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Abstract. We consider a perturbation of the de Rham complex on a compact manifold with boundary.
This perturbation goes beyond the framework of complexes, and so cohomology does not apply to it. On
the other hand, its curvature is "small", hence there is a natural way to introduce an Euler characteristic
and develop a Lefschetz theory for the perturbation. This work is intended as an attempt to develop a
cohomology theory for arbitrary sequences of linear mappings.
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Introduction

De Rham cohomology is a tool belonging both to algebraic topology and to differential topol-
ogy, capable of expressing basic topological information about smooth manifolds in a form par-
ticularly adapted to computation and the concrete representation of cohomology classes. It is a
cohomology theory based on the existence of differential forms with prescribed properties. We
tracked out its analytic ingredients in [5].

In this paper we consider a perturbation of the de Rham complex on a compact manifold
with boundary X of dimension n. That is

0— 20(x) L4 1(x) &% 8 onx) — 0, (0.1)

where 2(X) stands for the space of all differential forms of degree i with C°° coefficients on X,
by d is meant the exterior differentiation of forms, and a is a given C*° one-form on X. The
differential in (0.1) is defined by (d + a)u = du + a A u for all u € 2(X) whence

(d+a)?u = d*u+daNu—aNdut+andu+(aha)Au=
= daAu.

The differential square is sometimes referred to as the curvature of sequence (0.1) and it is
“small” in some relevant sense. This enables one to introduce the Euler characteristic and prove
a Lefschetz fixed point formula for (0.1), see [11,13].

However, (d+a)? need not be zero and for this reason the standard cohomology construction
does not apply to (0.1). To introduce cohomology in (0.1) we use a construction of mathematical

*ihsane malass@hotmail.com
Ttarkhanov@math.uni-potsdam.de
(© Siberian Federal University. All rights reserved
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folklore. To wit, we factorise the null-space Z° of d + a in 2¢(X) by the (part of the) range of
d+ a over 2°~1(X) belonging to the space Z¢. Thus, we define

Zi

H(@ (@) d+a) = @i nz

fori=0,1,...,n.

If f = (d+ a)u belongs to Z%, then (d + a)f = (d + a)*u = 0, i.e., w Au = 0 in X, where
w = da is a given C* two-form on X. Denote by 2% (X) the subspace of £2¢(X) consisting of all
forms u € 2%(X) which satisfy w Au = 0 in X. By the very definition, £2¢(X) coincides with
04(X) for i =n — 1,n. Given any u € ¢ (X), we get

wA(d+a)u = wAdut+aN(wAu)=
= (d+a)(wAu)=0,

for w is a closed two-form on X. Hence it follows that d + a maps 2% (X) into 257(X) for all

1=0,1,...,n — 1. We have thus associated the complex of linear mappings
0— 20(x) % 0l (x) &3 orx) — 0 (0.2)

to sequence (0.1).

Complex (0.2) gains in interest if we realise that its cohomology just amounts to
H((X),d + a) at each step i.

If the differential form a is closed in all of X', then (0.1) is actually a complex and both (0.1)
and (0.2) coincide. Otherwise 7 (X) need not be a space of sections of some vector bundle
over X. Indeed, the forms u of £¢(X) are described by the equation w A u = 0 on X. At any
fixed point x € X the equation reduces to a system of C:*? linear equations for C! unknowns
which are the coefficients of u(z). The dimension of the space of solutions to this system just
amounts to C, minus the rank of the bundle homomorphism A"T*X — A*"2T*X determined by
the exterior multiplication with w(z) = da(z). Hence, the dimension varies with = and the family
of subspaces of A"T*X defined pointwise by wAu = 0 fails to constitute a subbundle of A*T*X in
general. However, if the rank of the bundle homomorphism da(x)A is constant, i.e., independent
of x € X, then 2!(X) is specified within the framework of smooth sections of a subbundle V*
of A*T*X. In this case (0.2) is a complex of first order differential operators between sections of
vector bundles over X. However, it is not elliptic, and so the Neumann problem after Spencer [9]
does not apply to study the cohomology of complex (0.2).

Example 0.1. If a is an one-form on an open set U € R? with non-vanishing coefficient wy 5 of
w = da, then (0.2) reduces to
2y A 3y A?
0—0— C®UR*) — C*(U,R°) — C>*(U) — 0,
the principal symbols of A and A2 being

q1(7)&2 q2()62 — &3
o' (AN)(z,¢) = ()& + & —q(x)é :
—&2 &1,

O.l(AQ)(x7£) = (51752753)
up to the factor : = /—1. Here,

W23 w1,3

q1 = ; .
w12 w12

The rank of o' (A)(z, &) is equal to 1 for all £ on the line & = &, &3 = (q1 + ¢2)& in R3.
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Locally any closed differential form a is exact. If a = dp for some smooth function p on
X, then an easy calculation shows that (d + a)u = e Pd(ePu) for all forms u € 29(X). In
this particular case complex (0.2) is obtained by a similarity transformation from the de Rham
complex. This conjugation was used in the work [15] who proved Morse inequality using some
spectral information of the Laplacian of the complex. The approach of [4] to solving the O
problem is basically the same, and it is from 1965, predating [15] by a couple of decades. By
varying the "weight" function p one can get L? estimates for the solution of d problem. The
paper [4] does not make explicit that it is perturbing the Dolbeault complex, but that is exactly
what it is doing. For a further development of this approach to Morse theory we refer the reader
to [6] and the references given there.

In this work we focus on the cohomology of complex (0.2) in the case where the form a is not
closed. Our basic assumption is that the rank of the bundle homomorphism da(x)A is constant.

1. The cohomology of the associated complex

A complex is said to be Fredholm if its cohomology is finite-dimensional at each step. This
concept can be extended within the framework of nonstandard cohomology to arbitrary sequences
(0.1). However, it should be noted that it differs from the concept of Fredholm quasicomplexes
studied in [11]. Since (0.1) is a "small" perturbation of the de Rham complex on X, it is a
Fredholm quasicomplex in the sense of [11]. This allows one to introduce an Euler character-
istic of (0.1). Still, the paper [11] does not contain any definition of cohomology for Fredholm
quasicomplexes.

Lemma 1.1. As defined above, the cohomology of complex (0.2) at step i coincides with
HY(2(X),d+a).

Proof. For any f € 21 (X) N 2%, we write [f] for the equivalence class of f in H*(£2}(X)). Let ¢
be the embedding of £ (X) N Z¢ into 2¢(X) N Zi. Consider the mapping

Lot HY(QL(X)) — HY(2L(X),d + a)

which assigns to any class [f] € H'(0! (X)) the class of +(f) in H*(£2(X),d+ a). This definition
is correct, for if f = (d+a)u with some form u € 2571(X), then (d+a)f = (d+a)?u =wAu =0,
i.e., the class of (d+a)f in H' (2 (X),d + a) is zero.

The mappng ¢, ist injective. For let f € 2! (X) N Z? satisfy t.[f] = 0. Then there is a form
u € 2°71(X) such that f = (d + a)u. Hence it follows immediately that

wAu = (d+a)*u=

ie., [f] =0, as desired.
It remains to show that ¢, ist surjective. To this end, pick an arbitrary form f € Z?. Then
WA f=(d+a)’f=0,and so f € 2¢(X) and ¢.[f] is the class of f in H (2" (X),d + a). O

The sequence of symbol mappings in (0.1) is exact away from the zero section of T*X, and so
(0.1) is an elliptic sequence in the interior of X. Moreover, the sequence of boundary symbols is
exact away from the zero section of T*0X, both conditions are usually referred to as ellipticity on
a manifold with boundary. However, they characterise the Fredholm property in Sobolev spaces
while we go beyond these spaces in (0.2).

- 521 —



Thsane Malass, Nikolai Tarkhanov A Perturbation of the de Rham Complex

2. Perturbations on 2-dimensional manifolds

To learn complex (0.2) we consider the particular case n = 2, i.e., X' is a manifold of dimen-
sion 2.

If da(zg) # 0 at some point o € X, then by continuity da(xz) # 0 holds for all z in a
neighbourhood U of 2y on X'. We restrict our attention to some local chart U in X with this
property.

Write a = ajdzt +asdx? in the coordinates of U, then da = (81as — 82a1)dzt Adz? is different
from zero in U. By definition, we get

°(U) = {ueC™®U): (01as — Doar)udx' Adx?® =0} = {0}

and 2! (U) = 2Y(U) for i = 1,2 since da A u has degree at least 3, if u € 2¢(U). Complex (0.2)
thus becomes
0—0— QY U) &3 22(U) — 0. (2.1)

The symbol sequence of (2.1) over a point (z,£) € T*U reduces immediately to the complex
1 EN 2
0—0— AT, U—-—AT;U—0

which is not exact at the term A'T}U, for E A€ =0 for all £ € T;U. The exactness at the term
A2T}U is well known for all £ € R?\ {0}. It follows that complex (2.1) fails to be elliptic.

We now turn to the cohomology of (2.1). Namely, given any form f € 2%(U), we look for a
solution u € 21(U) to the inhomogeneous equation (d + a)u = f in U. On writing

= wdz' 4 ugdz?,

= f12d$1 A d$2

we reduce the equation to
(01 + a1)uz — (02 + az2)ur = fi2

inU.

An important class of solutions to this equation is constituted by the so-called potential
solutions, i.e., those of the form u = dp where p is a smooth function in U satisfying a Adp = f,
ie.,

a102p — az201p = fi2.

This first order partial differential equation is known to have a unique solution p with prescribed
data on any curve S in U which is not characteristic, i.e., the vector field (—ag, a;) is tangent to
S at no point. Hence it follows that the cohomology of complex (2.1) is infinite dimensional at
the term 21(U) and zero at the term 022(U).

Thus, sequence (0.1) fails to be Fredholm in the sense of Section 1. unless the form a(z) is
closed. A substantial theory is hardly expected for the case of nonclosed differential forms a,
cf. [6]. If a is a closed one-form, then complex (0.1) falls into a useful general construction in
homological algebra called the Koszul complex, see Section 1.2.8 of [10].

3. Quasicomplexes
In this section we recall some basic facts about complexes and quasicomplexes in Hilbert

spaces. For the theory of quasicomplexes of Banach spaces we refer to [2] where quasicomplexes
are called essential complexes.
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Let us consider the sequence

(H.d): 0— H Dot &y gy g
where H® are Hilbert spaces and d' are continuous linear maps. The sequence (H',d) is called
a complex if d’d~! = 0 for all i = 1,..., N. The elements of the spaces Z'(H ,d) = kerd’
and B'(H",d) = imd'~! are called cocycles and coboundaries, respectively. The quotient space
Hi(H ,d) = kerd’/imd'~! is the cohomology of the complex (H',d) at step i. The complex
(H',d) is said to be Fredholm if its cohomology is finite dimensional at each step i = 0,..., N.

It is well known that "small" perturbations of Fredholm operators do not affect the Fredholm
property. For example, perturbing a single Fredholm operator by a compact operator gives us
a Fredholm operator. It would be natural to have the same property for Fredholm complexes.
However, a "small" perturbation of a Fredholm complex need not be even a complex anymore,
i.e., the operators no longer satisfy d’d*~! = 0.

Note that perturbing an elliptic complex by lower order terms does not change the complex
of principal symbols which remains to be exact. Hence, instead of complexes it is natural to
consider sequences (H',d) with the property that the compositions d'd*~! are "small" in some
sense. By "small" operators one usually means compact operators. Let us denote by K(H, H )
the subspace of L(H, H ) consisting of compact operators.

Definition 3.1. A sequence (H',d) of Hilbert spaces H' and continuous linear maps d* is a
quasicomplex if d'd'=' € K(H*"1, H*) for alli=1,...,N.

For d',d? € L(H, H), we write d' ~ d? if d* — d?* € K(H, H). It is known that an operator
d € L(H,H) is Fredholm if and only if its image in the Calkin algebra L(H,H)/K(H, H) is
invertible. Hence, the idea of Fredholm quasicomplexes is to pass in a given quasicomplex to
quotients modulo spaces of compact operators and require exactness. To make the definition
precise we introduce a functor ¢ 5 studied in [7].

Taking an arbitrary Hilbert space X, we set ¢x(H') = L(X,H")/K(X,H') for each
Hilbert space Hz Then, for any map d° € L(H!, H*!'), we introduce a map ¢s(d’) €
L(¢s(H'), o5 (H'™t)) by

bi(d)(A+ K (5, H) = d'A+ K(S, H+)
for all A € £(X, H'). Obviously, this operator is well defined. It is easily seen that ¢ (d'd'~!) =

= ¢5(d)¢x(d') and that ¢ 5 vanishes on compact operators for every Hilbert space X. Hence,
if (H',d) is a quasicomplex then (¢5(H'), 5 (d)) is a complex for each Hilbert space X.

Definition 3.2. A quasicomplex (H',d) is Fredholm if the complex (¢ (H'), ¢ (d)) is exact for
each Hilbert space X.

Let (H',d) and (H ",d) be two quasicomplexes of Hilbert spaces, such that di ~ d for any
i=0,1,...,N. Then the complexes (¢x(H"),¢x(d)) and (¢x(H'),¢s(d)) coincide. Hence, the
quasicomplexes (H',d) and (H',d) are Fredholm simultaneously. Thus, any compact perturba-
tion of a Fredholm quasicomplex is a Fredholm quasicomplex.

A sequence

1 2 N
(H,m): 0«—H & H' & .. E—HY «—0
with ¢ € L(H?, H*™!) is said to be a parametrix of the quasicomplex (H",d), provided
ﬂ.i-‘rldi 4 di—lﬂ.i _ IH1 _ %i

for all i = 0,1,..., N, where »' € K(H?).
It is well known that a complex of Hilbert spaces is Fredholm if and only if it has a parametrix.
The same property is also true for quasicomplexes, see [11].
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Theorem 3.3. A quasicomplex (H',d) is Fredholm if and only if it possesses a parametriz.

Obviously, if a parametrix (H',7) of a quasicomplex (H',d) is a quasicomplex itself, then
(H',d) is in turn a parametrix of (H', ).

