 1.

—

c /\L

|~

Fig. 1. Elastic-plastic border near the hole C'
In this case on contour C, apart from the condition (16), also fulfilled is the yield condition (7).
Thus on C' there are two conditions:
Wl 4 1m? =7, = 7y a13(7h)? +ags(1?)? = 1. (17)

From the conditions (17) we find the stress components on contour C':

2 2
1 la 5 Tn o aisloTy Fliv/Bass + Baiz — ajzagst?
T =T+, T°= 3 5 .
1 l1 lla23 + 120413

(18)

From this point on, to be definite, in formulas (18) we will be selecting the upper sign.

3. The use of conservation laws to find stress components
in the area

Assume the point M (., Ym ) lies beyond the contour C. Let us draw a circumference with
radius ¢ with the centre at the point M. We have ¢ : (z — 2,,)? + (y — ym)? = €2, Assume D is
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a line connecting the point M with the contour C'. We obtain a closed contour consisting of the
circumference ¢, the segmant P and the contour C'. See Fig. 2.

- \”7/0/8

Fig. 2. Calculating the contour integral around the singular point M

From (15) we obtain

j{Adnyder/ Adnydstr/ Adnydx+?§Adnydx:0. (19)
c P+ - €

The sum of the second and the third summands in (19) is equal to zero, because the integrals
are calculated in different directions. Finally from (19) we have

/ Ady — Bdzx = —%Ady — Bdx. (20)
C €

Let us convert the right-hand part of equation (20) introducing parametrisation x = ¢ cost,
y=-¢esint, 0 <t < 2m. As a result we have

2
%Ady — Bdx = E/ (Acost + Bsint) dt. (21)
€ 0

Assume in (15)

Then from (21) we obtain

27 27
%Aldy — Bidx = 5/ (Aj cost+ Bysint)dt = / rdt = 207 (T s Y ). (23)
5 0 0

The last equality in (23) is obtained with the use of the mean-value theorem with ¢ tending to
zero.
Assume in (15)

1
U T S o
x? 4+ ny? Vi x? 4+ ny?
Then from (21) we obtain
27 2m
%Agdy — Bodx = 6/ (Azcost + Bysint) dt = / 2 dt = 277 (T Yom)- (25)
€ 0 0

The last equality in (25) is obtained with the use of the mean-value theorem with ¢ tending to
Zero.
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From formula (20), and also from (23) and (25) we obtain

/ Aydy — Brdr = =277 (T, Ym) / Aody — Bodr = —2772 (Zyny Ym) - (26)
c c

Conclusion

Formulas (26) offer the opportunity to find stress components in any point z,,, y,, beyond
the contour C'. This allows us to determine the boundary between the elastic and plastic areas.
If the plasticity condition is met a13(71)? + ag3(7?)? = 1 at the point z,,,y,, then this point
belongs to the plastic area, if in the point the condition a13(71)? + a3(72)? < 1 is met, then to
the elastic area.

Note. The formulas found above allow us to solve elastoplastic problems even if the plastic
contour does not entirely surrounds the contour C, provided that on the contour C' the plasticity
condition (7) is fulfilled.
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Awnnoranusi. B pabore pernrena ann3oTponHas aHTHIIIOCKAs YIPYTOIIACTUYIECKAsT 33/1a9a O HAIPSI2KEH-
HOM COCTOSIHUU B TeJle, OCJIa0JIEHHOM OTBEPCTUEM, OTPAHMYEHHOM KYCOYHO-IVIaIKUM KOHTYpPOM. B craTbhe
IIPUBEJEHBI 3aKOHBI COXPAHEHUSI, KOTOPbIE TO3BOJIMJIM CBECTH BBIYMCJICHUSI KOMIIOHEHT TEH30pa HAIpPs-
JKEHU K KPUBOJIMHEHOMY MHTErpaJly 110 KOHTYDPY OTBEPCTHs. 3aKOHBI COXPAHEHUs! AU BO3MOYKHOCTH
HafTH IPaHUILy MEXKJy YIPYIOil U IIJIACTUYECKOU OOJIACTSIMU.

KuroueBbie cjioBa: aHM30TPOITHAS YIPYTOILIACTAYECKAs 3a/la9a, aHTUIIOCKOE HAIPSKEHHOE COCTOSI-
HUE, 3aKOHBbI COXPAHEHUS.
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Abstract. The retrial queueing system of M/M/1 type with Poisson flow of arrivals, impatient cus-
tomers, collisions and unreliable service device is considered in the paper. The novelty of our contribution
is the inclusion of breakdowns and repairs of the service into our previous study to make the problem
more realistic and hence more complicated. Retrial time of customers in the orbit, service time, impa-
tience time of customers in the orbit, server lifetime (depending on whether it is idle or busy) and server
recovery time are supposed to be exponentially distributed. An asymptotic analysis method is used to
find the stationary distribution of the number of customers in the orbit. The heavy load of the system
and long time patience of customers in the orbit are proposed as asymptotic conditions. Theorem about
the Gaussian form of the asymptotic probability distribution of the number of customers in the orbit is
formulated and proved. Numerical examples are given to show the accuracy and the area of feasibility
of the proposed method.

Keywords: retrial queue, impatient customers, collisions, unreliable server, asymptotic analysis.
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The ever increasing volume of information for designing communication systems in an optimal
way requires new methods and approaches. More and more business processes involve big data
transmission under limited capacities of devices. Therefore, developing of appropriate mathe-
matical models of modern telecommunication systems and modifying of existing ones are very
important. Queueing systems with repeated calls, or retrial queueing systems are suitable models
for telecommunication systems. They are characterized by the feature that an arriving customer
finding the server busy does not join a queue and does not leave the system immediately, but
goes to some virtual place (orbit), and then it tries to get service again after some random time.
A comprehensive description and comparison of classical queueing systems of retrial queues can
be found in books by J. Artalejo and A. Gémez-Corral [1], J. Artalejo and G.Falin [2]|, G. Falin
and J. Templeton [3], just to mentions some of them.
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The present paper generalizes the results obtained in [4,5]. We find the asymptotic stationary
distribution of the number of calls in the orbit for the system under consideration. Collisions
in the model usually arise in the analysis of communication networks when another message is
transmitted during the transmission of a previous message. Such messages collide. They are
considered distorted and both go into the orbit from where they ask the device for servicing
again after a random delay time, see for example [4-8].

Impatience of calls in the orbit is understood as the case when a customer in the orbit can
leave the orbit after a random time without service [4,5,7,9-11]. But there is another way
to specify impatience, for example, non-persistence, balking and reneging are used [8,12-15].
Balking and reneging are fundamental concepts in queuing introduced by Anker, Gafarian [16],
Haight [17] and Bareer [18]. They state that an arriving customer shows the least interest in
joining a system which is already crowded. This behaviour is referred to as balking. Balking was
applied to retention of reneged customers [19-23]. A comprehensive review of queueing systems
with impatient customers can be found in [24].

In practice some components of the systems are subject to random breakdowns. Then it is
very important to study reliability of retrial queues with server breakdowns and repairs because
of the limited ability of repairs and heavy influence of the breakdowns on the performance of the
system. Retrial queues with an unreliable server were studied , see for example [5,14,25,26] and
references therein.

More references on important papers devoted to the research of retrial queueing systems
of various types (with impatient customers, collisions, and unreliable server) are given in our
previous papers [4,5,7,9-11,25,26].

The novelty of our contribution is the inclusion of breakdowns and repairs of the service into
our previously developed models to make the problem more realistic and hence more complicated.
In the present paper we continue to use an asymptotic analysis method developed at the Tomsk
State University that is widely applied for the study of RQ -systems. This method makes it
possible to obtain analytical result for different types of queueing systems and networks under
specific asymptotic conditions.

The structure of the present work is as follows. Mathematical model of the novel retrial
queueing system discussed in the paper and the problem statement are presented in Sect. 1. In
Sect. 2 the detailed description of the model and the system of Kolmogorov equations for the
stationary state probabilities are given. Sect. 3 consists of the solution of the problem by the
asymptotic analysis method. Theorem on stationary probability distribution of the number in
the orbit for retrial queueing system of M/M/1 type with impatient calls in the orbit, collisions
and unreliable server under a long delay of calls in orbit and long time patience of calls in the orbit
condition is formulated and proved in this section. Sect. 4 deals with some numerical examples
that prove the theoretical results and illustrate the applicability of the proposed approach. Sect. 5
concludes the paper.

1. Description of the mathematical model

We consider a single server RQ-system with Poisson arrival process with parameter A\ for
the primary calls. A customer that finds the server idle takes it for service for an exponentially
distributed random time with parameter p. If the server is busy an arriving customer (either
from the source or from the orbit) enters into a "collision" and both go into orbit. In the
orbit each customer, called secondary calls, independently of others waits for a random time.
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The waiting time is exponentially distributed with parameter o. If the server is busy again the
request tries to occupy the device to obtain servicing as soon as possible. If the server is idle
the secondary customer occupies it for service for an exponentially distributed random time with
parameter u, that is, no difference between the service of primary and secondary calls.

We assume that server is unreliable, that is, the lifetime is supposed to be exponentially
distributed with rate - if the server is idle and with parameter v, if it is busy. When the
server breaks down it is immediately sent for repair and the recovery time is assumed to be
exponentially distributed with rate v,. When the server is down the primary sources continue
generation of customers and send them to the server. Similarly, customers may retry from the
orbit to the server but all arriving customers immediately go into the orbit. Furthermore, in
this unreliable model we suppose that interrupted request goes to the orbit immediately and it’s
next service is independent of the interrupted one. All random variables involved in the model
construction are assumed to be independent of each other.

Moreover, a customer in the orbit leaves the system without service after a random time
which has an exponential distribution with rate «, demonstrating the "impatience" property.
Fig. 1 shows the model of the RQ-system M/M/1 with impatient customers, collisions and
unreliable server.

Our aims is to find the stationary distribution of the number of customers in the orbit for
the described system.

A 7o
_— /H j"l
I

Fig. 1. Retrial queue M/M/1 with impatient customers in the orbit, collisions and unreliable
server

2. System of the Kolmogorov differential equations

Let us consider the Markov process {k(t),i(t)} of changing the states of the RQ-system under
consideration, where i(t) is the number of customers in the orbit at time ¢, i(t) =0,1,2,... and
k(t) defines the state of the server at time ¢ and takes one of three values:

0, if the device is idle,
k(t)=< 1, if the device is busy,
2, if the device is down (under repair).