It should be noted that Theorem 3.3 does not extend to arbitrary complexes of Banach spaces.
The advantage of using Hilbert spaces lies in the fact that any quasicomplex of Hilbert spaces
admits the so-called adjoint quasicomplex. By this is meant

dl* dN—l*

0 *
(H,d*): 0+— H & g & % HN 0,

where d* € L(H™"! H?) stands for the adjoint of d’ in the sense of Hilbert spaces. Since
d*dt* = (d+1dh)* are compact operators, (H',d*) is a quasicomplex indeed. The selfadjoint
operators A® = d'~1d'~1* 4 di*d’ are called the Laplacians of the quasicomplex (H',d). The
null-space of A? consists of all h € H? satisfying d'h = 0 and d*~'*h = 0, as is easy to see.

Theorem 3.4. A quasicomplex (H',d) is Fredholm if and only if all its Laplacians A are
Fredholm operators.

Proof. See Lemma 4.2 of [12]. O

Asis proved in [11], every Fredholm quasicomplex can actually be transformed into a complex.
Another way of stating this theorem is to say that each Fredholm quasicomplex is a perturbation
of a Fredholm complex by compact operators.

Theorem 3.5. For any Fredholm quasicomplex (H',d) there are operators D' € L(H®, H**?!)
satisfying D' ~ d' and D'D*~' =0 for all i.
4. A parametrix of the perturbation

We now return to the perturbation of the de Rham complex on X defined in (0.1). In order to
rewrite it in the context of Hilbert spaces, we choose any integer number s > n and set s; = s —1

for i =0,1,...,n. Consider the sequence of linear mappings
0 — H (X, A% &% g (x, A 28 2 g, 4m) — 0, (4.1)

where A = A*T*X is the bundle of exterior forms of degree i over X and by H® (X, A%) is meant
the space of all differential forms of degree i with coefficients of the Sobolev class H*% = W/ i:2
on X. We fix a unitary structure in each of these spaces, thus obtaining a sequence of Hilbert
spaces and their continuous linear mappings. By the above, the curvature of (4.1) just amounts
to the bundle homomorphism of A*~! to A**! defined via the exterior multiplication by the
two-form da. On applying the Rellich theorem we conclude readily that it is a compact operator
from H%-1(X, A1) to H%+ (X, A*Y) for all i = 1,...,n. Hence, (4.1) is a quasicomplex.

We next show that this quasicomplex is Fredholm. By Theorem 3.3, for this purpose it suffices
to construct a parametrix of (4.1). To this end, we use the parametrix of the de Rham complex
on X obtained from the Neumann problem after Spencer, see Section 4 of [5]. More precisely,
there are operators G’ of order —2 in Boutet de Monvel’s algebra, of pseudodifferential operators
acting in £2°(X), such that

f=Hf+(d*G)df +d(d*G)f (4.2)

for all f € 2%(X). Here, H stands for the orthogonal projection in L2(X, A%) onto the finite-
dimensional subspace of harmonic forms, i.e., those h € 2%(X) which satisfy dh = 0, d*h = 0
in X and n(f) = 0 on the boundary of X, where n(f) is the normal part of f on 0X. By d*
is meant the formal adjoint for the exterior derivative with respect to the L? scalar product in
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2%(X). The operator G* satisfies n(Gf) = 0 and n(d Gf) = 0 on the boundary of X for any
f € 24X). It is usually referred to as the Green operator of the Hodge theory on manifolds
with boundary. Thus, on sufficiently smooth forms P = d*G is a very special parametrix of the
de Rham complex.

Lemma 4.1. Let s be an arbitrary nonnegative integer. As defined above, the Green operator G
extends to a continuous mapping of H*(X, A?) into H*T2(X, A?).

Proof. Since u = G f gives a solution to the Neumann problem after Spencer for the de Rham
complex on X and this latter problem is elliptic, the desired assertion follows from the regularity
theorem for elliptic boundary value problems in Sobolev spaces, see [1] and elsewhere. O

The Rellich theorem on compact embeddings of Sobolev spaces implies that sequence (4.1)
is a compact perturbation of the de Rham complex evaluated in Sobolev spaces. The shortest
way to derive the Fredholm property of (4.1) from here is given by the next theorem.

Theorem 4.2. The sequence of pseudodifferential operators P = d*G" of order —1 defines a
parametriz of sequence (4.1).

Proof. Using equality (4.2), we get
PHYd+a)f +(d+a)P'f = (PHYf+dP'f)+ (P (anf)+anPif)=

, 4.3
f_Kif (4.3)

for all f € H® (X, A%), where
K'f=H'f— (P (anf)+aAP'f).

The projector H* is an operator with smooth Schwartz kernel on the product X x X, and so
it is a compact operator on H® (X, A?). On the other hand, the operator Pi*!(a A-) +a A P
acts on H* (X, A%) through the compact embedding H% 1 (X, A%) < H® (X, A"), which is due
to the Rellich theorem. Hence, this operator is compact as well. On summing up we conclude
that K* € K(H® (X, A")), as desired. O

On applying the paper [11] we are in a position to introduce the Euler characteristic of
Fredholm quasicomplex (4.1). To wit, x(H?® (X, A),d + a) is defined to be equal to the Euler
characteristic x(X) of X, i.e., to that of the de Rham complex on X'.

Our next goal is to improve the parametrix P! = d*G® of quasicomplex (4.1). It is surprising
that the standard procedure using the formal Neumann series for (I — K*)~! no longer works to
do this modulo smoothing operators. By abuse of notation we omit the indices of P!, K', etc.,
thus using the graded operators P and K defined by Pf = Pif and Kf = K'f for f € 21(X),
respectively. According to (4.3) we get

K =—-Pa—aP
modulo the harmonic projection.

Lemma 4.3. For any k = 0,1,..., the commutator [K* d+a] := K¥(d+a) — (d+a)K* just

amounts to
k—1

[K*,d+a] == K’ [P, (da)] K* 7. (4.4)
=0

Recall that by a is meant the operator on differential forms given by f — a A f. In contrast
to the composition da = d o a we write (da) for the operator defined by the differential of a.
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Proof. For k = 0 the assertion is obvious, so we start with £ = 1. We first observe that
[K,d] = [H—-Pa—aPd =
= —[Pa+aP,d,
for [H,d) = 0 — 0 is zero by the very definition of harmonic projection H. Hence it follows that
[K,d] = dPa+ (da) AP —adP — Pad —aPd =
(dP + Pd)a — Pda — Pad + (da) A P — a(dP + Pd) =
= (I—H)a—|[P,(da)]—a(l —H) =
= —[H,a] - [P,(da)]

the commutator [H, a] being smoothing and of finite rank. On the other hand, we get
[K,a] = (H — Pa — aP)a — a(H — Pa — aP) = [H, a],

for a Aa = 0. Thus, [K,d+ a] = —[P, (da)], as desired.
For arbitrary integer £ > 1 we proceed successively using the equality for £ = 1. To wit,

[K*¥d+a = K''K(d+a)—(d+a)K*=
= K''Yd+a)K - K"1P, (da)] — (d +a)K* =
= KF2(d+a)K? - K*?[P,(da)]K — K* '[P, (da)] — (d 4 a) K",
etc., which proves (4.4). O

Note that each summand on the right-hand side of (4.4) is a pseudodifferential operator of
order —k.

N
Theorem 4.4. Given any N = 0,1, ..., the operators P}'V = (Z(Ki_l)k> P? satisfy
k=0
N k-1
Py(d+a)+(d+a)Py=1-KEN" 43" ( K [P, (da)] Kk_l‘j)P.
k=0 =0
N
Proof. On multiplying both sides of (4.3) by Z K* from the left we immediately obtain
k=0

N
Py(d+a)+(d+a)Py=1— KN+l _ [ZK’adJra} P.
k=0

Substituting the expressions for [K* d + a] of (4.4) into the latter equality yields the desired
formula. O

In particular, if the differential form a is closed, then the operators P, constitute a parametrix
of complex (4.1) up to a remainder of order —N — 1, more precisely, KV*!. For perturbations
of nonzero curvature there is an additional residual term depending linearly on da.

5. Local calculation of the Laplacian

Denote by A, = (d+a)*(d+a) + (d+ a)(d+ a)* the Laplacian of the perturbed complex. A
trivial verification shows that

Ay = Ao+ (d*a+a"d+da* + ad*) + (a*a + aa®),
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where 4 is the Laplacian of the de Rham complex on X'. From this equality we deduce imme-
diately that A, is an elliptic operator of order two at each step i =0,1,...,n.

The Laplacian A, has especially simple form Ag + (a*a + aa*) if the first order differential
operator d*a + a*d + da* + ad* vanishes. This latter is the case if and only if the one-form a
satisfies an overdetermined system of first order partial differential equations on X'. Since

d* = (=1)9%1dx,
a* = (D)7 1xlax

holds on ¢-forms, where by * is meant the Hodge star operator related to a Riemannian metric on
X, the system for a reduces to [d, * Lax] + [* “1dx,a] = 0 up to the inessential multiple (—1)4~*
on g-forms. It is linear over R but fails to be so over C.

To see if the system possesses solutions a among nonclosed one-forms a, we consider it in a
local chart U on X with coordinates z = (z,...,2"). In these coordinates the form a can be
written as a = aydz® + ... + a,da™, where ay,...,a, are smooth functions of . Moreover, any

bundle A9 is trivial over U under the representation of a form

u(z) = Z ur(z)de™ A ... A dz®
I=(i1,...,iq)
1<i1<...<ig<n
by the k,-column (u;(x)) of its coefficients, k, being the binomial coefficient C4. The operator
d+a on g-forms is represented by a (kq+1 X kq) -matrix of first order partial differential operators.
On assuming the canonical metric on C*¢ we get the formula

A= 2= 3" ((a3(2) ~ 5000 o + 3 5 (a5 (x) — a5 (@) + la(a)

Jj=1

provided the coefficients of a satisfy

0 J _
forall 1 <j<k<n.
Example 5.1. Fori =1,...,n, choose a;(x) = a; 17! + ...+ a; ,2" + ¢;, where A = (ai,;) is an

(nxn)-matrix of complex numbers and ¢; complex numbers independent of z. Then system (5.1)
is fulfilled if and only if a; , +@ax ; = 0 for all 1 < j < k < n, i.e., the matrix A is skew-Hermitean.
An easy calculation shows that

da = — Z %(al(z) +ai(z)) de’ A da? = — Z (aij +a; ;) da’ Ada,
1<i<j<n 1<i<jsn

which need not vanish.

Under conditions (5.1), if moreover the differential form a is real valued, then the Laplacian
A, reduces to Ag + |a(z)]?.

6. Analytic torsion

For elliptic complexes on compact manifolds the cohomology is represented by harmonic
sections, i.e., those belonging to the null spaces of Laplacians. Hence, the harmonic spaces might
substitute for the cohomology of Fredholm quasicomplexes, provided the Hodge theory holds.
For manifolds with boundary the Hodge theory reduces to the Neumann problem after Spencer,
and so the question arises if it is elliptic.
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The calculations of Section 2 show that the Laplace operators under the homogeneous Neu-
mann conditions actually remain the only efficient tool to reveal resolving properties of an ar-
bitrary sequence of differential operators on a manifold with boundary. The null spaces of the
Laplace operators may substitute for the cohomology of such a sequence while their dimensions
can be thought of as generalised Betti numbers. This agrees completely with the definition of the
Euler characteristics for quasicomplexes of Banach spaces given in [11]. Moreover, the Fredholm
property of the Neumann problem after Spencer allows one to introduce the concept of analytic
torsion for a sequence. If it is independent on the choice of Hermitean structure of the sequence
and thus reveals a topological nature should be a subject of special treatments. In this section
we outline the concept of analytic torsion following to [§].

The Reidemeister torsion is a global invariant of a cell decomposition of a manifold and of an
acyclic representation of its fundamental group. It is an invariant of the piecewise linear struc-
ture of the manifold. The Reidemeister torsion for an arbitrary finite-dimensional unimodular
representation of the fundamental group can be defined as a canonical norm on the determinant
line of the cohomology of a manifold. It is a multiplicative analogue of the Euler characteristic in
the case of manifolds of odd dimension. (The Euler characteristic of a closed manifold is trivial
in the odd-dimensional case.) Formulas for the Reidemeister torsion of the Cartesian product of
two manifolds are similar to the multiplicative property of the Euler characteristic. The analytic
torsion was introduced in [8] for a closed Riemannian manifold {X, g} with an acyclic orthogonal
representation of the fundamental group m; (X). It is equal to the product of the corresponding
powers of the determinants of the Laplace operators on differential forms of 2 (X). These deter-
minants are regularised with the help of the zeta-functions of the Laplacians. (The Reidemeister
torsion can also be written by analogous formula where the Riemannian Laplacians are replaced
by the combinatorial ones.) The analytic torsion is defined with the help of a Riemannian metric
g on X. However, it is independent of g in the acyclic case, see [8]. So it is an invariant of the
smooth structure on X and behaves in much the same way as the Reidemeister torsion. As was
conjectured in [8], for any compact closed manifold X and acyclic representation p of the funda-
mental group 71 (X) the Reidemeister torsion of {X, p} has proven to be equal to the analytic
torsion of {X, p}.

On returning to sequence (0.1) we observe that it coicides with the de Rham complex up
lower order operators. Hence, in the algebra of boundary value problems on X the sequence
bears the same principal symbol structure as the de Rham complex. In particular, the tangential
and normal components of a differential form u € 2¢(X) on the boundary of X with respect to
sequence (0.1) coincide with those with respect to the de Rham complex. They are denoted by
t(u) and n(u), respectively, so that u = t(u) + do A n(u) on X where g is a defining function
of the boundary with |dg| = 1 on 90X, see Section 3.2.2 in [10]. The Neumann problem after
Spencer for sequence (0.1) at step i consists in finding, given any f € 2%(X), a form u € 2%(X)
satisfying

Agu = f in X,
n(u) = 0 on OX, (6.1)
n((d+a)u) = 0 on JOX.

By the above, the Laplace operator A! is elliptic in X. The boundary conditions are coercive
for the Laplacian, see e.g. [5]. Thus, (6.1) is a classical elliptic boundary value problem in X.
Moreover, it is formally selfadjoint with respect to the Green formula.