The joint probability that device is in state k at time ¢ and ¢ customers are in orbit is denoted

by P{k(t) = k,i(t) =i} = P(k,i,1).
To obtain the probability distribution P {k(t) = k,i(t) =i} = P(k,i,t) for the states of the
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considered RQ-system we derive a system of the Kolmogorov differential equations

W —(A+ioc+ia+v) P(0,i,t)+ (i +1)aP (0,i + 1,t) +
+(i—1)oP(1,i—1,t)+puP (1,i,t) + AP (1,i — 2,t) + %P (2,i,t),
W — A+ p+io+ia+y) P(1,it) + AP (0,,t) +
+ (i +1)oP(0,i+1,t)+ (i +1)aP (1,i+1,t),
OP(2.it) _

o — (A ia4 ) P(2,0,t) + AP (2,i — 1,t) +

+ (@ +1)aP (2,i4+1,8) + P (0,i,t) + 71 P (1,i — 1,t),

i=0,1,2,....

Since customers are "impatient" the considered system has a stationary distribution for any

values of A\ and u. Let tlim P(k,i,t) = P(k,i) = P (i), k = {0;1;2}. Then we can write
e el

system (1) in the following form
—(A4ioc+ia+)Py(i)+ (i+1)aPy (i4+1)+ (i—1)oP (i — 1) + puPy (i) +
+ AP (i —2) + 2P (i) = 0,
— A+ ptioct+ia+y) P (i) + APy (i) + (i +1)oPy(i+ 1)+ (i+1)aP, (i+1) =0,
—(Atia+7) @)+ AR (i - 1)+ @+ 1) aP (i+1) + 7P (i) + nPi(i—1) =0,
> (Po(i)+ Py (i) + Py (i) =1,
=0

i=0,1,2,....
System (2) is a system of difference equations of infinite dimension with variable coefficients.

Such system is very difficult to solve. Therefore, to get solution we propose two approaches:
asymptotic and numerical ones.

The numerical algorithm for finding the stationary probabilities is based on the reduction of
dimension of system (2). To do that we represent system (2) for i = 0,1,2,..., N as

PS =B, (3)

where the row vector P of dimension 3 (N + 1) is the desired stationary probability distribution
of the number of customers in the orbit for each state of the device k = {0, 1,2}

P =(P(0) P(1) P(2))

and P(0), P(1), P(2) are row vectors with elements P(0,4), P(1,4), P(2,i), i = 0,1,2,..., N,
respectively. Matrix S of dimension 3(N + 1) x (3(N 4 1) + 1) is represented in the block form
as

S11 S12 Sz Sua
S=1 S Sz S S|,
S31 S32 Szz S

where Si1 = ||siHITV Y, Si2 = [[si [N Sis = [[siFIN T, Sar = (|83} IV, Saa = (|21,
Syz = |87 ||NJrl Sz = ||s}] HNH Sz = ||s}3 ||NJrl Sz = ||s¥; ||NJrl are sparse matrices with
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non-zero elements defined as

11 _ . 11
$; = —A— (i —1)(0 +a) =0, Sit1, =
21 21 . 21
Sii = My Siit1 = (i—1)o, Sii+2 = A
31 _
S = 72

12 _ 12 _
57 = A, 8i5-1 =10,

si¥=—-A+p+mn+G-1)(o+a), si,;=io,
13

Sii = 70,
23
Sii+1 = Vs
33 : 33 : 33
sip = —(A+y+(i—-1a), st =ia, s75.=\
Blocks S14, Sa4, Ss4 are unit vector columns of dimension (N + 1), row vector B = ||b;|| of

dimension 3(N + 1) + 1 is a row of free coefficients with elements b, =0 (n =0,1,2,...,N — 1),
by = 1.

We solve (3) with the use of the Mathcad software package. We choose N to be so large that
probabilities P(0, N), P(1,N), P(2,N) are equal to the machine zero.

The numerical algorithm provides satisfactory accuracy but it has a drawback due to the
limited computational capacity of the computer. Therefore, analytical methods are needed to
calculate the probability distribution of the number of customers in orbit for the considered
RQ-system with impatient customers, collisions and unreliable server. They allow us to find a
distribution for a system of any dimension. Thus the alternative to the numerical method is the
method of asymptotic analysis.

3. Asymptotic analysis

To find the solution of system of equations (2) we propose another approach by using the
method of asymptotic analysis under the assumption that there is a long delay between customers
from the orbit and high "patience" customers, i.e., when ¢ — 0, @« — 0. We summarize the
results of our study in the next Theorem 3.1.

Theorem 3.1. The stationary distribution of the number of customers in the orbit in the RQ-
system M/M/1 with impatient customers, collisions and unreliable server under the above as-
sumptions and conditions o = qo, q > 0 is the asymptotically normal distribution with mean
G1/o and variance Go/o. Here

N —
Gy = 2=, (4)
G1(q+ Ro) +71fo + ARy
Gy = 5
2 Ry — Ry +¢q ’ ( )
£ = A+ (1 -q)G1) R — (1 +q)Gi1Ro (6)
! Yo + 71 + 272 ’

Ry is the probability that the server is busy in the stationary regime of system operation. It is
determined by equation

(Yo +m +272) uRT —cRi+A(1+¢)72 =0, Ry € [0;1], (7)
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c=1+q)A(v0+m+27)+q(0+72) (1+7)+ pye.

Ry is the probability that the server is idle in the stationary regime of system operation. It is
determined by equation

_ -t

Ry
Yo + 72

, Roel0;1]. (8)

Proof. The method of asymptotic analysis in queueing theory is the method of study of the
equations to determine some characteristics of an queueing system under some limit (asymptotic)
condition which is specific for any model and problem under consideration.

We introduce the partial characteristic functions as follows
Hy(u) =Y /"' Py(i), Hp(0) =Y Pi(i) £ Ry, (9)
i=0 i=0

where j = +/—1, k = {0,1,2}, and R}, are stationary state probabilities of the process k(¢). It is
obvious that H(u) = Ho(u) + Hy(u) + Ha(u).
dHj(u)

Using (9) and Hj,(u) = 0 =37 > el P(i), k = {0,1,2}, we can write system (2) as

=0
follows
— (A +90) Ho(u) + j (0 + @) Hy(u) + pHi (u) — jae™ " Hy(u) — joe’ Hi (u)+
+ XeU H (u) + o Hy(u) = 0,
— (A p+m) Hi(u) + j (0 + @) H(u) + AHo(u) — jae 7" Hi (u) — joe™ 7" Hy(u) = 0,

— (A 72) Ho(w) + joHb (u) + Xe?“ Hy(u) — jae ™" Hy(u) 4+ voHo(u) + y1e?“ Hy (u) = 0.
(10)

Adding the first and the second equations by the third one of (10) we get the system below

— (A +70) Ho(u) + (1 + Ae® ™) Hy(u) + y2Ho(u) + j (0 + o — ce™ ") H(u)—
~ joe Hl(u) =0,

NHo(u) — (A-+ -+ 12) H () — joe 3 Hyu) + j (o + o — ae3%) H}(u) =0,

YoHo(u) + vie?“Hy(u) — (A + 72 — Ae?™) Ha(u) + ja (1 —e™7*) Hy(u) =0

[N (€7 + 1) + 7] Hi(u) + AHa(u) + je 7" (o + a) Hj(u) + j (ce™ 7" — o) Hi(u)+
+ jae " Hh(u) = 0.

)

System (11) is the basic system for further analysis of retrial queueing system of M/M/1
type with impatient customers in the orbit, collisions and unreliable server under a long delay of
customers in orbit (¢ — 0) and long time patience of customers in the orbit (o — 0) conditions.

The proof of Theorem 3.1 is carried out in two stages.
Stage 1. Finding the first-order asymptotic.

Let us make the substitutions o = ¢, a = ¢e, u = ew, Hx(u) = = Fi(w,¢e), k = {0,1,2} in
basic system (11), where & — 0.
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1 0F)
Since Hj(u) = g%, k ={0,1,2} systems of equations (11) can be written as
— (A + ) Fo(w,e) + (u + )\erwE) Fi(w,e) + v Fo(w,e)+
) Ciwey OFo(w,e) . o OF1(w,¢€)
o jwey Y- O\"H =) L jwe ZZ AN )
+j (1 +a—ge) —— je " 0,
e OF0 (w, , _iwey OF1(w,
/\Fo(w,€)—()\+u+71)F1(w7€)—j€_3w5M +j (14 q—qe7"%) OFy(w,e) -0,
ow ow (12)
, , ey OFa(w,
YoFo(w, ) +y1€”* Fi(w,e) — (A+72—Ae?"%) Fa(w, ) +5jq (1—e™7"%) % =0,
; ; OFy(w,
A (&7 + 1) + ] Fi(w,e) + AFa(w,e) 4+ je 7" (14 q) #Jr
. —i 8F1(w,a) _i 8Fg(w,a)
jwe jwe —
+ (qe 1) B w— + jqe B wa— 0.
The transformation of equations (12) under ¢ — 0 with Fjy(w) = liné Fi(w,e), Fj(w) =
e—
= dF(;E)w)’ k =1{0,1,2} leads to
= (A+70) Fo(w) + (1 + A) Fi(w) + 2 Fa(w) + jFo(w) — jFY (w) =0,
Ao(w) = (A o +31) Fy(w) = GFi) + JF () = 0, -
YoFo(w) + 1 Fi(w) — 2 Fa(w) =0,
A[Fo(w) + Fi(w) + Fa(w)] = pFi(w) + jq [Fo(w) + F{(w) + F3(w)] = 0.
We seek solution of equation (13) Fi(w), k = {0, 1,2} in the form
Fy(w) = Ri®(w), k=1{0,1,2}, (14)

where Ry, R, Rs are defined in (9), Ry + R1 + Ry = 1, R = Hy(0) = F;(0), k = {0,1,2}, and
®(w) is an unknown function.

Substituting (14) into (13), we obtain the system of differential equations with respect to
function ®(w)

= (o) R X) Ry 4 78] @) = (R — Ro) P20,
MRo — (A -+ ) Ra) () = (R — o) o) )
YoRo®(w) + 71 R1®(w) — 12 R2®(w) =0,
N (Ro + Ba + o) — ) ®(w) = —ja [Ro + Ry -+ Ro] o)
According to equations (15), we can find
B(w) = exp {61}, (16

where G is given in (4). It follows from the forth equation (15).
It is obvious that solution of system (15) exists when the following equalities are satisfied

(A+70) Bo = (1 A) B1 = 92R> = ARo — (A+ o+ 1) i,
YoRo + 71 R — y2R2 =0, (17)
Ro+ R1+ Re = 1.
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Expressions for Ry, R1, R2 € [0;1] can be obtained from system of equations (17). They are

— R — — R
Ry =2 (11 +72) L g, 0 (0 — 1) L (18)
Yo + 7 Yo + 72
and R is the root of equation
(Yo + 71 +272) pRY — R + A (1 + )72 = 0, (19)

c=1+q@A 0+ +27)+q00+72) (k+1)+ e
Equation (19) has at least one root R; € [0;1], and the proof of existence of Ry is similar to
that in [4].
Using (14), (16) and € = o we can write the expression for the partial characteristic functions
as follows

Hi(u) = Fr(w,e) = F.(w) + o(e) = Fi(w) = Fy (g) = Ry exp {ilju} ) (20)

k =1{0,1,2}, and Ry, Ry, Ry € [0;1] are defined in (18), (19).

Using (20) and Ro+ R;+ R2 = 1 the pre-limit characteristic function H(u) = Ho(u)+ H;(u)+
-+ H(u) under the assumption of a long delay of customers in the orbit and their high "patience"
can be approximated by function hq(u)

hy (u) :exp{ilju}7 (21)

which is the first-order asymptotic characteristic function (or the first-order asymptotic).
Stage 2. Finding the second-order asymptotic.
Taking into account (21), we assume

G
Hy,(u) = exp {1ju} HP (w), k=1{0,1,2}, (22)
o
in basic system of equations (11). Then systems of equations (11) can be rewritten as follows
G ; . ,
Mot~ (o +a- a(z]“)] HS? (u) + (4 AP + Gre?™) HP (u)+

dH (u) ) (u)

du

dH{ (u)

Jju
joe du
4 G
(A+ Gre ) HE? (u) — {)\+u+’y1+(a+a—ae ju } 7 (u

+ 90 HS (1) + j (0 + a — ae™Y) =0,

L dHS o dH
_jo-e—Ju 0 (u) +j (0_+ o — ae—]u) 1 (u) _ 0,
. e .
70H52) (u) + 'yle]“H1(2)(u) — [)\ + v — Ae?™ + %a (1 — e_J“)] H2(2)(u)+
_ dH(Q)
tia (e Py

—e_j“% (c+a) Hé2)(u)+[)\ (7" 4+1)+m— % (ae‘j“—a)} H1(2)(u)+ (/\—G;ae_j“> X

W AHY () 0

dHg (u) ;
du du

du

X H2(2) (u)+je " (o+a) +j (e 7" —0)
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Let 0 = €2, 00 = g2, u = ew, Hliz)(u) = Flgz)(w,a), k ={0,1,2}, where ¢ — 0. Then system
(23) after some transformations becomes

— A+ + G (1+q— qe )] FP (w,2) + (1 + 2™ + Gre™®) F{®) (w, )+

() ()

(2) ) jwey OF 7 (w,e) s OF T (w,e)
+ 72 Fy 7 (w,g) + je (1+q — ge™7"%) — jge“"aiaw =0,

(A+Grem9) Fg (w,e) = [+ it + G (L g — ge )] B (w, e) -

OF (w,e) ey 0P (w,e)
“ow T (Hame) e =0
0Ey (w,€) + e FP (w,e) = [\ = AT+ Grg (1 - e 7) | EP (w.e) (g
OF? (w, ¢)

ow
— eI G (14 ¢) Féz)(w,e) + M (e +1) + 71 — Gy (qe77™° —1)] F1(2) (w,e)+
OFP (w,e)

7_‘_
ow

- —jJwe

— jee

+jge (1 —e™7°) =0,

+ (A= Gige ™) Féz)(w,a) + jee 7" (1 +q)

8F1(2) (w,¢)
ow

e O
+ jgee I ER RS

+ je (ge 77" — 1)
When € — 0 in (24) and lirr(l) F,EQ)(w,s) = F,SQ) (w), k ={0,1,2} we obtain
e—

— (A 70+ G FS (w) + (n+ A+ G1) FP (w) + 7 3 (w) = 0,
A+ G1) FP(w) = A+ p+m +G1) FP (w) = 0,

(25)
WE? (w) + 71y (w) = 72 5P (w) = 0,
— G (1+) Fy” (w) + 2A + 7 = G (¢ = DI P (w) + (A = G1g) F5? (w) = 0.
The solution of systems of equations (24) has the following form
FY (w,e) = (B + jwefi) 82 (w) +0 (%), k={0,1,2}, (26)
Ro+ Ri+ Ry =1,

where Ry, Ry, Ry are defined above, fo, f1, f» are constants and function ®®)(w) is to be deter-
mined.

Substituting (26) into (24) and taking into account (25), with the proviso that € — 0 one can
write the system as

[(A+70 + G1) fo+ GigRo — (n+ A+ G1) f1 — (2A + G1) Ry — 72 fo] wd® (w) =
d®?) (w)
= (Ro =) =g,
do®)

[(A+G1) fo—G1Ro— (A +p+71+G1) fi— GigRi]w®® (w) = (Ry — Ry) % )
ofo +1fi +1B1 — 2 fo — (Gig — A) Ro] wd® (w) = 0,
(A +71+G1—G1q) fi + A+ Grg) Ri — (A= G1q) f2 + GigR2 — G1 (1 +q) fo +
dd? (w)

dw "’

+ Gy (14 q) Ro)w®® (w) = [(1— q) Ry — (14 q) Ro — qRo)]
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where Ry, Ry and G are defined in (18), (19) and (16), respectively.
The solution of system (27) has the form

@ (w) = exp {Gg(jg)f} ) (28)

where Gy is defined in (5).
Using the same transformation as for the first-order asymptotic and additional conditions
fo—fi—fo=0and f; — fo =0, we finally obtain expressions for the solution of system (27)

A+7%+G1) fo+GigRo— (p+ A+ G1) i —(2A+G1) R1 — 72 fa =
=A+G1) fo—GiRy— (A +p+7 +Gr) fi — GigRy,

Yofo+7fi + B —y2fe — (Gig = A) R = 0, (29)

2f1+ f2 =0,

f1—fo=0.

Making the reverse substitutions we obtain

HIE2) (u) = FIEQ) (w,€) = (Ry + jwe fi) exp {Gg(jl;)} +0 (%) ~ Ry exp {iZ (ju) } . (30)

Then using (30), expressions (22) can be written as

Go (ju)?

Hy,(u) = exp{Glju} H (u) ~ Rkexp{Glju—F 2} . k=1{0,1,2}. (31
g g g

Taking into account (31), characteristic function H(u) = Hg(u) + Hq(u) + Ha(u). Assum-
ing that customers in the orbit have long delays and the "patience" is high, we can see that
distribution is the Gaussian one. Hence

G
) - s

Theorem 3.1 is proved. |

(32)

4. Numerical results

In this section we give some comments to Theorem 3.1 and several numerical examples are
considered.

We construct asymptotic distributions of the probabilities of the number of customers in the
orbit with parameters u =1, 79 = 0.1, 1 = 0.2, 72 = 1, a = 20 for various values of the delay
parameter o and parameter A. Then these distributions are compared with pre-limit (numerical)
distributions obtained by the matrix method.

Fig. 2 shows one of samples for A = 0.7 and ¢ = 0.01 (left picture) and ¢ = 0.001 (right
picture).

As a measure of proximity of two distributions the Kolmogorov distance

i i
A = max Z Pratria (/L) - Z Pasimpt (7/)
k=0 k=0
is used, where Py, 4. () is the probability distribution of the number of customers in the orbit

obtained by the matrix method, Pysimpt (¢) is the asymptotic probability distribution of the
number of customers in the orbit.
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Fig. 2. Asymptotic (dashed line) and pre-limit(numerical) (solid line) probability distributions
of the number of calls in the orbit

Table 1. Values of the Kolmogorov distance

M Kolmogorov distance A
c0=01|0=0.05|0=0.01]| c=0.005 | o =0.001
0.5 0.161 0.101 0.023 0.016 0.009
0.7 0.117 0.066 0.020 0.016 0.013
0.9 0.092 0.048 0.021 0.020 0.018
1.1 0.075 0.039 0.024 0.023 0.022
1.5 0.055 0.035 0.030 0.029 0.029
2.0 0.046 0.037 0.035 0.035 0.035
Conclusion

Retrial queueing system of M /M /1 type with impatient customers in the orbit, collisions and
unreliable server is considered in the paper. It is proved that stationary probability distribution
of the number of customers in the orbit can be approximated by the Gaussian distribution under
conditions of a long delay and a long patience time of the customers in the orbit. The accuracy
of the approximation was compared with numerical results obtained with the use of the matrix
analytic method.

The study was funded by Russian Foundation for Basic Research and Tomsk region (project
no. 19-41-703002).
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AcnMnToTryecKuii aHAJIN3 CUCTEMBI MACCOBOTO
obOciy2KuBaHusl C IIOBTOPHbIMU BbizoBamu M /M /1
C HeTepIIeJIUBbIMH 3asIBKaMM, KOH(MIINKTAMHU

1 HEHAAEXKHBIM ITPUOOPOM

Enena 1O. launiarok

Csetiiana I1. MouceeBa
Harmonasbablit uccsreioBaresibekuit TOMCKUiT roCcyJapCTBEHHBIN YHUBEPCUTET
Tomck, Poccuiickass @eneparnys

Auom Crpuk
Yuusepcurer lebperena
Hebpenen, Bearpus

Awnnoranus. B nacrosineit crarbe Mbl pacCMaTpPUBaEM CUCTEMY MACCOBOIO OOCILY>KUBaHUS C TIOBTOPHbBI-
Mmu BbizoBamu (RQ-cucremy) tuna M/M/1 ¢ myacCOHOBCKUM MOTOKOM MOCTYTIAIONAX B CUCTEMY 3asBOK
U OJIHUM CEPBEPOM, OOCIyKUBAHUE KOTOPBIM MMeeT 3KCIOHEHIMAJIbHOe pacupeeienue. Kiaccuaeckas
Mozeab RQ-cucreMbl yC/IOXKHEHA HaJUYMeM KOH(MJIMKTOB 3asBOK B CHUCTEMe, "HeTepIie/mBbIX" 3asiBOK
Ha opbure, a Takke "HeHaIeKHBIM" IPHOOPOM, KOTOPBII BBIXOAUT M3 CTPOSl U PEMOHTHPYETCs B (DYHK-
IMMOHUPYIONIEN CUCTEME MAaCCOBOTO OOCTyKuBaHUsA. Bpemsi, depe3 KOTOpoe 3asiBKU ¢ OPOUTHI BHOBH 00-
palaioTcs K 00CIIyKUBAIOIIEMy IPUOOPY; BPEMsI, Yepe3 KOTOPOe 3asBKU C OPOUTHI IOKUJAIOT CUCTEMY,
BpeMsi, B TEYCHUE KOTOPOT'O CEPBEP HAXOAUTCHA B pabodeM COCTOSHUM (B 3aBUCUMOCTH OT TOTO, 3aHSAT
npubop O6CIYKUBAHUEM 3asBKU WJIM HET, & TAKXKe BPEMs, B T€YCHHE KOTOPOrO JJIUTCA PEMOHT BBIIIE]I-
IIIero U3 CTPOsi CepBepa, PacIlpeiesieHbl SKCIOHEHIMAIbLHO. Mbl MCIOJIb3yeM MeTOJ aCUMITOTUYIECKOrO
aHaJM3a JJIs PElIeHUs] 3a/a9¥ HaXOXKIEHUsI PACIPEIeJIEHIsI BEPOSTHOCTEH YnCia 3asiBOK Ha opbuTe.
B kagecTBe acMMITOTHYECKOTrO YCJIOBHUsI IPEJJIATAETCS YCJIOBUE BBICOKOW 3arpy3KU CUCTEMBI U JIOJTOR
"repriesimBocTu" 3asBOK Ha opbure. PopMyIMpPYETCs U JOKA3BIBAETCS TeOpeMa 00 ACUMIITOTUYECKY TayC-
COBCKOM DACIIPE/IEJICHIH BEPOsITHOCTEH |Ynciia 3asiBOK Ha opbure. [IpuBosTcs uncieHHble pe3ysibraThl,
JeMOHCTPUPYIOIIUE 06JIACTh IIPUMEHEHUsI [TOJIY Y€HHBIX T€OPETUIECKUX BBIBOJIOB.