Elliptic theory applies well to problem (6.1). All solutions u € H?(X, A%) of the homogeneous
problem corresponding to (6.1) belong actually to the space £2¢(X), and they form a finite
dimensional space H’(X). The elements of H’(X) are called harmonic forms. Denote by H,
the orthogonal projection of L2(X, A%) onto H!(X). Given any f € L?(X,A%), the equation
Aqu = f — H,f has a unique solution u in H?(X, A%) orthogonal to H¢(X). The operator
f = Gof = u is called the Green (or Neumann after Spencer) operator and it maps L?(X, A°)
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continuously into H?(X, A%). The Green operator is known to be a selfadjoint operator in
L2(X, A%). Tts smoothness properties are deduced from the fact that G, is an operator of order —2
in the algebra of boundary value problems on X outlined in [3]. By the above,

f=Hof + Pa(d+a)f+(d+a)Pof + (d+a)'[d+a,Galf

for all f € L2(X, A%), where P, = (d+a)*G,. The commutator [G,,d+ a] need not vanish unless
a is a closed one-form.

Lemma 6.1. Suppose that the perturbation satisfies n(da) =0 on the boundary of X. Then
[d+a,G,) = G,[(d+ a)", da]G,. (6.2)

Proof. Denote by NZ(X) the subspace of 2%(X) consisting of those differential forms u which
satisfy the boundary conditions in (6.1), i.e., n(u) = 0 and n((d + a)u) = 0 on OX.

We first show that A = d + @ maps N (X) continuously into NiTH(X). If u € Ni(X), then
n(Au) = 0 and it remains to check if n(A?u) = 0 holds. We get A%u = da A u and

daNu = (t(da) + do An(da)) A (t(u) + do An(u)) =
= t(da) ANt(u) + do A (t(da) An(u) + n(da) At(u))
on 0X whence n(da Au) =0, as desired.

On applying the operator A to the equality I = H, + A,G, on 2¢(X) from the left and from
the right we see that AA,G, = A,G, A, for both AH, and H, A vanish. Thus,

Aa[Aa Ga] = [Am A]Ga

and so the equality G,A,[A, G,lu = G4[A4, A]Gqu holds for all u € 2¢(X).

From the construction of the Green operator we deduce that (G,A,)g = g — Hag for all
g € NiTHX). Now, if u € 2¢(X) then g = [A,Gu]Ju = A(G,u) — G, (Au) belongs to the space
Nitl(x), for A maps N (X) into Ni*+1(X). Hence it follows that

GoAu[A, G, = (I — Hy)[A, G,

is valid on all of 2%(X). As H,A =0 and H,G, = 0, we get G, A,[A,G,] = [A, G,], on the one
hand.
On the other hand, an easy calculation gives

[Ag, Al = (A"A+ AA*)A— A(A*A+ AA*) =
= AFA? - A2AF =
= [A%, A7

showing (6.2). O

From Lemma (6.1) it follows that P,(d+a)f + (d+a)P.f = f — K,f for all f € Q2(X),
where K, = H, + A*G,[A*,da]G, is a pseudodifferential operator of order —2 on X’. Hence,
P, is a parametrix of sequence (4.1) whose remainder K, is “smaller” than the remainder of the
parametrix constructed in Theorem 4.2. It is to be expected that the standard procedure using
the formal Neumann series for (I — K,)~! works to construct a parametrix modulo smoothing
operators but we will not develop this point here.

Given any nonnegative linear mapping L of a unitary space V', one defines the zeta function
of L by (r(s) = tr L~*, where tr stands for the functional trace. Thus, we get

Culs) = DN
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where the sum is over all nonzero eigenvalues of L. For selfadjoint mappings L determined
by elliptic operators or boundary value problems, it is known that the eigenvalues of L can
be arranged in a monotone increasing sequence converging to infinity. Moreover, {1,(s) has a
meromorphic extension to the entire complex plane which is regular at s = 0. On formally
differentiating the series term-by-term one obtains

, log A,
CL(S):iz )\5_]’
J

J

and so if the functional determinant is well defined and different from zero, then it should be
given by det L = exp (—(7,(0)). Since the analytic continuation of the zeta function is regular at
zero, this can be rigorously adopted as a definition of the determinant.

For a sequence
0 1 N—1
(H,d):0—H LSgt Ly gy 0

of unitary spaces, the analytic torsion (or determinant) is now introduced by the formula

N
logT(H ,d) = %Z(—l)”‘li logdet A" =
=0
- i (-2
= Z log (det A ) =
1=0
N e
= logH (det Ai)(_l) i
=0
. - i (- /2
T(H ,d) =[] (det A7) , (6.3)
=0

where A? = d'~1d'~1* 4 d**d’ are the Laplacians of the sequence (H',d). It is easy to check that
for short sequences (i.e, N = 1) the analytic torsion reduces to | det d"|.

Example 6.2. Consider the sequence of symbols corresponding to perturbation (0.1). It is the
complex

(ATEX,0(6)): 0— AT x T At 76 7 ey

parametrised by a point € X and a vector § € T} X different from zero, where o(§)v =& Av
for all v € A'TFX. Choosing an orthonormal basis in each tangent space T, X, we endow the
spaces A'T*X with a unitary structure in the usual manner. The dimension of AT} X is equal
to the binomial coefficient k; := Cf. The Laplacians of the complex (A TFX,c(€)) reduce to
A' = [€]2T, where I’ is the identity mapping of AT} X. Hence it follows that det A? = |¢|?F+,
and so the analytic torsion is

n qyitls
T(AT;x,0) = [] (I£|2’”)( DT
i=0
_ |£|—0k0+1kl—“.—ﬁ—(—l)"*lnkn.
If n = 1, then the analytic torsion just amounts to |¢]. For all n > 1, it reduces to 1 since the
exponent is n(1 — 1)"~! by the binomial formula.

Formula (6.3) can be used to introduce the concept of analytic torsion for quasicomplex (0.1).
To this end, as A’ one takes the Laplacians A% of (0.1) under the homogeneous Neumann
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(after Spencer) boundary conditions, cf. (6.1). Of course, the product of the eigenvalues
of these Laplacians is infinite, so the notion of determinant must be regularised by means of
det AL = exp (—¢4,(0)). If defined in this way, the analytic torsion is a subtle spectral invari-
ant. It is easy to check that the zeta function for the Laplacian on the simplest manifold with
boundary, the interval, is a slight variation of the Riemann zeta function. Geometers can perhaps
study the dependence of analytic torsion on the particular choice of Riemannian metric on X, a
technique usually unavailable to number theorists due to rigidity results.

The first author gratefully acknowledges the financial support of the Islamic Center Associa-
tion for Guidance and Higher Education.
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Bosmymnienne kommiiekca jie Pama

Ncau Majac

Hukomnait TapxanoB
Tlorcaamckuit yausepcurer
ITorcmam, I'epmanust

Awnnoranus. Paccmorpum Bo3MyIienne Komiuiekca Jjie Pama Ha KOMIAKTHOM MHOroobpasum ¢ Kpaem.
DTO BO3MYINEHUE BBIXOJUT 38 PAMKU KOMILIEKCOB, M MO3TOMY KOTOMOJIOTMM K HeMmy He oTHocsaTcs. C
IPyroii CTOPOHBI, ero KpuBu3Ha "Maja', O9TOMY CYIIECTBYeT €CTECTBEHHBIN CII0CO0 BBECTU XapaKTe-
puctuky Diepa u pazpaborarsb Teopuio Jlediena juis Bo3Myienus. lannas pabora npejgHa3HaveHA
IJ15 TIOTIBITKY pa3paboTaTh TEOPUIO KOIOMOJIOTHIA JIJIsi TPOU3BOJIBHBIX MOC/IE0BATEILHOCTEH JIMHEAHBIX
OTOOparXKEHUIA.

KurouyeBbie cioBa: komiuiekce jie Pama, koromosiornu, Teopusi XojKa, npobsema Helimana.
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Abstract. The nonlocal problem for an elliptic equation with two singular coefficients in a rectangular
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method of energy integrals. The spectral Fourier method based on the separation of variables is used to
prove the existence of solutions. The solution of the problem is constructed as double Fourier series in
terms of a sum of trigonometric and Bessel functions. Under some conditions on parameters and given
functions the uniform convergence of the constructed series and its derivatives up to the second order
inclusive is proved.
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Introduction. Formulation of the problem

Let us consider a three-dimensional elliptic equation with two singular coefficients

20 27

Lu = upy + tyy + sz + —uy + —u, =0, (1)
Y z
in a rectangular parallelepiped Q = {(z,y,2): 0 <z <a, 0 <y <b, 0 < z < ¢}, where § and ¥
are real numbers with 8, y< 1/2; u = u (z,y, ) is an unknown function.
Consider the following problem and study its unique solvability.
Dezin’s problem. Find a function u (z,y,2) € C () NC* (QN ({z =0} U {z =a})) NC?(Q)
that satisfies equation (1) in the domain Q and the following conditions

w(0,y,2) =u(a,y,2), uz(0,y,2) =uz(a,y,2), 0<y<b 0<z<g, (2)
U($7y,0):0, u(m,y,c):O, 0<z<aq, 0<y<ba (3)
u(z,0,2) = f1(z,2), 0<z<a, 0<z<g, (4)
u(z,b,2) = fa(x,2), 0<z<a, 0<z<e, (5)

where f1 (z,2) and f> (z,2) are given continuous functions.
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(© Siberian Federal University. All rights reserved
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Desin studied equation
(d/dt)u—Au=f, 0<t<a

with the boundary condition bu|,_, — u|,_, = ¢ [1]. Here, it is assumed that function u (t)
takes values in a complex Banach space B when ¢t € [0,a], A: B — B is an unbounded linear
operator commuting with d/dt and a density domain of definition, and b is a complex number.
It is also explained that the given conditions are “nonlocal” in the sense that they determine the
relationship between the values of the unknown function at different points of the boundary.

Nonlocal boundary value problems are very interesting problems. They generalize the classical
problems and, at the same time, they are naturally obtained when constructing mathematical
models of real processes and phenomena in physics, engineering, etc (for an extended discussion
see [2-6]). Problems with nonlocal conditions for partial differential equations have been studied
by many authors. Below an overview of problems close to the Dezin problem is given. They are
formulated and studied in two-dimensional domains.

Frankl [7] considered the flow around a finite symmetric profile by a subsonic velocity stream
and formulated the problem for the Chaplygin equation in a mixed domain with a nonlocal
condition of the form u(0,y) = w(0,—y). In addition, the local condition u,(0,y) = 0 was
fulfilled. Tonkin [8] proved the existence of a solution to a nonlocal problem with conditions
uz(0,y) = uy(l,y), u(0,y) = 0,0 < y < T and u(z,0) = 7(x), 0 < z < 1 for the heat
equation using the spectral analysis method. The uniqueness of the solution of this problem was
proved [9]. Such conditions are encountered, for example, in problems of particle diffusion in
turbulent plasma and in problems of heat propagation in a thin heated rod if the law of change
of the total amount of heat of the rod is given. Ionkin and Moiseev [10] proved the unique
solvability of the problem for the heat equation with conditions

ayug (0,t) + brug (1,t) + agu (0,t) 4+ bou (1,t) = 0,

crug (0,t) + diug (1,t) + cou (0,t) + dou (1,t) = 0,

where a;,bj,¢j,d;j, j=0,1 are given constants.
Lerner and Repin [11] studied the following problem in half-strip D =
{(z,y) : 0 <2 <1, y > 0}. Find a function u (x,y) with properties

u(z,y) € C(D)NC' (DU{z=0})NC*(D);
Y Ugz +Uuyy =0, (z,y) €D, m> -1
u(z,y) =0 at y = +oo uniformly in x € [0,1];

U(O,y)—U(Ly):g@l (y)a ux(07y)=<p2(y), y>07 u(x,O):T(a:), 0<!E<17

where 7(x), p1 (y) and ¢y (y) are given sufficiently smooth functions, and 7 (z) is orthogonal to
the system of functions 1, cos (2n+ 1) 7wz, n = 0,1,2,.... The similar problem was studied in
the half-strip D for equation [12]

2
Ugg + Uyy + —puy —b*u=0, p,b€eR,
Y
Assuming that ¢1 (y) = 0 and s (y) = 0. The uniqueness of the solution of this problem is

proved on the basis of the extremum principle. Using the methods of separation of variables
and integral transforms, the solvability of the problem in question was established. Moiseev [13]
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studied the following nonlocal boundary-value problem in the half-strip D for degenerate elliptic
equation of the form
Y Ugg + Uyy =0, M > —2;

u(x,O):f(a:), 0<z< u(O,y):u(l,y), Ux(oay):(),y?();
f(z)eC?0,1], f(0)=f(1), f'(0)=0.

Using the spectral analysis method, the uniqueness and existence of the solution of this
problem were proved in the class of functions u (z,y) € C (D) N C? (D). Functions tend to
zero or are bounded at infinity. Moreover, the solution of the problem was constructed in
the form of the sum of the biorthogonal series. These results are also applicable to equations
Y U+ Uy — b2y u = 0, m,b € R, with b > 0, m > 0 [14]. Equation y™uz,— —uy, —b*y™u = 0
was studied in rectangular domain {(z,y): 0 <z <1,0 <y < T} [15], where m > 0, b > 0,
T > 0 are given real numbers. Initial conditions u (z,0) = 7(z), uy(z,0) = v(z), 0 < z < 1 and
nonlocal boundary conditions u(0,y) = u(1,y), uz(0,y) =0 or u,(0,y) = ux(1,y), u(l,y) =0
at 0 < y < T were assumed. The uniqueness and existence theorems are proved with the use of
the spectral analysis method. Equation

2
Ugg + SENY Uyy + ﬁuy—kkuzo, p=>1/2, keR
Y

was considered in domain D = {(z,y) : 0 <z < 1,y < a}, a > 0 [16] and the following problem
was studied
ueC(D)NC*(D\{y=0}), Lu=0;

w(0,y) =u(l,y), uz (0,y) =0,y <a; u(r,0)=¢(), 0<z<l,

where ¢ () is the given continuous function that satisfies condition ¢ (0) = ¢ (1).
Nonlocal problems for inhomogeneous Lavrentev-Bitsadze equation and for equation of mixed
elliptic-hyperbolic type with power degeneration were studied in the rectangular domains [17-21].
However, nonlocal problems for equations with singular coefficients in three-dimensional do-
mains remain poorly understood.