KuroueBsbie ciioBa: RQ-cucrema, HeTepIIe/IMBbIE 3asIBKU, KOH(DJIUKTHI, HEHAIEXKHBIN TPUOOD, ACUMIITO-
TUYECKUIT aHaJINU3.
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Abstract. Hyperfunctions are functions that are defined on a finite set and return all non-empty
subsets of the considered set as their values. This paper deals with the classification of hyperfunctions
on a two-element set. We consider the composition and the closure operator with the equality predicate
branching (FE-operator). E-closed sets of hyperfunctions are sets that are obtained using the operations
of adding dummy variables, identifying variables, composition, and E-operator. It is shown that the
considered classification leads to a finite set of closed classes. The paper presents all 78 E-closed classes
of hyperfunctions, among which there are 28 pairs of dual classes and 22 self-dual classes. The inclusion
diagram of the E-closed classes is constructed, and for each class its generating system is obtained.
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Systems with generalization of k-valued logic functions have been studied for a long time
along with classical functional systems over a set of k-valued functions (k > 2). Such systems
are based on partial functions, multifunctions, hyperfunctions. These functions are defined on
a finite set A and take values in the set of subsets of A. Usually such systems are closed with
respect to the composition operator (see [1-7]).

The composition operator leads to a countable or continuous classification; therefore, clo-
sure operators that generate finite classifications of functions are of interest. Such operators, in
particular, include the parametric and positive closure operators [8], the operator with the equal-
ity predicate branching (E-operator) [9]. An investigation of E-operator on the set of Boolean
functions, partial Boolean functions and on the set of functions of k-valued logic can be found
in [9-11]. All E-closed classes for the set of partial Boolean functions were obtained in [12]. The
complete structure of closed classes for parametric and positive closure operators for hyperfunc-
tions on two-element set was obtained in [13,14]. The completeness criterion for the F-operator
on the set of hyperfunctions of rank two was proved in [15].

The aim of this paper is to describe all E-closed classes of hyperfunctions on a two-element
set.

Introduction

Let E5 = {0,1} and P(E3) be the power set of E5. An n-ary hyperfunction f on Es is a
mapping
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fl.riabets@gmail.com https://orcid.org/0000-0003-4047-9573
(© Siberian Federal University. All rights reserved
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[ Ey — P(Es)\ {2}

We will write Py for P(E2)\ {@}. Let Hy,, = (P, )”2 be the set of all n-ary hyperfunctions
on A, n>1,and Hy = J,, H2,» be the set of all finitary hyperfunctions on Es.

An i-th n-ary projection (a selector hyperfunction) on Fs, 1 < ¢ < n, is the n-ary hyperfunc-
tion e € Hy y, defined by el (x1,...,z,) = {z;}.

In what follows, we will not distinguish between a set of one element and an element of this
set. For the set Fs, we will use the notation "—" (dash).

An n-variable hyperfunction f will be represented as a vector (73, ..., 75), where 0,...,1are
binary representations of numbers 0, ...,2" —1 and 75 equals to f(&). Such vectors have the form
(f(0) f(1)) for unary hyperfunctions and (f(0,0) f(0,1) f(1,0) f(1,1)) for binary hyperfunctions.

Let f € Hyp and f1,..., fn € Hap, for positive integers n and m. The composition of
hyperfunctions f and f1,..., f, is an n-ary hyperfunction f(fi,..., fn) defined by

Feof)anan) = U S(Bie-..Ba),

Bi€fi(ar,esam)

where (aq,...,am) € EJ.

We say that a hyperfunction g¢g(x1,...,2,) is obtained from the functions
filzy, ..., xn), fa(z1,...,2,) using the operator with the equality predicate branching
(E-operator) if for some ¢,5 € {1,...,n} the following relation holds:

fl(xl,...,xn) lf €Ty = ﬂ:‘j,

fa(z1,...,z,) otherwise.

gz, ..., zp) :{

The set of all hyperfunctions Hy that can be obtained from the set Q C Hs using the
operations of adding dummy variables, identifying variables, composition and equality predicate
branching is called the E-closure of set Q.

A set of hyperfunctions that coincides with its closure is called an F-closed class. We say
that the set R C @ FE-generates an E-closed class @) if E-closure of the set R coincides with
the class Q. Therefore R is an E-complete in Q. Following [10] the E-closure of R is denoted
by [R]g. By Q(n) we denote a set of all n-variable hyperfunctions from Q.

A hyperfunction g is called dual to a hyperfunction f if g(x1,...,2,) = f(ZT1,...,Tn). A class
that includes all hyperfunctions dual to hyperfunctions of class @), is called dual to the class @
and denoted Q. The class Q will be called self-dual if Q = Q.

The original hyperfunction and the hyperfunctions obtained from it by identifying variables
or adding dummy variables will be denoted by the same symbols, if this does not cause confusion.

1. The extended operator with the equality predicate
branching

The operator with the equality predicate branching allows us to reduce the E-closure of Hy
to the E-closure of sets of 2-variable hyperfunctions.

Proposition 1.1. Any E-closed Q C H, is E-generated by the set of all its hyperfunctions
depending on at most two variables.

Proof. The proof is similar to the proof of the corresponding statement in [10].
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Proposition 1.1 shows that there are finite number of F-closed classes in Hy. Moreover, for
any two E-closed classes Q1 and Q2, Q1 C Q3 is equivalent to Q1(2) C Q2(2). Thus, the problem
of describing all E-closed classes in Hs is reduced to the construction of all E-closed sets of 2-
variable hyperfunctions. Before presenting an algorithm for constructing such sets let us pay
attention to the following fact (the similar fact is mentioned in [12]).

Consider hyperfunctions fi, ..., fx depending on no more than n variables. If we try to obtain
n-variable hyperfunction f using fi,..., fx, we may need to use intermediate hyperfunctions that
depend on more than n variables.

As an example, let fi(x1,z2) = (—101), fo(x1,22) = (—011), and f3(z1,22) = (-1 —1).
Applying composition operator and E-operator to f1, fa2, f3 without using hyperfunctions of a
larger number of variables allows us to obtain only f1, f2, or fs.

Let g(x1,22,23) be a hyperfunction such that

f1(.131,l‘2) if Ir1 = T3,

fo(z1,22) otherwise.

g(z1, 22, 23) :{

Now we can obtain f(z1,z2) = (—0—1):

f(x1,22) = g(21, 72, f3(22,72)).

Thus, to work with hyperfunctions of no more than two variables, it is necessary to make
more precise the definitions of the used operators.

Let f, g1, g2, h1, and ho be 2-variable hyperfunctions. We say that the hyperfunction f is
obtained from the functions g1, go, h1, hs using an extended operator with the equality predicate
branching (Ex-operator) if for any binary set (aj,as) € E3 the following relation holds:

o if hl(al,OéQ),hQ(Oél,OéQ) € FEs, then

gi(a1,az) if hy(ag, ) = ha(ag, az),

g2(a1,a2) otherwise;

fla1, az) :{

o if hi(aq,ae) = — or ha(ag,as) = —, then
flan, a2) = gi(ar, a2) U ga(ay, az).
For brevity, we use the notation:

f(xr,w9) = Bx (g1 (21, 22), g2(w1, w2), ha (21, 22), hao (21, 22)).

Further, we will consider the composition operator (restricted composition) only in the fol-
lowing form:

g1(h1 (21, 22), ha (21, 2)).
For the above-defined operators hyperfunctions h; and hs can be selector hyperfunctions.
The closure of the set ) obtained with respect to the extended operator with the equality pred-

icate branching, restricted composition, operation of adding dummy variables, and identifying
variables will be denoted by [Q] g,
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2. FEux-closed classes of H,

The definition of Fxz-closure allows us to formulate an algorithm for constructing Fxz-closed
classes of hyperfunctions.

The algorithm constructs Fxz-generated sets of hyperfunctions. Each 2-variable hyperfunction
will be associated with its number from 0 to 80. At each iteration, a sequence of restricted
compositions and a sequence of extended operations with the equality predicate branching are
applied.

The algorithm builds one-element and two-element Ex-generated sets separately. Computer
calculations showed that there are no three-element Ex-generated sets. We describe the steps of
the algorithm in the form of pseudo-code.
function get_hyperfunction_classes() {
vars

F: collection<function>;

Q: collection<class>;

A: class;
for each £ in Hy do {

A = new class;

A+ £,

while has_new(A) do {

A + composition(A);

A <« Ex(A);

}

if is_new(Q, A) then{
Q « A
F < £f;

}

}
while has_new(Q) do {
for each B in Q do {
for each f in F do {
B «+ f;
while has_new(B) do {
B < composition(B);

B < Ex(B);
}
if is_new(Q, B) then{
Q < B;
}
}
¥
}
return Q;
}

The algorithm has been implemented in Java. It was found that there are precisely 78 Ex-
closed classes of Hy. Among them, there are 56 classes that are divided into pairs of pairwise
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dual classes and 22 classes are self-dual.

Now we list the known E-closed classes of Hs obtained in [15]:

T(S)_ = {f(xlw"amn) | f(OvaO) € {0’_}};

Tll_ ={f(z1,...,2n) [ f(1,...,1) € {1, -} }

ST ={f(z1,...,2n) | (f(al,...,an),f(al,...,an)) ¢ {(0,0), (1, 1)}, (a1,..., ) € EF};

Os ={f(x1,...,20) | fla1,...,an) € {0,1},(01,...,ap) € E}}.

According to the main theorem in [15] these classes are E-precomplete in Hs.