1. Construction of eigenfunctions

To find a solution to the Dezin problem we apply the Fourier method [22]. Let us find non-
trivial solutions of problem (1)—(3). Using separation of variables u (z,y,2) = = W (2, 2) Q (y),
we obtain from equation (1)

, 2
QW+ ) -2 =0, <y < (6)

2
Wm$+sz+W$+§Wz+>\W:O, O<z<a, 0<z<e (7)

where \ € R is the separation constant.

Taking into account conditions (2) and (3), we obtain for equation (7) the following eigenvalue
problem in the domain IT = {(z,2): 0 <z < a, 0 < z < ¢} : find the values of parameter A and
the corresponding nontrivial solutions W (z,z) € C(II) N C* (IIN ({z = 0} U {z = a})) N C*(Q)
of equation (7) in II that satisfy conditions W(0,z) = W(a,2), 0 < z < ¢; W(z,0) = 0,
W(x,c) =0, 0 <z < a.
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By separating variables W (x, z) = X () Z(z), this problem reduces to the following eigenvalue
problem for the ordinary differential equation:

L’Y

w2 (2)=2" () + (29/2) 2" (2) + A=) Z(2) =0, Z(0) =0, Z(c)=0; (8)

Ly X(x) =0, X(0)=X(a), X'(0)=X'(a), (9)

where p € R is the separation constant.

Let us find first a solution of problem (9). It is easy to verify that for u < 0 problem (9)
has only trivial solutions. At p = 0 the solution of problem (9) is X (z) = doy (do # 0 is some
constant). Consider now the case p > 0. Since boundary conditions in problem (9) are periodic
conditions, the problem is regular. In addition, it is easy to verify that boundary-value problem
(9) is a self-adjoint problem [23].

Substituting the general solution of equation LgX (x)=0

X(z) =dysiny/px+dycos/ux (10)

into nonlocal conditions X (0) = X (a) and X'(0) = X’(a), we obtain the following system of
equations
dysin\/pa + do (Cos\/ﬁa—l)zo, (11
dy (cos /a —1) —dysin \/fia = 0. )
Setting the main determinant of this system to zero, we find cos,/pa — 1 = 0. Solving
this equation, we find the eigenvalues of the problem: p, = (27n/a)?, n € N. Let us substitute
= p, into (10) and (11). It is easy to verify that the eigenvalue pg is simple, and it corresponds
to one normalized eigenfunction 1/+/a. Eigenvalues p,, n € N have multiplicity 2 and they
correspond to two normalized eigenfunctions \/2/a cos (27nz/a), \/2/asin (2rnx/a). Therefore,
the eigenvalues and the eigenfunctions of problem (9) that correspond to these eigenvalues can
be represented in the form of i, = (27n/a)*, n € N U{0} and

Xo(x) = % Xon_1(z) = \/zsin (2”;”’“> . Xon(z) = \/gcos (2”;”’> CmeN. (12

The system of eigenfunctions (12) is orthogonal and complete in the space Ls [0,a], and it
forms orthonormal basis in it (see, for example, [20,27]).

Now we turn to the study of problem (8). We consider equation L:(_MZ (z) = 0 and find its

general solution at p = p,. Introducing Z (2) = (t/v/A — un)lﬂ_’yp (t), where t = /A — i, 2,
A > piy (at A < py, problem (8) has only trivial solutions), from equation L:*\_MZ(Z) =0 we
obtain the Bessel equation [24]:

() + 10/ (6) + [£2 = (1/2=9)°] p(t) = 0.

Taking into account the form of the general solution of the last equation [24] and the intro-
duced notation, we obtain the general solution of equation L] . Z (2) =0 in the form

Zn (2) = dlnzl/z_'YJl/g,W (\/)\ — [l z) + dgnzl/Q_'YYl/g,W (\/)\ — fin z) , (13)

where d;, dy are arbitrary constants, J; (z) and Y; (z) are the Bessel functions of the first and
second kind of the order I, respectively [24].
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It follows from (13) that a solution of equation L}_MZ (z) = 0 that satisfies condition
Z(0)=01is Z,(2) = dlzl/zile/Q_,-Y (VA= fn ). Substituting this into condition Z (¢) = 0,
we obtain the condition for the existence of a nontrivial solution of problem (8):

T jrs (mc) —0, neN. (14)

It is known that when [ > —1 the Bessel function J; (z) has a countable number of zeros.
They are real and has pairwise opposite signs [24]|. Since 1/2 — v > 0 then equation (14) has
a countable number of real roots. Denoting the mth positive root of equation (14) at n = k
by Okm, we have values of parameter A for which there are nontrivial solutions of problem (8):
Am = fin 4 (Opm/c)®, n=10,1,2,..., m e N.

Assuming in (13) that A\ = A\, dip = 1, do, = 0, n = 0,1,2,..., m € N, we obtain
nontrivial solutions (eigenfunctions) of problem (8) up to a constant factor

Zym (2) = 2% 019 (Spmz/c), n=0,1,2,..., m € N. (15)

According to [24], for each n the system of eigenfunctions (15) is complete in space Ly [0, ]
with the weight 227.
Assuming in equation (6) A = Ay, we find its general solution

Qnm(y) = anmy1/2_ﬁll/276 ( Anm y) + bnmy1/2_ﬁK1/2fﬁ ( Anm y) , 0y < b, (16)

here @y, and b, are arbitrary constants, I; (y) and K (y) are the modified Bessel functions of
the first and third kind of the order I, respectively [24].

2. The uniqueness of the solution

The proof of the uniqueness of the solution of the Dezin problem is based on the lemma given
below.

Lemma 1. If 8, v < 1/2, function u(z,y,z) is the solution of equation (1), and it satisfies

conditions u(x,0,z) = 0 and u(x,y,0) = 0 then inequalities lir%yzﬁuy(x,y,z) < 400 and
Yy—

lirrb 22 Yu,(z,y, 2)| < +oo are satisfied.
Z—>

Proof. Separating variables by the formula u(x,y,z) = X (z) Q(y) Z(2), from equation (1) with
the variables y and z we obtain the ordinary differential equations (6) and L7 _ . Z(2)=0. Using
the general solutions of these equations, it is easy to verify that the solutions of equations (6) and
L3 _,Z(z) = 0 that satisfy conditions Q(0)= 0 and Z(0)= 0 respectively at /3, v < 1/2 have the
form (up to a constant factor) Q(y) = y*/>7PI,)5_4 (\5\ y) and Z(z)= 2Y277Jy jo_, (VA= p2).
Taking the first-order derivative of these functions using relations [24]

d

d
—_— [xi”,]u (33)] = :ta:i”.]y;l (z), e

dx

we have Q' (y) = \f)\ylﬂ_ﬁl,l/g,ﬁ (\f)\y), Z'(z) = VA — ,uzl/z_'YJ,l/Q,V (VAX=pz). It fol-

lows that

[a:i”IV (x)} = xi”Jl,:Fl (z), (17)

lirr(l) yQﬂQ'(y)’ < 400, ‘lir% 227Z’(z)‘ < 4o00. Taking into account that u(z,y,z) =
y— z—
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= X(z)Q(y) Z(z), we have that lin}JyQ'Buy(x,y,z) < 400 and hm]ZQ’Yuz(x y,2)| < +oo.
Yy—

z—(

Lemma 1 is proved. O

Now we turn to the proof of the uniqueness of the solution of the Dezin problem.
Theorem 1. The Dezin problem does not have more than one solution.

Proof. Let Vi(x,y, z) and Va(x, y, z) be solutions of the Dezin problem. Then function u(zx,y, z) =
Vi(z,y,z) — Va(z,y, z) satisfies equation (1), conditions (2), (3) and homogeneous boundary
conditions corresponding to (4) and (5). We prove that u(z,y,z) = 0 in Q.

In domain ) we have the identity

vy 2wy = (ywz%uuz)x + (y26227uuy)y + (y2622vuuz)z — 282 (ui + “?24 + uf,) =0.
Integrating this identity over domain

Qesce ={(z,y,2):e1<x<a—eg,e3<y<b—ey, e5<z<c—eg},

€1€2€3€4

where €, j = 1,6 are sufficiently small positive numbers, we have

/// 25 2y ) + (yzﬂzmuuy)y + (QQﬂZZWUUZ)z} dxdydz =

/// Qﬁ 227 (u} +u + u?) ] dadydz. (18)

51525354

Obviously, if €, j = 1,6 tends to zero then Q35 _ _ — Q.
Applying the Gauss-Ostrogradsky formula [22] to the left hand side of equality (18), we obtain
after some transformations that
c—eg b—ey
v 2 [uy (a — £2,y,2) — ug (61,9, 2)] u (a — 2,9, 2) dydz+
€5 €3
c—eg b—ey
s [ [P e e - w6 dyde
1553 €3

C—E&g A—E2

+ / / 22 [(b — 54)25u (x,b—¢eq,2) uy (x,b—€4,2) — egﬂu (x,e3,2) uy (z, €3, z)} dxdz+

1553 £1
b—eq4a—ez

+ y2ﬁ |:(C - 56)27,“ (337 Yy, c— 56) Uz (.’I}, Yy,Cc— 56) - E?U (.’17, Y, 55) Uz (mv Y, E5)i| dl'dy =
€3 €1

/// 2'6 27 u +u +u )]dwdydz

51525354

Hence, taking the limit at £; — 0, j = 1,6 and taking into account the conditions of Lemma
1, luy (z,b, 2)| < 400, |u, (z,y,c)| < +o0o and homogeneous boundary conditions, we obtain

/// 26 27 u +u +u)}dmdydz—0
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Therefore u,(x,y,2) = uy(z,y,2) = u.(z,y,2) =0, (z,y,2) € Q. Then u(z,y,z) =const,
(z,y,2) € Q. Since u(z,y,2) € C(Q) and u(z,0,2) = 0 then u(x,y,2) =0, (z,y,2) € Q. The
theorem is proved. O

3. Construction and justification of the solution of the Dezin
problem

Let us assume that solution of the Dezin problem in domain €2 has the form

.T y Y, =% Z Z Xn Qnm ) nm(z) =

n=0m=1

Oom 2 _
f Z 22 e, ( 0 >y1/2 B [aomI1j2—5 (Bomy) + bomK1/2-5 (Somy)] +

m=1

\/EZ Z ( . 2mnx 4 cos 27m$> A, <§nmz> y
a a c

n=1m=1

X y1/2_’8 {anmfl/g_g ( )\nm y) +ban1/2—ﬂ ( )‘nm y)} . (19)

Each term of series (19) satisfies equation (1) and conditions (2) and (3). Assuming that
this series converges absolutely and uniformly, we find constants a,,, and b,,, from the require-
ment that function (19) must satisfy boundary conditions (4) and (5). First, substituting it in
conditions (4), we obtain

\/72 F, (Sln + cos 27:?36) =712 (z,2), (20)

F,(2) = 271/27P0 (1/2 - B Z e W( "mz> (m)ﬁfwbnm. (21)

Series (20) and (21) are called the Fourier series of functions z7~Y/2f)(z,2) and F,(z) ex-
panded in the system of the trigonometric and Bessel functions, respectively. The Fourier coef-
ficients are determined from (20) as follows

where

Fy(z) = = /Oa 72 (z,2) dx, (22)

Ja

2 2
F,(2) \/%/ < in = 4 cos W;w> STV (2, 2) da. (23)

Since Fy(z) and F,,(z) are known we substitute them into (21), and unequivocally find coefficients
bom and by,,:

23/2+651/2 B
bom = for fom,
ﬁ[CJS/z—y(5Om)] I'(1/2 - p)

218 () 7
Va[edsa—n (6um)] T (1/2 = B)

frim,

bnm =
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where

[ (.2 2 Sum
= // (Sin T 1 cos an) 21/2+7J1/2_,y< Z) filz,z)dxdz, n+1, m e N.
a a c
00

Now, substituting function (19) into condition (5), we have

\f Z Gz <bm

2mnx
0s — )—— T2, (z,2), (24)
where

2) = ih/zw (6”6"12) |anmIi/2—5 (VAumb) + bam Ko (VAamb) | (25)

From relation (24) we find

Go(z) = %/0 V22 (1, 2)da

2 2
Gn(2) \/ﬂ/ < in = 4+ cos W:x> V228 () 2) d.

Substituting Go (z) and G, (z) into (25), we obtain

2p°-1/2
aomIi /25 (0omb) + bom K1 /2—p (omb) = 5 Jom

\/a[CJS/Q—’y (JOm)}

\/Qbﬁfl/Q
nmI — )\nm b)+ ban — )\nm b) = nm»
nml1/2-p (\/ ) 1/2-8 (V ) \/E[CJ3/2_7 (5nm)]29

where

[ (.2 2 S
://(sin T 1 cos ij) zl/2+7J1/2w( s Z) fo(z,2)dzdz, n+1, m € N.
a a
00

Since by, and by, are known then from the last system of equations we unequivocally find
coefficients ag,, and a,m:

P 208-1/2¢,, 23/2%5(1)7/,12_[31(1/2—5 (domb) fom
Om — 2 - 2 )
Valedssa—y (6om)] Tija—p Bomb)  Va[eJzjo—ry (8om)] T (1/2 = B) I1j2—p (Somb)
1/2— R
a = ﬁbﬁil/Zgnm - 21+5 ( Vv A"m) / 6K1/2_:8 ( A"m b) fnm

\/a[CJ3/27y (6n'rn)} 211/27ﬁ (\/ /\nm b) \/a[CJ3/27’y (5nm)] QF (% - ﬂ) 11/27,8 (\/ )\nm b) '

Substituting the values of coefficients aom, anm, bom and by, into (19), we find the formal
solution of the Dezin problem in the form

w9 =3 33 (0

nOml

2 V297 o (8pm
+ cos mx)z 1/2-1 ( Z/C)wnm(y)v (26)

[eJ3/2— (6um)]”
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where

VB o (V) i
Y 1/2—pB nm Y .
Wnm (y) = b1/275]1/2_,8 ( SV b) {gnm K1/2—5 (\/ Anm b) fnm] +

+Kipss (Vimy) fams  (27)

where function K, (z) [25] has the form: K, (z) = 2'""2"K, (z) /T (v), K, (0)=1 (v > 0).