In [9] it was shown that the well-known classes of Boolean functions Tg, 17, S, To1, So1, Co,
and C7 are E-closed.

The self-dual classes Uy, ...,Uig, Ha, S™, O2, S, Sp1, To1 and non-dual classes Vi, ..., Va5,
TP, Ty, Cy (one from each pair) are presented in the form of an inclusion diagram in Fig 1.

Additional information on Fx-closed classes is presented in Tab. 1. The first column shows
the name of Ez-closed class, the second column shows the number of 2-variable hyperfunctions
in the class, and the third column shows the class generating system. One representative class
from the pair of pairwise dual classes is presented in Tab. 1.

Fig. 1. The diagram of inclusions for Fx-closed classes of Hs

3. FE-closed classes of H,

The result obtained in the previous section allows us to formulate an upper bound for E-closed
classes of hyperfunctions.

Theorem 3.1. For any set Q C Ha, it follows that [Q]g. C [Q]E-

Proof. We show that each hyperfunction obtained using extended operators with the equality
predicate branching and restricted composition can be represented by a formula using the E-
closure operators.
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Table 1. The generating sets for Ez-closed classes

1 2 3 1 2 3

H, 81 (0000), (1 —00) Via 9 (011-)
Ty~ 54 (0000), (—100) Uy 9 (1--0)

S~ 49 (1-00) Vis 8 (000—),(—00—)

U 36 (0001),(—00—) Vie 8 (0—00)

Vi 35 (—100),(0101) T, 8 (0100)

U, 28 (0101),(——0-) Viz 8 (—000)

Us 27 (—001),(000—) Uo 7 (—10-),(——0-)
Vo 27 (0—10) Up, 7 (0—01)

Vs 27 (—110) Vis 7 (010-)

U, 25 (——00),(1-0-) Vi 6 (0—0-),(——0-)
Us 21 (—101),(010—-) U, 6 (0101),(—10—)

Vi 21 (—100) Voo 6 (— —00)

Vs 20 (=-00),0-1-) Uis 5 (==0-),(=—-1-)
Ve 18 (000—),(—10—) Vor 5 (0—1-)

V. 18 (0001), (000—) Voo 4 (—00—)

Vs 16 (0000), (—000) Vos 4 (000—-)

O, 16 (1000) To1 4 (0001)

Us 15 (——01),(0—0-) S 4 (1100)

Vo 15 (——10) Vag 3 (——0-)

Vip 14 (010—),(-10-) Uiy 3 (-10-)

Vii 14 (0101), (010—) Us 3 (0—-1)

Vie 10 (0—0—),(— —1-) Vas 3 (0—0—)

U, 9 (=00—),(—10—) So1 2 (0101)

Us 9 (0001),(0—01) Usg 1 (———)

Vis 9 (——00),(0-0-) Co 1 (0000)

Consider

f($7y7z’t) — {91(537?/) le:t’

go(z,y) otherwise.

Let
U({E7y) = f(x,y,h1(x,y)7h2(;v,y)).

Now we obtain its possible values on some binary set (a1, asq) for various hyperfunctions hg
and ho. Let hy(ai,as) = 71 and ha(aq, as) = 72. Consider all possible values for 71 and 7.

e Let 1 € E5 and 79 € E5. Then

gl(al,ag) if T = T2,

g2(a1,a2)  otherwise.

Ular,a) = flar, a2, 71,72) = {

e Let 71 = — and3 7 € E>. Substitute these values
Ulay,az) = flag,az, —, 1) = f(ai,a2,0,72) U f(ar, a2, 1,72) = g1 (a1, a2) U ga(aur, a2).

The case 7 € Fy and 7 = — is similar to the previous one.
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e Let 1 = — and 7 = —. Then
U(a17a2) = f(041,0427*»*) =
= f(Oél,Oég,0,0) U f(Oél,Oég,O, 1) U f(()q,ag, 1,0) U f(Oél,Otg, 1, 1) =
= g1(ou, a2) U ga(au, a2).

Therefore the values of U(aq,as) coincide with the values of an extended operator with
the equality predicate branching based on the functions g1, g2, h1, and hy. This proves that

Qle 2 [QlEe- O

Corollary 1. The number of E-closed classes is at most 78.

To obtain a lower bound for the number of F-closed classes, we consider the following sets of

hyperfunctions:
Ky =107 = {f(1,...,2a) | f(0,...,0) € {0, —}};
ng{f(.’bl,..., )

xn) | f(0,...,0) =0};

Ks={f(z1,...,25) | f(0,...,0) ==}

K4:T11_ ={f(z1,....2) [ f(1,....1) € {1, -} };

Ks={f(x1,...,zn) | f(1,...,1) =1}

Ke={f(x1,...,zn) | f(1,...,1) ==}

K; = O, is a set of Boolean functions;

Ks={f(z1,...,zp) | fla1,...,an) €{0,—}, (a1,...,an) € E}};

Ko ={f(z1,...,20) | fla1,...,an) € {1, =}, (a1,...,an) € ET};

Ky9 = 5" is a set of self-dual hyperfunctions;

K1, is a set of hyperfunctions such that for R = {(01), (10),(——)}, for any n, and for any
(11, a12), - .., (1, an2) € R, it follows that (f(a11,...,an1), f(a12,...,an2)) € R;

K5 is a set of hyperfunctions that take values (0—), (—0), (1—),(=1), or (——) on any pair
of opposite binary sets;

Kiz={f|feT) nT}" and — € {f(0,...,0), f(1,...,1)}}.

Proposition 3.1. The sets K1, ..., K13 are pairwise coinciding.
It is evident that sets K1—Ki¢ are E-closed classes.
Lemma 3.1. The set K11 is an E-closed class.

Proof. Let a hyperfunction f be obtained by a composition of hyperfunctions g, g1, ..., gm € Ki1.
Suppose that f ¢ K1;1. Thus, on the sets of R, it takes the values (0—), (—0), (1—), (—1), (00),
or (11). At the same time, R contains only three sets. It can be assumed that f depends on
three variables.

Now consider the case for the pair (0—). Let f(01—) =0 and f(10—) = —. From the second
equality it follows that there is a binary set (10«) such that f(10«) = 0 or f(10a) = —. By
definition, if f(01—) = 0, then f(0l@) = 0. Thus on binary sets f(0l@) = 0 and f(10c«) = 0 or
f(0l@) = 0 and f(10a) = —. Note also that (00) ¢ R and (0—) ¢ R. At the same time (aa) € R.

On the other hand, consider the composition g(g1(z1, 22, x3), ..., gm (21, 2, z3)) on sets (01@)
and (10c). Since g,91,...,9gm € K11, we have (g1(01a@)g1(10a)), ..., (g1(01@)g1(10e)) € R. It
follows that

(9(91(01@), ..., gm(01@)), g(91(10c), ..., g (10cr))) € R.

We get a contradiction. The remaining pairs (—0), (1—), (—1), (00), and (11) are verified
similarly.

- 237 —



Vladimir I. Panteleyev, Leonid V. Riabets E-closed Sets of Hyperfunctions on Two-Element Set

Consider the operator with the equality predicate branching. Let

Tlyeeos & if x; =z,
flxy,... xy) = 91(z1 n) ! _J
g2(x1,...,z,) otherwise,

Where g1,392 € Kll-
Consider the value of f(z1,...,z,) on sets of R. By definition, if ag € {0,1,—}, s = 1,n,
then

flan,..;an) = |J fBr,- 8= |J 91(Br- 8 U U 92081, 80).

Bs€as Bi=pB; Bi#B;j

Since 3, € @, & Bs € a, and B, = B¢ & B, = B,, t € {1,...,n}, we have

f(al""7an): U f(’ylv"'u/y’ﬂ): U 91(317"'73"1) U U 92(317"'737’1)'
RERCE Bi=p; Bi#Bj
Bs€as Bs€as
It is easily shown that the set R is closed with respect to the operation of joining sets. In
other words, if (a1,a2) € R and (81, 02) € R, then (ay U B1,as U B2) € R. This completes the
proof. o

Lemma 3.2. The set K15 is an E-closed class.

Proof. The validity of the statement for the operator with the equality predicate branching is

obvious. We can use the assumption of contradiction to prove that K15 is closed with respect to

composition. O
It can be shown in the usual way that K3 is an E-closed class.

Theorem 3.2. Ezx-closed classes are E-closed.

Proof. Let us prove that the described above Ezx-closed classes are different with respect to
the E-closure. For each Ez-closed class K, we construct the vector vg = (vk,...,7:), which
indicates that the class K is a subset of K7 — K13 :

i 1if K C K,
")/ =
K 0 otherwise.

Clearly, if v3. = 1 and v, = 0, then [K]g # [K']z.

For the convenience of comparison, we divide the set of all vectors vy into four groups with
respect to hyperfunctions belonging to the precomplete classes Tg ~ (E-closed class K1) and T3~
(E-closed class K4). By K1K4 we denote the set of hyperfunctions belonging to K; and not
belonging to K. The other sets we denote as KK, K1K,, K,K,. Note also that Fz-closed
classes belonging to different groups are different with respect to the E-closure. In the tables
below, we replace the character 0 with an empty cell in each of vg.

Group K1K,4. The classes of this group are distinguished by the sets K7, Ko, K11, K12
(see Tab. 2).

Group K; K, and group K;K,. The sets in these classes are dual; therefore, if there exists
a hyperfunction f € K from one group, then there exists a hyperfunction f* € K* from another
group. Thus, if the hyperfunctions of the first group are distinguished by the sets M, ..., M,
then dual functions of the second group are distinguished by the dual sets M7, ..., M.