Each member of this series satisfies all conditions of the Dezin problem. Let us note that when
B, v < 1/2 the denominator of the coefficients of series (26) has no zeros. If we prove that series
(26) and serieses gy, (Uyy + (28/y) uy), (Uzz + (27/2) us), obtained from it by differentiation
converge absolutely and uniformly in corresponding domains then its sum is the solution of the
Dezin problem. Moreover, we need the following lemmas.

Lemma 2. For any positive integers n,m and Yy € [0,b] the estimates

wnm (¥)] < 2 (Ignm| + | faml) (28)

[y (52 )| < 2Aum (gl + ) (29)

are valid.

Proof. Obviously, for any values of A, and y € [0, ] the inequality

is valid. Since y € [0,b], and I1/o_5 (VAnm ) is increasing function, then
y1/276]1/2—ﬁ (\/ Anm y)

<1 31
CIES T Wowt) @)

We obtain from (27) that
Y2 [42P n (1)] = A (1) - (32)

If inequalities (30) and (31) are taken into account then estimates (28) and (29) immediately
follow from (27) and (32). Lemma 2 is proved. O

Lemma 3. The following estimates hold for n € N:

. 2mnx 2mne
sin S

<V2, (33)

2 2
4 (sin T 4 cos wnx)‘ < V2 . (34)
dx a a

The validity of estimates (33)—(34) follows from the properties of trigonometric functions.

Lemma 4. For all natural numbers n and z € [0, c] the following estimates hold for sufficiently
large m,:
| Znm (2)] < Ch, (35)

‘Z‘QW (2272 (2)]] < C1(Bum /), (36)

where Cy is some positive constant.
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Proof. Tt is obvious that Z,, (z) € C'[0,a]. For sufficiently large & the asymptotic formula

holds [26] N o
Jy (&) =~ (71'5) cos (§ -5 Z) . (37)

Therefore, estimate (35) is true.
Using the first formula (17), we find from (15) that

nm

2270 (2) = (Bnm /) 22T oy (Bumz/c) - (38)

Let us take the first-order derivative of function (38) using formula (17). Then, multiplying
it by 2727, we obtain

Z—Q’Y [ZQ’YZ/nm (Z)]/

= — (/)22 pay B2/ €) = = (O /) Zoum (2) -
Then validity of estimate (36) follows from (35). a

Lemma 5. The following estimate holds for each fixred n € N and sufficiently large positive
mteger m:

Co
J§/2—'y (671771) 2 5 ’ (39)
where Cy 1s some positive constant.
Proof. Since 0py, is a zero of function J; /5 (x) then relation
¢ Onmz c?
2 nm 2
— |dz = — Onm)-
/0 2J1/27'y ( c ) Z B J3/27’y( )
is true. It follows from this relation that
2 [° O 2 [Onm
2 _ 2 nm _ 2
J3/2—'y (57"77«) - 072\/0 ZJl/Q—'y <C> dz = m 0 g‘]l/?—'y (g) df (40)

Taking into account asymptotic formula (37), there exists a sufficiently large number ¢y > 0 such
that for £ > ¢ equality

2
§13y (€) m —sin? (¢ + 1),

is true. If we assume that 0,,, is a sufficiently large number and 8, > 2 (co + 1) then

[ e @i [T @aes 2 [an (417 de =

0 Co

1 1 . 1
= —pm — — [co + 08 (dnm + co + ) sin (pm — €0)] = =—0nm.
T T 2

Taking this into account, we obtain that estimate (39) follows from (40). Lemma 5 is proved. O

Lemma 6. Let the following conditions be satisfied

. oF .o .
Ihﬁrnowfj (x7z):£l_r£le] (.’I),Z), k:O727 ]:1727 (41)
fi(@,0)=0, f;(z,c)=0, fi:(v,2) €C([0,a] x[0,c]), j=1,2, (42)

2 2 _
lim | fi-- (@,2) + =i (m)] =0, lim [szz (0,2)+ L f (@) =0, j=T2,  (43)

z—0
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% [szz (x,2) + ngjz (m,z)} e C([0,a] x [0,¢]), j=1,2, (44)

drvdz < 400, j=1,2.  (45)

c a 5 ) )
—-1/2— Y 2y O 2y 0 oy g
00

Then, for large n and m we have estimates

C3
b
n3+a7§;llj-nas

Cy
q b
nd+5752j‘n58

| from]| < (46)

|gnm| <

where e7,e5, Cg, Cy are positive constants.

Proof. Using formulas (17), coefficients f,, are presented in the form

B 2mnz o 2mnx\ d [ g0y, Onm?z
fmm_27m5nm// ( sin . )dz [z J_1/2—4 . f1(x, 2) dxdz.

Taking into account conditions (41)—(44) at j = 1 and applying the rule of integration by
parts three times for variable x and four times for variable z, we obtain

i 22 [ 2 ]}

P P
X (sin Wam + cos 7?93) Ay (5"mz> dadz. (47)

It is known [27] that if f (x) is an absolutely integrable function on [a, b] then equalities

b b
lim f(z)cosnzdx = lim f (z)sinnz dx = 0. (48)

n— oo a n— oo a

are true. There is an analog of properties (48) [27]:
1
lim zf (z) Jp (Anz)dr =0, (49)

here f(x) is an absolutely integrable function on [0,1], and A\,, n € N are positive zeros of
function J, () (p > —1) numbered in ascending order.
Since conditions (45) are satisfied then by virtue of (48)—(49) the following equality takes

place
. [ 9 273 7%8 2y
Jm [ 5 {5 [ e ) |
0 0

2 2 Onm
X (sin E _ cos an) 21/2*“’(]1/2_7 ( Z> dxdz = 0.
a a c

Using (47) and the latter relation and assuming that n and m are sufficiently large, estimate
(46) is obtained. The second estimate in (46) is proved similarly. Lemma 6 is proved. O

Now we turn to the study of convergence of series. Differentiating (26), we obtain

9 X &2 9 9 " Z
-2 Z Z (sin TZLQL‘ cos ﬂ:ﬂ:) vm (2) Wnm (y)g, (50)

n=0m=1 [CJB/Z ¥ (5nm)]
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y —u . 2mnax + eos 2mna \ ¥ 2P [P (y)]/ ;
w2 (o ) o 2 O

. 2mnx 27rmc) 222 o (2)]
Uy, + -+ cos Wam (1Y) - (52)
nZOle ( a [CJ3/2—~/ (5nm)]2

Taking into account estimates (28), (33), (35) and (39), for sufficiently large natural numbers
n and m, series (26) for any (x,y,z) € [0,a] x [0,00) X [0, ¢] is majorized by the number series

n=0m=1

oo o0

> D Cabum (|gnml + [ Fml)- (53)

n=0m=1

Series (50)—(52) on each compact K C 2 are majorized respectively by the following number
series:

Z Z Cﬁn26nm (‘gnml + |fnm|)a (54)
n=1m=1
DD Cobum (0 +67) (I9nml + | Faml)s (55)
n=0m=1
Z Z C(8 |gnrn| + |fnm|) (56)
n=0m=1

where C;, j = 5,8 are some positive constants.

According to [27, p. 276, formula (4.3)], for Vn € N and sufficiently large positive integers m
inequality (1/0pm) < (2/m) is true.

Consequently, according to Lemma 6, for sufficiently large n and m series (53)—(56) are
estimated respectively by numerical series

i 7’L +m? 011 57)
SN PIPPEEETI. s Yoy e e iTes PP PR e
n=1m=1

n=1m=1 n=1m=1 n=1m=1

where C;, j = 9,12 are some positive constants.

It is not difficult to establish that series (57) converge. Therefore, series (53)—(56) also
converge. Then, according to the Weierstrass criterion, series (26) converges absolutely and
uniformly in 2, and series (50)—(52) converges on each compact K C Q. Therefore, function
u(x,y, z) defined by (26) satisfies all conditions of the Dezin problem.

Thus, the following theorem is proved.

Theorem 2. Let function f; (z,z), j = 1,2 satisfies conditions (41)-(45). Then a solution of
the Dezin problem exists, it is unique, and it is determined by formula (26).
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HenokaapHas 3aJlava AJId TpeXMEepPHOI'o JJIJIUIITUYI€CKOI'o

ypaBHEHUSI C CUHTYJISPHBIMEU KO3 dunmeHTamm
B IIPSIMOYTOJILHOM I1apaJijiejenulie/ie

Kamomuaauua T. Kapumos
DepraHcKUil rOCyJapCTBEHHBI YHUBEPCUTET
@Peprana, Y36eKucraH

Awnnoranusi. VcciieroBana HestoKaabHas 3a7a4a IS SJTUIITHIECCKOTO YPABHEHUS C IBYMSsI CHHTYJISIPHBI-
MU KOa(dpuImeHTaMu B IPsIMOYTOJIBHOM TapaJuiesenuiesie. JJoka3aTesbCcTBO €IMHCTBEHHOCTH PEIIeHUsI
¥ €ero MOCTPOEHUE MPOBEIEHBI CIIEKTPAJBHBIM METOJIOM C MCIOJb30BaHUEM pa3jioKeHus B psii Pypbe u
Dypoe-beccens. [Ipu HEKOTOPBIX YCIOBUSIX OTHOCUTEIBHO TAPAMETPOB U 33 IaHHBIX (DYHKITHI TOKA3aHA
paBHOMEpHAs CXOJUMOCTh IIOCTPOEHHOIO Psijia.

Kiarougesbie ciioBa: YpPaBHEHUA SJUUIUIITUIECKOI'O TUIla, HEJIOKaJ/IbHasdA 3a1a4a, CI/IHFyJIHprIﬁ KOa(b(i)I/I—

IIUEHT, CIIEKTPAJIbHBIA METO/, TTapaJslae/IeITnIIe]T.
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Abstract. We consider initial boundary value problem for uniformly 2-parabolic differential operator
of second order in cylinder domain in R™ with non-coercive boundary conditions. In this case there is a
loss of smoothness of the solution in Sobolev type spaces compared with the coercive situation. Using
by Faedo-Galerkin method we prove that problem has unique solution in special Bochner space.
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Initial boundary value problems for parabolic (by Petrovsky) differential operators with co-
ercive boundary conditions are well studied (see, for instance, [1-4]). However the problem with
non-coercive boubdary conditions are also appeared in both theory and applications, see, for
instance, pioneer work in this direction [5] and papers [6,7] and [8] for such problems in the
Elasticity Theory. Recent results in Fredholm operator equations, induced by boundary value
problems for elliptic differential operators with non-coercive boundary conditions (see, for in-
stance, [9-12]) allows us to apply these one for studying the parabolic problem. Consideration of
such problems essentially extends variety of boundary operators, but there is a loss of regularity
of the solution (see [13] for elliptic case). Namely, let Qr be a cylinder,

QT =0 x (O,T),

where €2 is a bounded domain in R".
Consider a second order differential operator

n

A(:L‘Jf, 8) = — Z 8i(ai7j(;v)8j-) + Zaj(x)al + ao(l‘) + %
j=1

i,j=1

of divergence form in the domain Q7. The coefficients a; ;, a; are assumed to be complex-valued
functions of class L>(§2). We suppose that the matrix 2(z) = (a; ;(2))i=1,...,n is Hermitian and
Jj=1,...,n

satisfies
n

> aij(@)Waw; >0 forall (z,w) € QxC", n

ij=1

*paskaattt@yandex.ru  https://orcid.org/0000-0002-7066-3219.
(© Siberian Federal University. All rights reserved
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n
D ai ()& = mlg? forall (z,€) € 0 x (R™\ {0}), (2)
ij=1
where m is a positive constant independent of x and . Estimate (2) is nothing but the statement
that the operator A(z,t,d) is uniformly 2-parabolic.
We note that, since the coefficients of the operator and the functions under consideration are
complex-valued, inequalities (1) and (2) are weaker than

n

> ai (@) Waw; > m|w|? (3)

4,j=1

for all (z,w) € Q x (C™\ {0}). Inequality (3) means that correspondent Hermitian form (see
form (4)) is coercive.
Consider boundary operator of Robin type:

B(z,0) = by () Z ai () ;05 + bo(x),

where by, by are bounded functions on 9Q and v(z) = (v1(z),...,vn(z)) is the unit outward
normal vector of 02 at x € 0f). Let S be an open connected subset of 02 with piecewise smooth
boundary 9S. We allow the function by (z) to vanish on S. In this case we assume that by(z)
does not vanish for z € S.

Consider now the following mixed initial-boundary problem in a bounded domain Qp with
Lipschitz boundary 0.

Problem 1. Find a distribution u(z,t), satisfying the problem

Az, t,0)u = [ in Qr,
B(z,0)u = 0 on 900Qx(0,T),
u(xz,0) = wy on Q

with given data f € Qrp.

For solving the problem we have to define appropriate functional spaces. Denote by C*(£2,.9)
the subspace of C1(2) consisting of those functions whose restriction to the boundary vanishes
on S. Let H'(€,S) be the closure of C1(Q,S) in H*(Q). Since on S the boundary operator
reduces to B = by(z) and bo(x) # 0 for = € S, then the functions u € H' () satisfying Bu = 0
on 99 belong to H' (€, S).

Split now both ag(z) and by(z) into two parts
ap = ag,0 + dao,

bo = bo,0 + by,

where ag is a non-negative bounded function in € and by is a such function that bg /b1 is
non-negative bounded function on S. Then, under reasonable assumptions, the Hermitian form

(u, ’U)+ = / Z aw-@ju%da: + (ao,ou, U)LZ(Q) + (bo70/b1 u, U)L2(OQ\S) (4)
Q .

ij=1

defines the scalar product on H!((2, S). Denote by H*(Q) the completion of the space H((2,9)
with respect to the corresponding norm || - ||+. From now on we assume that the space H(Q) is
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continuously embedded into the Lebesgue space L?(2), i.e. there is a constant ¢ > 0, independent
of u, such that
lull 2y < c|lull+ for all w € HF ().

It is true, if there exist a positive constant ¢; such that
ap,0 =y in Q.

Actually we can get more subtle embedding for the space H(2).

Theorem 2. Let the coefficients a; ; be C* in a neighbourhood of the closure of €1, inequalities
(1), (2) hold and

bg’o > ¢y at 00\ S, (5)

1
with some constant co > 0. Then the space HT(Q) is continuously embedded into H/?~¢(Q) for
any € > 0 if there is a positive constant ¢y, such that

ap,0 > C1 in Q (6)

or the operator A is strongly elliptic in a neighborhood X of Q and

|32 asstpudiude = mijulan M
X

ij=1

for allu € C, (X)), with m > 0 a constant independent of u.

comp

Proof. See [12, Theorem 2.5]. O

Of course, under coercive estimate (3), the space HT(Q) is continuously embedded into
H'(Q). However, in general, the embedding, described in Theorem 2 is rather sharp (see [12,
Remark 5.1]).

The absence of coerciveness does not allows to consider arbitrary derivatives 0ju for an
element u € H*(€). To cope with this difficulty we note that the matrix 2(z) = (a; j(x))i=1..
admits a factorisation, i.e. there is an (m X n)-matrix D(z) = (D, ;(x))i=1,...,m of béuilded

Jj=1,....,n
functions in €2, such that

(D(2))"D () = Ax) ®)

for almost all € D (see, for instance, [14]). For example, one could take the standard non-
negative self-adjoint square root ®(z) = 1/A(x) of the matrix 2A(x). Then

> aij0udn = (DVv)*DVu =Y Dwdu,
i,j=1 =1

for all smooth functions u and v in 2, where Vu is thought of as n-column with entries
o1, . ..,0nu, and Dyu := Z 9;s(x)0su, I =1,...,m. From now on we may confine ourselves

with first order summand of the form

S @), ale) € L¥(9),
=1

- 549 —



Alexander N. Polkovnikov On Initial Boundary Value Problem for Parabolic Differential Operator ...

instead of .
> a;(x)0;
j=1

Since the coefficients dag, a; belong to L>(f2) for all [ = 0,...,m, it follows from Cauchy

inequality that
m
| (( Z a(z)®; + (5a0>u, v)
1=1

Let now H~(Q) stand for the dual space for the space H'(Q) with respect to the pairing
< -,- > induced by the scalar product (-,-)z2(q), see [2,15] and elsewhere. It is a Banach space
with the norm

< cflulls [loll+ (9)

L2(Q)

(v, u) 20|
[ul- = sup ——F—"
veEHT(Q) [[v]l+
v#0

The space L2(f2) is continuously embedded into H (), if the space HT(2) is continuously
embedded into L?(2) (see [9]). We denote by i’ : L?(Q) — H—(Q) and i : H+(Q) — L?(Q) the
operators of correspondent continuously embeddings. Thus we have a triple of the functional
spaces
HH(Q) < L2(Q) < H™(Q),
where each embeddings is compact under the hypothesis of Theorem 2.
Denote by L?(0,T; H(£2)) the Bochner space of L?-functions

ult) : [0,7]) — HT ().

It is a Banach space with the norm

T
I / ()2 dt.

Then an integration by parts in Q leads to a weak formulation of Problem (1):

Problem 3. Given f € L*(0,T; H=(R)) and ug € L*(Q), find u € L*(0,T; HT (L)), such that

m 3
(u,v)5 + ( Z z)D; + bag)u, U) 2@) 875 (U, 0) 2y =< fiv> (10)
for allv e HT(Q), and
u(0) = . (11)

In general case the condition (11) have no sense for functions u € L?(0,T; H*(Q)). But we
will see below that function u(t) € L?(0,T; H*(Q)), satisfying (10), is continuous and (11) have
a sense.

We want to apply the Faedo-Galerkin method for solving the Problem 3 (see, for instance,
[2,4]). For this purpose we need some complete system of vectors in the space H'(£2). As this
system we take the set of eigenvectors of an operator, induced by the weak statement of elliptic
selfadjoint problem, corresponding to the parabolic Problem 3. Namely, for given f € H (),
find u € HT(Q), such that

uv++<<§: ®l+5a0) ) =< fv>. (12)

L2(Q)
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Equality (12) induces a bounded linear operator L : HT(Q) — H~ (),

uv++(<2al ©l+5a0)u v> =< Lu,v > . (13)
L2(Q)
Denote by Ly the operator L in the case, when dag =a; =0 foralll=1,...,m,
(u,v)+ =< Lou,v > . (14)

The operator Lo : HT(Q) — H~ () is continuously invertible and || Lg|| = HL61|| =1 (see [12,
Lemma 2.6]). According to [12, Lemma 3.1], there is a system {h;} of eigenvectors of the compact
positive selfadjoint operator Ly '¢'i : H(Q) — H* (), which is an orthonormal bases in H*(Q)
and an orthogonal bases in L?(Q2) and H~(Q).

Let now function u € L?(0,T; HT(£)) satisfies (10). We have from (13)

(au,v) =< al,v>=<f—Lu,v>.
ot 12(9) ot

Since f € L2(0,T; H=(Q)) and operator L : HT(Q) — H(Q) is bounded, then % €
L2(0,T; H=(9)). It means, that
u € C(0,T; L*(Q)) (15)

(see, for instance, [2] or [16]).
Using by the standard Faedo-Galerkin method (see, for instance, [1,2,4]) we get next Theorem.

Theorem 4. Under the hypothesis of Theorem 2, the Problem 3 has at least one solution u(t),
and, moreover, u(t) € C(0,T; L*(12)).

Proof. For each k we are looking for approximate solution of Problem 3 on the next form

k
)= gix(t)hy, (16)
j=1
and function vy satisfies
0

(Uk, ((Zal ©l+6a0)ukah> + <uk7hz) =< f7hz >, (17)

) \ O/ g

h

ug(0) = Z Mh (18)

2 Ty B

for each j = 1,...,k, where {h;} is the orthonormal bases in H*(Q2). It means that (17) takes
the form

k

gik(t) + Z (( dl(ai)@l + (5a0)hj, hi> gjk(t) + ggk(t)||hi||%2(9) =< f,h; >, (19)
1

j=1 I= L2(Q)

where ¢ = 1,...,k. It is a system of linear differential equations of first order with initial
conditions

7hi 2 .
gik(O)=M i=1,..., k. (20)

||hiH%2(Q)
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Since < f(t), h; > is measurable function for all i = 1,..., k, then there is unique function g (¢)
for each i = 1,...,k, satisfying (19) and (20) for all ¢ € [0, 7] (see, for instance, [17]). Note, as
the function wu(t) is complex-valued, then the functions {g;x(¢)} may be complex-valued too and
the system (19) consists 2k real-valued equations in general case.

Now we have to get some priori estimates for function wug(t) independent of k. Multiplying
the equality (17) by the g;x(¢) and summing by i = 1,...,k we get

d o
||uk||?|r + <g:,uk> =< f,ug > —((Zm(z)@z + 5a0>uk,uk> ) (21)
L2(Q)

=1 L2(Q)

Hence, by the Cauchy inequality,

8uk
2 [|luw % + (,u ) =
el ot " L2(Q)
:2‘ < fiug > —(Zdl(x)Qluk,uk)Lz(Q) - (5a0uk,uk)Lz(Q) < (22)
=1

<IN A+ Nl + 261 gl lluell 2 ) + 262llur 72 @) <

3
<IAIE + Sllunll + (22 + 26]) url72q)

for some positive constants ¢; and ¢z. As the norm [uy||3 is a real-valued function, we have
(9uk
ol + (G )
+ ot L2@)
9 %)
luk||? + Re (uk,uk) +iJm <uk,uk>
ot L2() ot L2(Q)
0
> 2ug ||} + 29 (uk,uk) ;
o) e

where PRe(g) and Jm(g) denote real and imaginary parts of function g respectively. On the other

hand,
d 8uk 3uk
Doy = (uk) n (uk) _
e ot L2(@) 0t ) 12

2

=2 > (23)

5 (24)
= 2Re ﬂ, Uk )
ot
L2(@)
It follows from (22), (23) and (24) that
1 2 d 2 2 2 2
§||Uk(t)||+ + %Huk(t)um(n) < FOIZ + (2e2 + 2¢7) lukll72(q)- (25)

Now, integrating (25) by ¢ from 0 till some s € (0,T") we get

1 S
. / las (It + () 22y — Ik (O <
< / L2+ (205 +262) / k22t
0 0
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Since the sequence {uy(0)} seeks to ug with k& — oo strongly in L?(2), it follows from Gronwall
type lemma (see [18] or [19]), that

T
2
||uk(s)|\%2(9) < <||u0||2L2(Q) +/0 ||f(t)||2_dt> 6(202+201)s'

Hence

T
2
sup (50 < (nuon%z(m -/ ||f(t>||2dt> el s2eDT, (26)
s€1[0,T 0

The right side of (26) independent of k, therefore the sequence {uj(t)} is bounded in
L%(0,T; L?(2)). Then there is a subsequence {ug (t)} of the sequence {ux(t)} and an ele-
ment u(t) € L°(0,T; L?(Q2)) such that uy (t) — u(t) in the weak-* topology of L>(0,T; L*(Q)),

namely
T

k'—o0 Jg
for all v € L1(0,T; L*(Q)).
Integrating again (25) by ¢ from 0 till 7' and applying Gronwall type lemma we have

1 T
3 IOt + (T s o) <

T , (28)
< (IIuollizm +/O IIf(t)Ith> elPer 2T,

It means that the sequence {ux(t)} is bounded in L%(0,T; H*(2)). In particular, the sequence
{ug:(t)} is bounded in L2(0,T; H*(Q)) too. Hence there is a subsequence {uz~(t)} of the se-
quence {ug (t)} and an element u(t) € L*(0,T; HT(2)) such that ug-(t) — u(t) in the weak
topology of L2(0,T; HT(Q2)),

T T
i [ (e (8), 0)5 dt = / (u(t), v)+ dt (29)
k' Soo Jo 0
for all v € L?(0,T; HY(Q)) and
T
im [ < (8) — (), v() > dt =0 (30)
k' Soo Jo

for all v € L?(0,T; H~(Q)). In particular

T T
lim [ (u (8), 0(0)) Ly dt = /0 (@(t), 0(t)) L2y dt (31)

ko0

for all v € L2(0,T; L*(Q)).
From (27) and (31) we have

T
/0 (ut) — (1), v(t)) L2y dt = 0 (32)

for all v € L2(0,T; L?(Q2)). Hence

u(t) = u(t) € L*=°(0,T; L*(Q)) N L*(0,T; HT(Q)). (33)
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From now on we denote by {u(t)} the subsequence {ug~(¢)}.
Let now (t) be a scalar differentiable function on [0,7] such that ¢(T") = 0. Multiplying
(17) by ¥(t) and integrating by ¢ we get

/OT(uk(t),hj)+z/)(t)dt+/oT< idl(x)Ql—i—éaO)uk(t),hi) W(t) di+

L2(©)

T Ou(t) (7 }
+ /O ( ,h1>L2(Q)zp(t)dt— /O < () hy > b)de. (34)

However

T dus(t) L
[ (T0n) w0 = [ 000 s b~ 040 by O, 3

and it follows that

[ s mgpensaes [F((Catonsampuon) vea-
T

T
—/0 (ur(t), ¥ (O)h)) 2o dt = (ur(0), h;1(0))r2(0) +/0 < f(t),hj > p(t)dt.  (36)

Now we want to go to the limit in (36) with k¥ — oo. It follows from 9, that

/OT (( i ay(x)D; + 5a0)uk(t), hl> W(t) dt

L2(Q)

is continuous linear functional on L?(0,T; HT(£2)). Since uy(t) — u(t) with k — oo in the weak
topology of L2(0,T; HT(Q2)), we have

lim

T
k—oo Jo

((i a(x)®; + 5a0) (ug(t) — u(t)), hl) W(t)dt = 0.
=1

L2(Q)
From (31), (29), (33) and the fact that u;(0) — ug strongly in L?*(Q) with k — oo we get
T T m
[ o non s [ ((Saons o). hot) -
0 0 1=1 L2(Q)

T T
- /0 (u(t)?w/(t)hj)LQ(Q) dt = (UOa hj¢(0))L2(Q) +/0 < f(t)’ hj > ’(/}(t)dt' (37)

As the system {h;};—1 2, is dense in H(Q) and L?(12), equality (37) holds by linearity and
continuity for all v € H*(Q),

/OT(u(t),v)+1/J(t) dt+/OT ((ial(x)sl +5a0)u(t),v> b(t) di—

=1 L2(Q)
T

- / (u(t), 0) gy ' (8) dt = (0, 0) 20y H(0) + / <[> omd. (38)
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In particular, if we take by ¢ (t) differentiable functions with compact support in (0,7, we get

m

(WO )+ (L @D+ dao)ult) o) G (00 =< FO0 > (39)

= 2oy

in the sense of distributions. Now we have to show that u(0) = ug. Indeed, multiplying (39) by
1 (t) and integrating by parts we get

m

/OT(u(t)w)#P( dt+/ ((Z ©z+6ao) (t), v) W (t) dit—

= L2(@)

T T
—/0 (u(t),v) 12 () ¥'(t) dt = (u(0),v) £2(0)¥(0) +/O < f(t),v > p(t)dt
Comparing it with (38) we get

(w(0) = ug,v)2(0)¥(0) =0

for all v € H* (). Taking ¥(0) # 0 we receive u(0) = ug.
The continuity follows from (15). O

Corollary 5. Under the hypothesis of Theorem 2, the Problem 8 has one and only one solution
u(t) € C(0,T; L*(Q)), if

(((i @l+5a0) )LQ(Q)>>O (40)

for allv e L*(0,T; H*(1)).

Proof. The existence of the solution follows from the Theorem 4. Let us now show, that the
solution is unique, if the condition (40) and the hypothesis of Theorem 4 are fulfilled. Indeed,
let v € L?(0,T; HT(Q)) is another solution of Problem 3. Denote by w = u —v. Then w satisfies
conditions of Problem 3 and

m

d
(w,v)4 + ((Z )0, +6a0> )L?(Q) +o (W, ) 2 () =0

for all v € H*(Q), and w(0) = 0. It follows from (13), that
L Lw=
ot + Lw = 0.
Multiplying scalar it by w we have

ow
|w||+ ((Za’l gl + 5a0)w,w> L2(Q) + <at;w> L2(Q) = 0

As the ||w(t)||Z is a real-valued function, therefore

]2 + e ((aat >L2(Q)> L %e (((ial(x)gl +5ao)w,w>L2(Q)> 0.
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On the other hand,

ow 1d
e <(8tw) m}) 5 ol
ow d
P o = Ylw|aoy <
%((at”")m) L ul3a@ <0

lw®)lIZ2() < Iw(0)[Z2) =0,
hence w(t) = 0 for almost all ¢ € [0, T], that completes the proof. O

It follows from (40), that

and

As we already mentioned, the embedding Ht(Q) into H'/27¢(Q) is rather sharp. Let us
show, that the space L?(0,T; H*(Q)) can not be continuously embedded into L2(0,T; H*(f2))
for all s > 1/2.