The classes of K1 K4 are distinguished by the sets Ko, K3, K7, Kg, K19, K12 (see Tab. 3).
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Table 2. Classes of KK 4

N B K7|Kio| K11 |Ki12| |N B K7|Ki0|K11|Ki2
(S [(a1t00) | 1|1 |1 4]0, [(—=00),(1—0-) 1
2[Us |(1 = —0) 1|1 5[5~ [(1—00)
3]0,[(1000) | 1 6 [H | (0000), (1 — 00)
Table 3. Classes of K1K4
N B K2 Kg K7 Kg KIO K]_2 N B KZ KS K? KS KlO K12
7 Co |(0000) 1 1)1 14[V5[(——00), (0—1—-) 1|1
8 [Vao |(— —00) 1 111 ] 1 [[15|V4|(—100) 1 1
9 [Vir |(—000) 1 1 16V5[(=110) 1
10|Vis |(0 — 00) 1 1 17|V2|(0 — 10) 1
11|Vas |(——00), (0—0-) 11| 1 ||18|Vi|(—100),(0101) 1
12|Vz [(0000), (—000) 1 19{Vo|(— — 10) 1 1)1
13]79~[(0000), (—100) 20(T5[(0100) 1 1

The group K;1K4 contains 14 sets dual to the sets of K1Ka: Cy, Vi, Vit Vi, Vi, Vi,
T, Vi, Vi, Ve, Vo, ViE, V', T4, These classes are distinguished by the sets K5, K¢, K7, Ky,
Ko, K.
Group K;K,;. We divide K1 N K4 into two subsets with respect to belonging to the E-
precomplete class of self-dual hyperfunctions S~ (E-closed class K7g). The sets are presented in
Tabs. 4 and 5. The enumeration of sets is performed, taking into account 14 sets of K;Ky4. This

completes the proof. O
Table 4. Classes of K1 N K4 and not belonging to Kig
N B Ko |K3|Ks | Ko | K7|Ks|Ko|K13| | N B Ko | K3 | K5 | Ko | K7 | Ks| Ko | Kis
(000—), 43|V [(—=111) 1)1 1] 1
35| Vis (—00—) ! ! U v, (—00—) 1 1 1 1
36|V23((000—) |1 1 1 1 45|V | (—11-) 1 1 1] 1
37|To1|(0001) 1 1 1 . [(—111),
38(Vha|(011—) | 1 1 A P! 1 1|1
s0l0, |(@00D), [ | 47V [(—001) 1|1 1
(0—01) 18|y | (7007); 1 1 1
. 1(0001), (~10-)
40|V 1
(—001) 10|y [(001), . .
41|y [(0001), 1  (=00-)
(000-) 50|U; (0001),
42| Vs (OOO_)7 1 1 (*007)
(=10-) (—001),
51|Us 1
(000—)
Theorem 3.3. The number of E-closed classes of Hy is 78.
O

Proof. It follows from Theorem 3.1 and Theorem 3.2.
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Table 5. Classes of K7 N K4 and belonging to Kig

N B Ko |K3|Ks|Ke| K7|Kg|Ko|K11|K12| K13
52Urs | (— — —) 1 1 T(1[ 1|11
53[S01 [ (0101) 1 1 1 1
54[Vas | (— — 11) 11 1 11
55|U1s (0 — *1) 1 1 1
56 |U14 (—10—) 1 1 1 1
57 Vas [(0— 0-) 1 1 1 11
58(Vas |(— — 0—) 1 1 1 11
50 Vo [(— — 1) 1 1 1 11
60[Vz [(— —0D) 11 11
61|V1 (0 —1-) 1 1 111
62U (— —0-), (- —1] |1 1 11
63[U12[(0101), (—10-) 1
64 Viy [(— —11), (— —12) 1 1 11
65|Vig (0—0—),(——0—) 1 1 1
66] Vs [(—101) 11 1
67|U11|(0—01) 1 1
68|Vis (010—) 1 1 1
69(Uro | (—10-), (— —0) 1 1 1
T0[Vis [ (— — 01), (— — 0-) 1 T 1
71| Vi [(0—0—),(— —1-) 1 1 1
72|V, [(0101), (—101) 1
73[V11 | (0101), (010—) 1
T4V |(—101), (—10-) 1 1
75 Vio |(010—), (—10—) 1 1
76(Us |(— — 01),(0 —0—) 1] 1
7705 [(=101), (010—) 1
78|10 [(0101), (— —0-)

References

[1] D.Lau, Function
theory, 2006.

algebras on finite sets. A basic course on many-valued logic and clone

[2] H.Machida, Multiple- Valued Logic, 8(2002), 495-501. DOI: 10.1080,/10236620215294

[3] H.Machida, J.Pantovic, On Maximal Hyperclones on {0,1} — a new approach, Proceedings
of 38th IEEE International Symposium on Multiple-Valued Logic, 2008, 32-37.

[4] B.A.Romov, Hyperclones on a Finite Set, Multiple- Valued Logic, 3(1998), 285-300.

[5] V.I.Panteleyev, Completeness Criterion for Additional Defined Boolean Functions, Vestnik

Sam. Gos. Univ.,

68(2009), 60-79 (in Russian).

[6] S.V.Zamaratskaya, V.I.Panteleyev, Maximal Clones of Ultrafunctions of Rank 2, The Bul-
letin of Irkutsk State University. Series Mathematics, 15(2016), 26-37 (in Russian).

[7] S.V.Zamaratskaya, V.I.Panteleyev, Classification and Types of Bases of All Ultrafunc-
tions on Two-Element Set, The Bulletin of Irkutsk State University. Series Mathematics,
16(2016), 58-70 (in Russian).

— 240 —



Vladimir I. Panteleyev, Leonid V. Riabets E-closed Sets of Hyperfunctions on Two-Element Set

[8] S.S.Marchenkov, Discrete Math. Appl., 9(1999), no. 6, 563-581.
DOT: 10.1515/dma.1999.9.6.563

[9] S.S.Marchenkov, Closure Operators with Predicate Branching, Vestnik Moskov. Univ.
Ser. 1. Mat. Mekh., 2003, no. 6, 37-39 (in Russian).

[10] S.S.Marchenkov, The Closure Operator With the Equality Predicate Branching on the Set
of Partial Boolean Functions, Discrete Math. Appl., 18(2008), no. 4, 381-389.

[11] S.S.Marchenkov, E-closed Operator in the Set of Partial Many-Valued Logic Functions,
Mathematical problems in cybernetics, (2013), no. 19, 227-238 (in Russian).

[12] S.A.Matveev, Construction of All E-closed Classes of Partial Boolean Functions, Mathe-
matical problems in cybernetics, (2013), 1no.18, 239-244 (in Russian).

[13] L.V.Ryabets, Parametric Closed Classes of Hyperfunctions on Two-Element Set, The Bul-
letin of Irkutsk State University. Series Mathematics, 17(2016), 46-61 (in Russian).

[14] L.V.Ryabets, Parametric and Positive Closed Operators on the Set of Hyperfunctions on
Two-Element Set, Intelligent systems. Theory and applications, 20(2016), no. 3, 79-84
(in Russian).

[15] V.I.Panteleyev, L.V.Ryabets, The Closure Operator with the Equality Predicate Branching
on the Set of Hyperfunctions on Two-Element Set, The Bulletin of Irkutsk State University.
Series Mathematics, 10(2014), 93105 (in Russian).

FE-3aMKHYyTBIE Kjacchl TunepdyHKINI paHra 2

Baagumup U. IlanTeseen
JIleouna B. Psabery

WpkyTckuit rocyapCTBEHHBIN YHUBEPCUTET
Npkyrck, Poccuiickas Peneparus

Awnunoranusi. ['unepdyHKIMN TpeaCTABASIOT COO0N (MDYHKINU, 3aaBa€Mble Ha KOHETHOM MHOXKECTBE
¥ BO3BPAIAIOIINE B KA4eCTBE CBOUX 3HAYEHUI BCE HEIYCTbIE IIOJMHOXKECTBAa PACCMaTPUBAEMOrO MHO-
KecTBa. B pabore paccMarpuBaeTcsi KiiacCUpUKAIUs TUNEPQYHKINA, 38JaHHBIX HA, JBYX3JIEMEHTHOM
MHOKECTBE, OTHOCUTEJILHO orepaTropa F-3aMbiKaHus. F-3aMKHYTBIMA MHOXKECTBAMU TUTIEPMYHKITUIN sIB-
JISIIOTCSI MHOYKECTBA, 3aMKHYThIE OTHOCUTEJILHO CYIEPIIO3UINN, OIIePATOPa 3aMbIKAHUsI C PA3BETBJIECHUEM
110 IPEJINKATY PABEHCTBA, OTOXKIECTBJIEHUsI IEPEMEHHBIX U J00aBIeHUsT (PUKTUBHBIX epeMeHHbIX. [loka-
3aHO, UYTO PacCMaTpUBaeMasl KJIACCU(PUKAINS MPUBOJAUT K KOHEIHOMY MHOYKECTBY 3aMKHYTBIX KJIACCOB.
B pabore onucanbl Bce 78 E-3aMKHYTBIX KJIACCOB T'MIEPMYHKIUN, CPEM KOTOPBIX €CTh 28 Imap JBOWi-
CTBEHHBIX KJIACCOB U 22 CaMOJIBOMCTBEHHBIX KJjacca. [locTrpoena nuarpamMa BKJIIOUYEHUA KJIACCOB U JIJIsT
KaXKJ0r0 KJIacca yKa3aHa ero MOPOXKIAOINIAs CUCTEMA.

KuaroueBrle ciioBa: 3aMbIKaHUe, [IPEINKAT PABEHCTBA, THIEP@PYHKINA, 3AMKHYTOE MHOYXKECTBO, CYIIED-
TTO3UIHSI.
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Abstract. Stability control of Runge-Kutta numerical schemes is studied to increase efficiency of in-
tegrating stiff problems. The implementation of the algorithm to determine coefficients of stability
polynomials with the use of the GMP library is presented. Shape and size of the stability region of a
method can be preassigned using proposed algorithm. Sets of first-order methods with extended stability
domains are built. The results of electrical circuits simulation show the increase of the efficiency of the
constructed first-order methods in comparison with methods of higher order.
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Introduction

Systems of ordinary differential equations (ODEs) describe various dynamic processes in
chemistry, physics, etc. One of the areas where ODEs may be effectively applied is the electric
circuit theory. Any changes in electric circuit lead to transient processes where some voltage
swells, electromagnetic oscillations, extra currents may occur. They can damage electrical de-
vices. At the same time transient processes occur in electrical generators and other electric
circuits. Many electric circuits problems are described by stiff systems of ODEs.

In some cases explicit methods are required to solve initial value problems of stiff ODEs
because L-stable methods involve inversion of the Jacobi matrix of a system. This defines overall
computational costs [1-2]. At the same time explicit methods do not require the Jacobi matrix
computation and they are more preferable to use for problems with not so high stiffness ratio.

At present time various explicit and implicit methods were developed [3]. The former are used
on transition regions where the integration step is restricted by the accuracy criterion and there
is no requirements for large stability interval. The latter are for the regions where large stability
interval gives an opportunity to pass the integration interval in "several steps". Nevertheless these
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algorithms are not so efficient to solve high dimension systems of ODEs because of mentioned
above reasons.

Variable order algorithms based on explicit schemes were developed [4]. They are applied to
the regions where there is no need to use high-order methods. Low computational cost can be
achieved by using there low-order methods with extended stability intervals which in fact play
part of implicit methods from the point of view of the length of stability interval.

Low-order methods with large stability interval are needed to develop such algorithms. In
addition the greater number of stages of a method (and therefore the higher the degree m of
stability polynomial ), the large the stability interval is. The stability polynomials of degree up
to m = 13 were constructed [2]. The algorithm to determine the stability polynomial coefficients
was developed such that the corresponding explicit Runge-Kutta methods have a predetermined
shape and size of the stability region [7].