Eexample 6. Let  be a unit sphere in C, matrix 2(z) has a form

30 = aseicya = (V1Y)

S=0,a,=0forl=0,1,...,m, and by = by = 1. Then the series

e Zktk/Q
Ue(za t) = Z T(k+1)/2(k + 1)6/27
k=0

€ > 0, converges in L2(0,T; HT(Q)) and

1
2 _ 2 —
e 2 o,rimr+ ) = lellZeo 26 = 2@% S

According to [20, Lemma 1.4]
<

It means, that for each s € (1/2,1) there exist € > 0 such that u. & L*(0,T; H*(B)). Hence, the
space L?(0,T; H*(B)) can not be continuously embedded into L?(0,T; H*(B)) for all s > 1/2.

2 k.29 1

0<s< 1.
L2(0,T;Hs(B)) 7720 k4 1)1+e’ 5
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O HayvaJIbHO-KpaeBoOil 3aja4de AJIsd I1apadoImIecKoro

anddepeHIaIbHOro orepaTopa ¢ HEKO3PIUTUBHBIMU
rPAHUYHBIMU YCJIOBUSIMU

Agnexkcanap H. IloikoBHUKOB
Cubupckuit de1epalibHbll YHUBEPCUTET
Kpacnosipck, Poccuiickas @enepanys

Anvoranmsi. Mbl paccMaTpuBaeM HAYAJIbHO-KPAEBYIO 33J@dy Ul PABHOMEDHO 2-IIapabosim<decKoro
nuddepeHIuaIbHONO OepaTopa BTOPOro IOPsiiKa B IMJINHIPUYECKOH obiactu B R™ ¢ HEKOIpIUTHB-
HBIMU FPAHUYIHBIME YCJIOBHAMH. B OTJIMHMHE OT KOSPUUTUBHOTO CJIydas B JAHHON CHUTYAIMU ITPOUCXONAT
HOoTepst TVIAJKOCTH PEIIeHHs B IIPOCTPAHCTBAaxX coboseBckoro Tumna. Ilosb3ysce Merozom [asepkuia, Mbl
JIOKa3bIBaeM, 4TO IpobjieMa UMeeT eIUHCTBEHHOE PellleHre B CIelUalbHbIX IIPOCTPAHCTBaX BoxHepa.

KuroueBrble ciioBa: HEKOIPIUTUBHAS 3a/a4a, apabomdecKas 3a1a4da, MeTo [amepkuna.
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1. Introduction and preliminaries

The selection of classes biholomorphically equivalent domains has great importance in multi-
dimensional analysis and its applications. It is well known that all simply connected proper open
subsets of the plane C are conformally equivalent (Rieman mapping theorem). The situation is
completely different in the multidimensional case. For instance, an open unit ball and an open
unit polydisc are not biholomorphically equivalent. In fact, there does not exist any holomorphic
mapping from one to the other. Therefore, it is very important to have stocks of domains that
are biholomorphically equivalent to each other.

Finding the kernels of representations of holomorphic functions in domains C™ and in the
matrix domains from C™ [m x m] is a rather difficult task (see [1-4]). Usually, in classical theory,
kernels of such kind are constructed in bounded symmetric domains (see [5]). One of such domain
is the matrix ball. One considers the following problems for it (see [4,6]): finding the transitive
group of automorphisms of a matrix ball; computing the Bergman and Cauchy-Szego kernels for
this domain; finding Carleman’s formula, recovering values of a holomorphic function in a matrix
ball by its values on some boundary (uniqueness) sets (see [7-9]).

By writing down explicitly the transitive group of automorphisms of the matrix ball, by direct
calculation, we can find the Bergman and Cauchy-Szego kernels for this domain. And then (using
the properties of the Poisson kernel) we can find Carleman’s formula, which recovers values of
a holomorphic function in whole domain by its values on some boundary set of uniqueness

*gkhudaiberg@mail.ru
fjonibek-abdullayev@mail.ru
(© Siberian Federal University. All rights reserved
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(see [9-11]). Here we use the scheme from ([5,12,13]) for finding the Bergman and Cauchy-
Szegd’s kernels. In [14], the volumes of the third type matrix ball and the generalized Lie ball
are calculated. The full volumes of these domains are necessary for finding kernels of integral
formulas for these domains (the Bergman, Cauchy-Szegd’s, Poisson kernels etc.). It is also used
for the integral representation of functions holomorphic in these domains as well as in the mean
value theorem and other important concepts.

Bergman spaces of bounded symmetric domains are fundamental objects in the analysis.
They are equipped with natural projection, i.e. with the Bergman projection, which is defined
by the property of the reproducing kernel. On the other hand, the Bergman weighted spaces are
very important in harmonic analysis also. For any transitive circular domain, the Bergman kernel
is equal to the ratio of the volume density to the Euclidean volume of the domain. In the book
of Hua Lo-ken (see [5]) the Bergman kernels are constructed for four types of classical domains,
guided only by this consideration and without referring to complete orthonormal systems. In [15],
holomorphic and pluriharmonic functions for classical domains of the first Cartan type were
defined, and the Laplace and Hua Lo-Ken operators were studied. Moreover, the relationship
was stated between these operators.

In homogeneous domains,the groups of automorphisms can be used for finding integral for-
mulas ([2,3]). Domains with rich automorphism groups are often realized as matrix domains
([5,16]). They are very useful in solving various problems in theory of functions.

In this paper, we continue to develop the analysis in the future tube and move on to the
study of the Lie ball. In [17,18] it was noted that the Lie ball can be realized as a future tube.
These realizations are subject of our research. We will be interested in integral formulas with
holomorphic kernels in the future tube. There are two main types of formulas for restoring
holomorphic functions: the Bergman formulas where integration is carried out over the entire
domain and the Cauchy-Szegd formulas where integration is carried out over some set on the
boundary of the domain (usually along its skeleton). This implementation turns out to be
convenient for calculating the Bergman and Cauchy-Szego kernels.

1. Realization of the Lie ball

We consider an n dimensional complex space C™, the set of all ordered n tuples of complex
numbers z = (21, 22, ..., 2,). The domain R (the Lie ball (see [5])) consists of all n dimensional
complex vectors z satisfying the conditions

Re = {z cC": |zz’\2 —2z2' +1>0, |22/ < 1},

where 2’ is the transpose of a vector z = (21, 22, ..., 2 )-

This domain is called the classical fourth type domain (according to E. Cartan’s classification
(see [19-21])) or the Lie ball. The Shilov boundary (the skeleton) I'pn = for the domain R7y is
defined as follows:

Tpn ={2€C": 22/ =1, |22/| = 1}.

An unbounded domain of the form
77 (n) = {u) € C": (Imwyyr)? > (Imwy)® + -+ + (Imawy,)?, ITmavy 1 > 0}
is called the future tube in C"*1. The boundary d7F (n) of the domain 7+ (n) is defined as

8T+ (n) = {w € (Cn+1: (Imwn+1)2 = (Imw1)2 +ee (Imwn)27 Imwn-i—l > O}
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and the skeleton
Loty = {w e C": Imwy = -+ = Imw,, = Imw, 11 = O} =R

on which the boundary degenerates.
The following statement is true.

Lemma 1. The map ® : C} — C} defined by the equalities

—2izy,

o(y i

Jk=1,...,(n-1), w,=— (20 —1)
Zz?—k(zn—i)Q
i=1

— 1, (1)

Wk = n—1 9
> ZJQ + (2, —19)
j=1

maps biholomorphically the domain R”, onto 7+ (n — 1), while Lgn - goes over to It (y_1).

We call the transformation (1) "the generalized Cayley transform". Then, from (1) we can
find the inverse map ¥ = ®~!: C? — C”, which is defined as

— 2wy, 2 (wy, + 1)

s k=1...,(n—1), zx=i--— . (2)

w? — (wp + i)?
j=1

ZE =

n—1
> w]2' — (wn + i)Q
j=1

Now we calculate the Jacobians of the transformation (1) and (2). For this purpose we denote

n—1 n—1
I/V:z:wi—(wn—i—i)2 and Z:Zzz+(zn—i)2.
k=1 k=1

Lemma 2. The Jacobians of the transformation ® of the form (1) and ®~1 of the form (2) are
given by the next formulas respectively

Je® (z) = 2" (—i)" Ttz
and
Je® () = =27 (=i)" Tt wn,
2. Integral representation in the domain 7 (n — 1)

We denote by dV the normalized Lebesgue measure in the domain D C C™ and define the
Bergman space

A2(D) = {f c 0 (D) :/ F )2V (2) < oo}.
D
The inner product in the Bergman space is defined as:
)= [ 1G5 ).
Let the Bergman kernel K+, (w, &) of the domain 77 (n) has the form [17]:

2" (n 4 1)!
et [(wi—f)Z] m
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where (wz—) = [(wl — 51)2 + o+ (wney — fn,l)z — (w, — En)Q] If we denote

AW =y =)V =vn—(B+u+ .. +va),
then the relation (3) can be written as
2" (n+1)!

Kyt () (w, ) = , w,E €T (n).

It is known that the Bergman kernel for the Lie ball %, has the form

1 1

n

where V (R}y,) = % is the volume of the Lie ball R}y, (see [5]).

We denote by du, dv and dn, do the normalized Lebesgue measures in the domains 7+ (n — 1),
the Lie ball R7;, and on the skeletons I+ (), I'gr , respectively.

Lemma 3. Let w = ®(2), £ = ®(¢). Then by the mapping (1) the Bergman kernel
Kot (n—1y(w,§) transforms as follows

Kot (1) (2(2), ®(C) = [ZT" Kypn (2, C), (5)
where
n—1 n—1
Z=> 2+ (2 —i), T:Z<,3+<
k=1 =

Proof. Let ® : §RIV + 77 (n — 1) be biholomorphic and ¢ € A? (R?,,). Then by replacing the
variable ¢ = ®7*(£), we have

/ Je® (2) Koty (@ (), ® (0)) Te® (Op (C) o (C) =

= / Je® (2) Krt(no1) (® (2),€) Je® (D1 ()p (@71 () J® ™ (&) du(€) = (6)
T7t(n—1)

— Jed / Kooy (B (2),) To® (31 (@)p (271 (6)) ———

Teo @19 M)

By the Jacobian property (Jg® = |Jc®|?) the last integral in (6) has the form:

L )=

Jc® (2) / Kot (no1) (®(2),€) Je® (21 (€))g (O (f))m

7t (n—1)

—Jeb () [ Koo (@(2).6) [(Jed (879)
7t (n—1)

After changing variables, we can see that the expression (Jo® (®~! (f)))_1 ¢ (@71 (¢)) in square

brackets in the last integrand is an element of the space A% (7 (n —1)). Applying the repro-
ducing property of K +,_1), we have

Je® () (Je® (2)) " 0 (871 (2(2) = 0 (2).
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From here it follows "wvariable replacement formula" for the Bergman kernels:

Je® (2) Kot (n-1) (@ (2), @ () Je® () = Ky, (2,€) -

Then .
Kot n)(®(2), 0(Q)) = [Je®t(=)] ™ - Ky, () - [T®(Q)] =
=27"(—i) "z 27 () T Koy (2,€) = 4i (ZY]" - Kgy, (2,0).
The lemma is proved O

In particular, when n = 1, from formulas (4) and (5), we have

1 1 1 (z—i)* (C+i)°
Ko+ (0)(w,§) = —~ = — — = Y
ra(2E) r(w-g) w(ﬂ%ﬂ%f 1r (1-20)°
On the other hand
ZY_ 1 i) =) i)
K7-+ 5 = Kgm 5 —_——— = — = — .
s =, 5073 7 (1-2C)° 4 ar (1 - 20)°

Let w = ®(z), £ = (). We have the following theorem
Theorem 1. For any function f € A% (77 (n — 1)) the formula holds:

/ FEOK oy (w, O)dp(€), w e+ (n—1).

7t (n—1)

The integral in this formula defines an orthogonal projector of the space L?(7F (n — 1)) into the
space A? (17 (n —1)).

Proof. Using the change of variables, according to Lemma 3 and the Jacobian properties we
have:

[ 1OK @) = 55 [ 5@ Ky (202 T e (O do(c) =
Tt (n—1) Riy

~~n

=50 [ H@OK, (.05 1ed O du(c) -

n
§RIV

=z [ JEE g, . 0vt0)

n
§RIV

)

The last integral is the Bergman integral in the Lie ball R%,, of the function 1(2() and it is
P

equal to %

Any function g € L?(7+ (n — 1)) can be represented as g = f + h, where f € A%2(7F (n — 1))
and h € A2 (1 (n — 1)) are orthogonal function:

. So, we obtain the first statement of the theorem.

FOE)du(E) = 0.

7t(n—1)
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We must show that

7t (n—1)

FEOMEdu(e) = / F@C)REQ) |27 (—iy ] du(¢) =
N

Y / F(®(O) T R(B(O) T 7di(C) = 0.

Riy
Hence, h(®(¢))YT™" € A2 (R}), iee.
[ m@O) Ky, (.01 av(c) = .
Ry

Then

NT " Kgy, (2,¢) |27 (=)™t =" 2dy(() =

/ h T*(n 1)(w € d,u

Tt (n-1) §R}”v

_ g / h(@(O) T Ky, (2, )dv(C) =

n
§RIV

The theorem is completely proved. O
We define the Cauchy-Szeg6 kernel C.+(,,_1)(w, §) as follows (see [22])

2"7-(”;1 r (n—é—l)

AT (w—¢)

C‘r*(n—l)(w7 E) =

for we T (n), £ €T (.
The kernel Cr+(,,—1)(w, ) is a holomorphic function in w and antiholomorphic in &.
The proof of the following lemma is similar to the proof of Lemma 1.