Here implementation of the algorithm to obtain the stability polynomial coefficients with
the use of the library for arbitrary precision arithmetic GMP is presented. Set of the first-
order methods with extended stability intervals is developed. Numerical simulation of Van der
Pol oscillator shows that proposed algorithms are more efficient in comparison with the Merson
method of fourth order of accuracy.

1. Explicit Runge-Kutta methods
We consider the Cauchy problem for the stiff system of ordinary differential equations

y/:f(tvy)a y(to) = Yo, t0<t<tk7 (1)

where y u f are real N-dimantional vector functions, ¢ is independent variable. To solve (1) the
following explicit Runge-Kutta methods were proposed [2]

m i—1
Yn+1 = Yn + meikia kz = hf (tn + Otih, Yn + Z 5ijkj>a (2)
i=1 j=1

where k;, 1 <14 < m, are stages of the method, h is an integration step, pmi, o, Bij, 1 <@ < m,
1 < j < i—1, are numerical coefficients that define stability and accuracy of scheme (2). For
the sake of simplicity we consider the Cauchy problem for the autonomous system of ordinary
differential equations

v = fy), y(to) =wo, to <t <ty (3)

To solve (3) we can also write formulas (2) in the following form:

i m
Yni =Un+ > Bivrjkj, 1<i<m—1, Yni1=yn+ Y pmiki, (4)
j=1 =1

where k; = hf (ym_l), 1 <@ <M, Yno = Yn. The results given below can be used for non-

autonomous systems if we assume in (2) that
i—1
ay =0, aiZZﬁij,2<i<m- (5)
j=1
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Below we need matrix B,, with elements b;; in the form [2]

bli:L 1<z<m, bk1:07 2<k<m, 1<Z<k_]-v

i—1
bii = Y i1y, 2<k<m, k<i<m,
j=k—1

where f3;; are numerical coefficients of schemes (2) or (4).
The stability of one-step methods is usually investigated by applying a Runge-Kutta method
to a linear scalar equation known as Dahlquist’s test equation

y' =Xy, y(0)=yo, t >0, (7)

with complex A, Re ()\)< 0. Variable X is considered as a certain eigenvalue of the Jacobi matrix
of problems (1) or (3). Applying numerical scheme (4) to Dahlquist’s equation we get

Uni1 = Qm(2)yn, 2= 0N, Qm(2) =1+ cmiz', Cmi= Y bijpm;, 1<i<m. (8)
i=1 j=1

Denoting Cr, =(cp1s .- cmm)T and P, =(pm1, ...,pmm)T, we can rewrite the latter equality
(8) in the form
By P = Con, 9)

where the elements of matrix B, are defined in (6). For internal numerical schemes (4) we have
k k
Unk = Qr(2)Un,  Qr(2)=1+ eniz's =Y bijBei1y, 1<k<m—1.  (10)
i=1 j=1

Using designations [y, :(5k+1,1, ...,ﬂ;H_l,k)T and ¢y, :(Cm, ...,ckk)T we obtain that coefli-
cients f;; of internal schemes (4) and the coefficients of corresponding stability polynomials are
related by the equation

BB =cr, 1<k<m—1. (11)

It follows from of (6) and (10) that by; = ¢;—1 k—1, i.e., the elements of (k+1)-th column of
matrix B,, are equal to coefficients of stability polynomial Qy (z) Hence, if the coeflicients of
the stability polynomials of the basic and intermediate numerical schemes are defined then the
coefficients of methods (4) are uniquely determined from linear systems (9) and (11) with upper
triangular matrices B;,1 <7 < m.

Expansions of the exact and approximate solutions in the Taylor series in powers of h have
the form

h2
y(tnsr)=y(t)+0f + - f'f+O(h%),
m m (12)
Ynt1 = yn+<zb1jpmj)hf+<Zijpmj)hzfr/Lfn +0(h?),
j=1 =2

where the elementary differentials are taken with respect to exact y(tn) and approximate y,
solutions, respectively. Comparing relations (12) under assumption that y(tn): Yn, ONE can

m
show that numerical scheme (4) has the first order of accuracy if " bi;pm; = 1. Hence, to
j=1

design m-stage methods of the first order of accuracy it is necessary to set ¢;,1 = 1.
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2. Stability polynomials

Let two integer numbers k£ and m, k < m be given. Consider the polynomial

Qm.i(x 71+Zczx + Z ¢t (13)

1=k+1
where the coefficients ¢;, 1 < i < k, are given and ci, k+ 1< i< m, are free coeflicients. The
coefficients ¢;, 1 < i < k, are usually defined from the approximation requirements. Therefore,
for definiteness we assume below that ¢; = 1/il, 1 <@ < k.

Denote extremum points of (13) as x1,...,Tm—1, where 1 > x9 > -+ > x;,—1. Unknown
coefficients ¢;, k +1 < ¢ < m can be obtamed from the condition that polynomlal (13) takes on
predefined values at extremum points z;, k <i<m —1, i.e.,

where F(:E) is a preassigned function, F; = F(zy ) For this purpose let us consider the algebraic
system of equations with respect to variables z;,k <i<m —1,and ¢;,k+1<j<m,

Qmr(w:)=Fi, Qppl:)=0, k<i<m—1, Q=Y ica' ", (15)

We rewrite (15) in the form that is convenient for computations. Let us introduce vectors y,
z, g and r with components

] 1
Yi = Thaio1, % = Chyi, i = Frai1—1— E ijf, T = E ]ijj )

= (16)
1<i<m—k,
We also introduce diagonal matrices F1, ..., E5 with elements on the main diagonal
m—k
) y y ) i1
=k+1i, ey =1/y, eé’:chjyi Z k+ )zt
j=1 j=1
(17)

k m—k
ef =Y GG —Deyl 2+ D (k+5)(k+5— 1)z
. P

el = (=M 1<i<m—k.

MJ 1 <, j < m— k. The elements of vectors (16),

matrices (17) and A depend on numbers m and k, where

g=9(), r=r(y), E2=Es(y), Es=Fs(y,z), Ea=FEs(y,2), A=A(y).

Consider matrix A with elements o/ = y;

Then, we can rewrite problem (15) in the form
Az—g=0, EFEyAFE1z—1r=0. (18)

System (18) is ill-conditioned that leads to some difficulties in applying the fixed-point iterations
for its solution. For convergence of the Newton method it is necessary to obtain good initial
values but in this case it is difficult problem in its own right.
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If we assume in (15) that F; = (—=1)!, k < i < m — 1, we can find the polynomial with the
maximal length of stability interval. In this case the problem of finding initial value yq is solved
by using values of the Chebyshev polynomial at extremum points over interval [—2m?, 0], where
m is the degree of polynomial (13). These values are

yi = m?[cos(im/m) —1], 1<i<m—1. (19)

Substituting (19) in system (17), we obtain coefficients of the Chebyshev polynomial for which
|Qum1(z)] <1 ona € [-2m? 0]. Then for any k values given in (19) can be taken as the initial
values, and according to numerical calculations there is good convergence rate in this case. If
F; # (—1)%, k <i < m — 1, then the choice of initial values is quite a difficult problem.

Let us describe a way to solve (18) that does not require good initial values. One can apply
relaxation to solve system (18). The main idea of relaxations is to solve unsteady-state problem
which solution converges to the steady-state solution of the initial problem. Let us consider the
Cauchy problem

Y = Es(E2AE A7 g — 1), y(0)=yo. (20)

Apparently, upon finding the stationary point of (20), the coefficients of a stability polynomial
can be determined from system (18). Let us notice that because matrix Ej5 is used all eigenvalues
of the Jacobi matrix of (20) have negative real parts, i.e., problem (7) is stable. It follows from
numerical results that (20) is a stiff problem. Methods for solving such problems use calculation
of the Jacobi matrix which cause difficulties in solving (20). Therefore, we apply the method of
the second order of accuracy using numerical calculation and freezing the Jacobi matrix to solve
(20) [5-6].

It can be shown that values of the polynomial coefficients tend to zero as m increases. Coef-
ficients ¢;, k + 1 < i < m, were calculated for the polynomial degree up to m = 13 using algo-
rithm [2]. Moreover, the algorithm of obtaining polynomial coefficients on the interval [—1, 1] was
described in [7]. In this case coefficients ¢; grow with slower rate and it is possible to construct
polynomials of degrees m > 13.

3. Calculation of coefficients of stability polynomials using
the GMP library

It is not difficult to see that coefficient ¢, of stability polynomial (13) tends to zero as m
increases and in particular if m = 13 and k = 1 the value of ¢, is about 10726, Solution of
problem (20) where m > 13 with double precision is very hard to realize because of round-
off errors. In order to compute coefficients of polynomial of higher degrees m algorithm was
implemented using ¢d library [8, 9.

The gd library allows one to perform computations with higher accuracy. Standard data type
double which allows one to perform computations with double precision is restricted by 53 bites
of binary mantissa and provides accuracy of 16 decimal digits. Whereas qd data type dd_real
has 106-bit mantissa that provides accuracy of 32 decimal digits. In fact, the number of data
type dd_real is a programmed concatenation of two double numbers, where mantissa becomes
doubled but the range of values that can be represented using new data type stays the same
(from 107398 to 1038). Despite this restriction accuracy of number representation increases.

With the use of this library the coefficients of polynomials up to degree m = 35 were com-
puted [8]. Nevertheless, the gd library has some disadvantages. Firstly, accuracy of number
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representation is restricted because of program implementation of data types. Secondly, it can
be used only in Unix systems. Moreover, the gd library is written in the C' + + programming
language. That is why numerical codes that use this library could be slower than codes written
in low-level programming languages (for example, C).

Here we show numerical results of calculations of polynomial coefficients with the help of the
library for arbitrary precision arithmetic GM P. This library provide accuracy of computations
that is restricted only by the size of random access memory. It is cross-platform library, and it
supports operations on integer, rational and real numbers. Besides, the GM P library is written
in the C' programming language which potentially increase the speed of computations.

Using the GM P library we obtain coefficients of polynomials up to degree m = 40. At higher
degrees there are some difficulties that may be related to the choice of initial conditions for
problem (20).

4. Construction of stability regions

Let us now describe the effect of function F' on the size and shape of the stability region.
If we assume F; = (—1)%, k < i < m — 1, than the stability interval length is hm‘ = 2m?2.
In this case, we have the maximum length of stability interval along the real axis for given m.
The stability region of such methods is almost multiply connected which leads to the reduction
of stability interval length because rounding errors may cause small imaginary parts of Jacobi
matrix eigenvalues to appear. Fig. 1 shows the stability region of 5-stage method, where the
stability interval length is |7m| = 50.

Im(z)
+ 5

Fig. 1. Stability region at m =5, k=1, F = {-1,1, 1,1}, |ym| = 50

In order to avoid the stability region reduction because of rounding errors it should be
"stretched" along the imaginary axis at the extremum points of the stability polynomial. For
that we can assume F; = (fl)i,u, 1<i<m-—1,0 < p < 1. For example, if we choose
1 = 0.95 then the stability interval length is reduced by only 3-4% in comparison with the
maximal possible length that is equal to 2m?. Then it becomes equal to ’7m’ = 48.39 (Fig. 2).
The stability region of the 5-stage method at p = 0.8 is shown in Fig. 3. In this situation,
the stability interval length is reduced to "ymf = 43.55 with conjoined "stretching" along the
imaginary axis. For better visualization of the roots of polynomial (13) level lines |ka(x)| =1,
Qi ()] = 0.8, |Qmi(x)| = 0.6, |Qmi(x)| =04, |Qmxr(x)| = 0.2. in the complex plane Are
shown in all figures.
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Im(z)

Fig. 2. Stability region at m =5, k =1, F = {~0.95,0.95,0.95,0.95}, |y, | = 48.39

Im(z)
+s
25
| Re(z)
-50
25
5
Fig. 3. Stability region at m =5, k=1, F = {-0.8,0.8,—-0.8,0.8}, 'ym| =43.55

5. First-order method

For numerical solution of Cauchy problem (1) we consider the explicit five-stage Runge-Kutta
method

Yn+1 = Yn + D1k1 + p2ka + psks + paka + psks,

k1= hf(yn), ko = hf(yn + 521k1)7

ks = hf(yn + Bs1k1 + Bazks), (21)
hf (yn + Barkr + Bazkz + Pasks),
= hf (yYn + Bs1k1 + Boaka + Bssks + Bsaka),

k4
ks

where y and f are real N-dimensional vector functions, ¢ is independent variable, h is the
integration step, ki, ko, ks, ks and ks are stages of the method, pi,p2,ps,ps,Ps, 5821, 831, P32,
Bat, Ba2, Pas, Bs1, Bs2, Bs3, B54 are numerical coefficients that define accuracy and stability of (21).
Applying the algorithm, we obtain coefficients of the stability polynomial:

cs,1 = 0.1el, c52 = 0.164341322127140896342¢0, c53 = 0.948975952580473808808¢ — 2,
5,4 = 0.223956930863224544258¢ — 3, c55 = 0.18509727522235334153¢ — 5
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In this case the stability interval length is |7m’ = 48.39. Upon solving (9) and (11), we obtain
the coefficients of the first-order method:

Bo1 = 0.0413243016210550, B33 = 0.0805823881610573, B30 = 0.0805823881610573,
Ba1 = 0.11916681511228434, S45 = 0.1597820013984078, B43 = 0.0819394878966193,
Bs1 = 0.1570787892802991, S5 = 0.2379583021959820, Bs3 = 0.1631711307360486,
Bs4 = 0.0822916178203657,

p1 = 0.1945277188657676, py = 0.3151822878089125, p3 = 0.2437005934695969,

ps = 0.1641555613805598, ps = 0.0824338384751631.

Accuracy control of numerical scheme is based on local error estimation [10].
The magnitude of
Al =1(0.5 — cima) /o] (ks — k1) (22)
is used as preliminary estimation of local error. To we estimate the final accuracy the magnitude
of
Al = (0.5 = cm2) (A f (yn41) —k1) (23)

is used. Thus, the following inequalities
Al <e Al <e. (24)

are used for the accuracy control and for the choice of of integration step. As k; linearly depends
on integration step then omission of inequality (24) leads to just one additional computation of
the right hand side of the problem. If the step of integration is successful the second inequality
(24) does not lead to the increase of computational cost because f (ynH) is not used at the next
step. At the same time if the second inequality (24) is used for accuracy control the repeat
computations in the case of violating accuracy criterion are quite expensive. Moreover, the
greater m the higher computational cost is. Nevertheless, in most cases preliminary estimation
of A! allows one to avoid repeat computations. The following inequality

Vp < Ym,1 (25>

is used for stability control of method (2), where
-1
Up = ‘0@532’ 1I<np2XN‘[Ol2/€3 + asky — (o2 + ag)ki)j/[ka — k1l;, (26)

SV

and positive constants 7, 1 define the size of stability regions [10].

6. Merson method

One of the most effective explicit fourth-order Runge-Kutta type methods is the Merson
method [§]

1 2 1
Yn+1 = Yn + k1 + ska + Zks,

6 3 6
1 1 1
k1 = hf(yn)v ko = hf(yn + gkl)a ks = hf(yn + ékl + EkQ)a (27)
1 3 1 3
ks =hf(yn + Sk + §k3)7 ks = hf (yn + Sk = Sks + 2ky).
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The fifth computation of function f does not result in the fifth order of accuracy but allows
one to extend the stability interval to 3.5 and estimate truncation error 6, 4 using stages k; i.e.,

5,”74 = (2]{;1 — 9]{13 —+ 8]€4 — 2]€5)/3O

We use inequality ||5n74H < 5€%/* for accuracy control. Despite the fact that inequality for
accuracy control is obtained with the help of a linear equation, it shows high reliability in solving
non-linear problems.

Now let us construct the inequality for stability control. Applying to k3 — ko the first order
Taylor’s formula with the remainder term written in the Lagrangian form, we have

ks — ko = h[Of (1un) /Oy] (k2 — k1)/6,
where vector p, is calculated in some vicinity of solution y(tn) Taking into account that
ky — ki = B f}, fn/3 + O(R?),
the inequality ‘ ‘
K — K

K — k]

Vp4 =6+ max
1N

<35 (28)

can be used for stability control of (27), where 3.5 is the approximate length of stability interval.
Let €54 = ,,,4/5. Then inequalities €, 4 < 5¢3/4 and Vp4 < 3.5. can be used for accuracy and
stability control of scheme (27), respectively.

7. Numerical results

The computations were performed on Intel(R) Core(TM) i7-8550U CPU. However, coefficients
of stability polynomial were computed with the help of the GM P library whereas solution of
differential problem was determined with double precision. The norm ||£,|| in the inequalities
for the accuracy control was calculated by the formula

]| = (6 ]/(ynl +7),
where i is a number of vector component, 7 is a positive parameter. If inequality |y| < r is
satisfied for the component with number i then the absolute error r - ¢ is controlled. Otherwise
we control the relative error €, where ¢ is the required accuracy.
We chose the Van der Pol oscillator (29) as a test example. This problem has the stiffness
ratio approximately equal to 10°:

Y=y, Yh :((1 —yi)y2 — yl)/10’67

0<t<1, hg=10"% 3 (0)=2, 1(0)=0, e=10".

(29)

The efficiency of two algorithms are compared. The first algorithm is the first order 5-stage
Runge-Kutta method described in Section 5. The second algorithm is the traditional 5-stage
Merson method of the forth order of accuracy (27). Both algorithms were applied in two modes:
with stability control and without it. We counted total numbers of steps, repeat computations
of a solution (due to omission of the defined accuracy), and the number computations of the
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right hand side the problem. The accuracy ¢ = 10~2 was supported with the Merson method,
whereas for the first-order method we needed to use € = 107 in order to provide 1072 in fact.
Nevertheless, under these conditions the constructed algorithm shows better efficiency (Fig. 4).

The comparison of two algorithms shows that stability control increases efficiency because
extra repeat computations of solution originating from instability of numerical scheme are elim-
inated. In addition, the constructed first-order algorithm has less computational cost estimated
by the number of computations of the right hand side. Simulations of other test examples show
similar pattern.

First-order method . Merson method .
Criterion without stability F-lrst—or(!e‘r method without stability Mersmll m ethod with
with stability control stability control
control - control i
Number of integration 69 433 51414 549 241 556 114
steps
Number of repeated 20 001 1052 187 120 6 464
solution calculations
Number of right part 452683 300 948 3494 685 2 806 426
computations
Fig. 4. Numerical results for the Van der Pol oscillator problem
Conclusion

Implementation of the algorithm to obtain coefficients of stability polynomial with the use of
the GM P library allowed one to build stability polynomial up to degree m = 40. It provides a
possibility to develop methods with extended stability regions with respective number of stages.
The greater number of stages the larger stability interval is, and therefore the higher efficiency
of numerical scheme is achieved in the case of stiff problems.

Comparing two five-stage methods (the proposed first-order method and the Merson method),
one can see that at the same number of stages extending the stability interval decreases the overall
computational cost.

It is important to say that the first-order methods with extended stability regions allow one
to significantly increase the efficiency in the region where the step is restricted by stability. So
methods described here can be used in adaptive algorithms where number of stages may vary
from one integration step to another. It provides large stability interval where it is needed and
decreases computational cost when numerical scheme is unconditionally stable.

The study was funded by Russian Foundation for Basic Research (project no. 18-31-00375).
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MeToabl mepBOTO MOPAIKA C PACHIMPEHHBIMU O0JIACTIMU
YCTOMYUBOCTHU JIJIs pacueTa 3a/71a4 JIEKTPUUeCKuX Ienei

Muxana B. PoiokoB
JIrogmuiia B. Kuayo
Jaana B. Xopos

Cubupckuii deIepalibHblii YHUBEPCUTET

Kpacnosipck, Poccuiickas @eneparnus

Awnnorausi. Vicenenyercs mpuMeHeHre KOHTPOJIS YCTONYNBOCTH YHUCJIEHHBIX cxeM Turna Pynre-KyrThr
1Tl TOBBIIIEHUs (M GEKTUBHOCTH [IPU UHTEIPUPOBAHUY KECTKUX 3asa4. [IpuBenena peanusanust airo-
puTMa orpejiesieHnst KO3MMUIMEHTOB IOJTMHOMOB YCTOWIUBOCTHU, IIPU KOTOPBIX METOJ, UMEET 3aJaHHYI0
dopmy u pazmep obisractu ycroiramBocTtHu, ¢ nmomotpio bubmoreku GMP. IlocTtpoersr HAGOPBI METOIOB
TepBOTrO MOPSIJIKA C PACITUPEHHBIMU OOJIACTSIME yCTOWIMBOCTHU. [IpuBeieHbl pe3yIbTaThl pacIeToB 3a,1a4
U3 TEOPUU JIEKTPUYECKUX Ielei, OKa3bIBAIoNre HOBbIIIeHe 3(MMEKTUBHOCTH IOCTPOEHHBIX METO/I0B
[IEPBOT'O MOPsIJIKA TOYHOCTU B CPABHEHUH C METOJOM 00Jiee BBICOKOTO ITOPSIIKA.

KirodyeBblie ciioBa: >kecTKast 3ala4a, dBHbIEe METO/Abl, KOHTPOJIb TOYHOCTH, KOHTPOJIb yCTOﬁqHBOCTH.
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