Lemma 4. Let w = ®(2), &= ®(¢). By mapping (1), the Cauchy-Szegé kernel Cr+ 1y (w,§)
transforms in the following way

1 7573
—Z271%Cpy,

n 22 T2 Oy, (2,0),
where Cxr (2,C) is the Cauchy-Szegd kernel for the Lie ball %Yy, (see [19]).

Critn1) (2 (2), ®(()) =

C§R}LV (Z, C) = ! , )
V (Txp,) [(x —e7%z) (v — e %2)

w3

(=e%z, 2 €R", za' =1, ¢ €|0;2n].

Proof. According to Jacobian property (see [5]) for the Cauchy-Szegd kernel we have

[Cry, (2,0)]° = [Crt o) (@ (2), @ ()] Jc® (2) Tc® (C),
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it follows that

nAaAn

25750 (3)
(

Z3Y3Cpn (2,0) =

Cr ) (@ (2), 8 (Q)) = o1

on—lpt3 [(:c —e7iz)
Theorem 2. For any function f € H (7T (n — 1)) the formula holds*

f(w) = / FE)Crt oy (w, ) (€), w e 7+ (n—1).

FT+(n—1)

Proof. Tt is known that the Poisson kernel for the domain 7% (n) (see [17]) can be written in the

form

2" (I
PT+(7l) (wvf) = 7(1+32 ) |An( Tué))lv

T 2

weTh (n), 56F7+(n).

By Lemma 3.4 from [23] we can get
Prin-1) (2(2), 2(()) dn(@(C)) = Pry, (2,¢)da(C), (7)

where ) -
PéR?V(Z7C) _ (1 + |(Z7Z)| B 2|2T! )2 ,
I(z = ¢,z = Q)
is the Poisson kernel for the Lie ball.
On the other hand, due to the relation between the Cauchy-Szegd and Poisson kernels
(see [23]) we have

Ry, C€ PER”

_ Cw,§)Cw) _ |Cw, &)
Plw,&) = C(w,w) - C(w,w)

and by Lemma 2 we get that

2 n n 2
|Crtm-ny(w. " _ 4 |Z]" [T [Cry, (w,6)]
C‘r*(nfl)(wa ’LU) 2% |Z|n CER’;V (w7 U))

PT+(n_1) (®(2),2(¢) =

1
= o 17 Pay, (2, ©).
From that, we get
1 n
Now dividing the relation (7) by (8), we obtain
dn (2 (¢)) = 2" |T7"|do (¢)

Further on, after changing variable £ = ®(¢) and taking into account Lemma 2, we have

| e wome=z: [ Loy 0o -
Lt Ty
e / f(flr)(%o)CmV(z,C)da(C).
Tpn

fThe Hardy class H'(D) is defined as follows: a function f holomorphic in D belongs to H' (D), if
sup f |f (r€)| dn < oo, where 7 is the Lebesgue measure on the skeleton S (D).
o<r<1 S(D
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P
The last integral is the Cauchy-Szegé integral in the Lie ball of functions f(T(ﬁO)
2
f(2(2))

equal to 7 It gives us the statement of the theorem.
2

, and it is
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I'ynvmupza X. Xynaitbepranon
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Haronasbabiit yauBepcurer Y36eKucrana
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Annoramus. B pabore ¢ ucronnb3oBanueM GurosoMopdnoi sxBuBasenTHOCTH obmacteit 7T (n — 1) u
mapa JIu Ry, Halinena cBasp mexay sapavmu Beprmana u Komu-Cere. [Tostyuensr naTerpaabubie mpeji-
CTaBJIEHUSI TOJIOMOPMHBIX DYHKIHMI B 9TUX O0JIACTIX.

KuaroueBsbie cjoBa: kiaccmyeckue objactu, map Jlu, Tpyba Gymymtero, rpanuia lllumosa, fdkobuan,
sanpo Beprmana, siapo Komm-Cere, ssapo Ilyaccona.
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Abstract. A spectral problem for a multiple differentiation operator with integral perturbation of
boundary value conditions which are regular but not strongly regular is considered in the paper. The
feature of the problem is the absence of the basis property of the system of root vectors. A characteristic
determinant of the spectral problem is constructed. It is shown that absence of the basis property of
the system of root functions of the problem is unstable with respect to the integral perturbation of the
boundary value condition.
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1. Introduction and formulation of the problem

It is well known that a system of eigenfunctions of an operator defined by a formally self-
adjoint differential expression with arbitrary self-adjoint boundary value conditions, that provide
a discrete spectrum, forms an orthonormal basis in the space Ly. The problem of preservation
of basis properties with respect to some weak (in a certain sense) perturbation of the initial
operator was investigated in many papers. For example, the problem was studied in the case of
a self-adjoint initial operator [1-3], and in the case of a non self-adjoint initial operator [4-6].
The following spectral problem is considered in this paper (it is close to the problems considered
in [1,4,7])

l(u) = —u"(x) = du(z), 0<z<1 (1)
Up(u) =4/ (0) —u'(1) —au(l) =0, «a>0, (2)
Us(u) = u(0) /0 p@u(x)dz, p(a) € Ls(0, 1). (3)
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Where ) is an arbitrary complex number. Stability of the basis property of root vectors of the
spectral problem has was studied in the case o = 0 [8]. It is common knowledge that system of
root functions of an ordinary differential operator with arbitrary strongly regular boundary value
conditions forms Riesz basis in the space L(0,1). In the case when boundary value conditions
are regular but not strongly regular, the basis property of systems of root functions, in contrast
to the completeness property, is not even determined by the specific type of boundary value
conditions. This effect was first established by V. A.I'in [5], and the corresponding example was
constructed for some second-order differential operator. In this case it was shown that not only
boundary value conditions but also the values of coefficients of the differential operator affect
the existence of the basis property. Moreover, this property can be changed with an arbitrarily
small change in values of the coefficients in the metric of those classes in which these coefficients
are given. Let L; be an operator in Lo(0,1). It is defined by (1) and "perturbed" boundary
value conditions

Up(u) =u'(0) —u'(1) —au(l) =0, a>0, Us(u)=u(0)= /0 p(x)u(z)dz, p(r) € L2(0,1).

Unperturbed operator (the case p (x) = 0) is denoted by L. Various variants of the integral
perturbation of boundary value conditions were considered [9-13]. It was assumed that unper-
turbed operator Lj has a system of eigenfunctions and associated functions (E&AF) that forms
the Riesz basis in Lo(0,1). Characteristic determinant of the spectral problem for operator L,
was also constructed. Then inferences were drawn about stability or instability of the Riesz basis
property of the E&AF problem with an integral perturbation of the boundary value condition.

The distinctive feature of this paper is that system of eigenfunctions of unperturbed problem
(1)— (3) is complete but it does not form a basis in Ly(0,1) [14]. Therefore, the method that we
use in the previous papers cannot be applied in this case.

2. Characteristic determinant of the spectral problem

Boundary value conditions in problem (1)—(3) are regular but not strongly regular [15]. Sys-
tem of root functions of operator [ is a complete system but does not even form a usual basis in
L5(0,1) [14]. However, as it was shown in [16], a basis can be constructed with the use of these
eigenfunctions. This makes it possible to apply the method of separation of variables to solve
the initial-boundary value problem with boundary value condition (2). The problem that does
not have the basis property of root vectors in Ly(0,1) defined by expression (1) with integral
perturbation of boundary value condition (2) is studied [17]. The general solution of equation (1)
has the form

u(z,\) = C) cos V Az + Cysin Vz.

Using boundary value conditions (2)—(3), we obtain the following linear system with respect
to coefficients Cj, :

4 (\F)\sinﬁ—acosﬁ) + (ﬁ (1 —cosﬁ) —asin\f)\) =0,
o <1 — /lp(x)cos ﬁxdz) + Cy /Olp(m)sinﬁxdx =0.

0
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Therefore, characteristic determinant of problem (1)—(3) has the form
1 [
Ar(N) = (\F)\sin VA — acos \f)\) . / p (z) sin Vzda —
0
1
_ (\F/\ (1 — cos \ﬂ) — asin \F)\) (1 - / p(x) cos ﬁxdm) . ()

0

If p(x) = 0 then the characteristic determinant of unperturbed problem (1)—(3) is obtained.
It is denoted by

Ao(N) = VA (1 — cos \f/\) — asin V.

Solving the equation Ag(A) = 0, we have two series of eigenvalues /\,(:) = (27rk)2, k=1,2,...,
/\,(f) = (Qﬁk)Q, k=1,2,..., of unperturbed problem (1)-(3). Here §; are roots of the equation

tgﬁz%, 8> 0. (6)

They are positive7T and satisfy the following inequalities:
wk < B < wk + 5 k=0,1,2,....

For the difference 0y, = B — wk at large enough k the following two-sided estimates are true

« 1 o 1
m(l_m><5k<2m<l+27ﬂc)' @

When p(z) = 0 eigenfunctions of the unperturbed problem have the following form

ug)(x) =sin(2rkx), k=1,2,..., u,(f) (x) =sin(2Bgx), k=1,2,....
When p(x) = 0 let us consider the problem adjoint to unperturbed problem (1)-(3)

Lx (v) = Av,v'(1) + av(0) = 0;  v(0) —v(1) =0 (8)

It has eigenfunctions
v,gl)(x) = C’,il) (COS(27T]€$) — ﬁ sin(27rkx)) , k=1,2...,
7r

v](f) (x) = C’,(f) (cos(2ﬂkx) + % sin(2ﬂkx)) , k=1,2,...,

where Clil), C,(f) are selected from the ratio of biorthogonality (ug), ué”) =1, (ugf)7 v](f)) =

1. Hence,

o _ _4m @ _4m 1
o=t gt o(1) 0

An auxiliary system was constructed that forms the basis in Ly(0,1) [16]

uo(z) = uf () - (260) ", uan(z) = uf (x),
wze1(2) = (@) — P @) - 20071 k=12,

The system that is biorthogonal to auxiliary system is

vo(x) = 2501)(()2)(56), vok(z) = vl(f) (x) + vlgl)(x), vop—1(x) = 2(5;@11122) (), k=1,2,....
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It is constructed from the eigenfunctions of problem (8). The function p(z) can be represented
in terms of Fourier series based on the auxiliary system {vy(x)} :

p(x) = agvo(x) + Y _ (axvar(x) + brvas—1(x)). (10)
k=1
We integrate expression (5) and obtain
[ PR = 2o fag -0 20y
p(x)sinVAzdr = Ag(X) -} do - _—
0 ® - (260)°

oo 0o (2)
_oam 1 C g
+ E ar - C + E ar + bi(20;)) ¢,
P P2k A - (260)° ( )

where

Ag(A) = \5(1 — cos \[\) —asinV;

/1p(:z:)cosxr)\zdx = aom (ﬁsm\ffacosf>
0

/\*(250)
SO (o (1o A) £ VAV 4
i ar + by (2% ))%(\asinﬁ—acosﬁ—a).

Using obtained results, determinant (5) is reduced to the form

> 1 2) 1
14« ap lCW—— 0P~ )
;( ( FON = (2km)? PN = (28)°

(2) (2)
— bk%kcu> +2 (ﬁsin\&—acosﬁ) . (%W +
A —(28k) A —(250)

O — fenle sl
+Z< (C 2k +Cy A(%ﬁ) + bk/\i(Qﬂk)Q , (11)
where Ao(A) = \f(l_COS\/»)—asmf

Expression in square brackets is denoted by A(X). The obtained above result is formulated
as the following theorem.

Ap(A) = Ap(N)

Theorem 2.1 Characteristic determinant of spectral problem (1)—(3) with perturbed boundary
value conditions can be represented in form (11), where Ag(X) is the characteristic determinant of
the unperturbed problem, and ay, by are the Fourier coefficients of expansion (10) of the function
p(x) in the biorthogonal system of eigenfunctions of adjoint problem (8).

Function A(\) with A = (28;)? and A = (27k)? has first order poles. Therefore, Aj()\) =
= Ao(A) - A(N) is an entire analytic function of the variable A\. Characteristic determinant (11)
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has the simple form when p(z) is represented as a finite sum in (10). When there exists a number
N such that a; = by, = 0 for all k > N then function A(X) has the form

1 1
ak Clgl) 3~ Cl(cz) 3
X (2km) X— (2By)

2 e
2k +2(VAsin VA ~ acos VA) - a2 Co_ |
A= (28k)

S (2)
oL ewm L), @G
s <Ck . (2ﬁk>2> o (2&)2] -

It follows from (12) that A;(AL) = A;(AZ) = 0, for all K > N. Consequently, all eigen-
values A}, A2, k > N of unperturbed problem (1)-(3) (p(z) = 0) are eigenvalues of per-
turbed problem (1)-(3). Multiplicity of eigenvalues Af, A2, k > N is preserved. It fol-

lows from the condition of biorthogonality of the system of eigenfunctions {ug)(x), u,(f) (l’)}

N
AN =—-14a)
k=1

1 1
and{v,(cl)(m), v,(f)(a:)} that {p(x)u,(cl)(x)dx =0, g’p(a:)u,(f) (x)dx =0, k > N. Thus, eigenfunc-

tions {u,(cl)(x), u,(f)(x)} , k> N of unperturbed problem (p(x) = 0) (1)—(3) satisfy the boundary
value conditions of perturbed problem (1)—(3). Therefore, the system of eigenfunctions of per-
turbed problem (1)—(3) and the system of eigenfunctions of the unperturbed problem (p(z) = 0)
coincide which do not form a basis with the exception of a finite number of the first terms. Then
the system of eigenfunctions of perturbed problem (1)—(3) is also not a basis in Ly(0,1) in this
particular case.
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O06 oagnoilt 3a7a4de, He obJIajaloNIeil CBOICTBOM 0a3MCHOCTU
KOPHEBbIX BEKTOPOB, CBSI3aHHOII C BO3MYIL€HHbIM
peryJiipHbIM OIepaTopoM KpaTHoro anddepeHImpoBaHns

Hypaan C. Umanbaen

FOzxn0-Kazaxcranckuil rocy1apCcTBEHHBIH [I€JArOTHIECKU YHUBEPCUTET
Yumkent, Kazaxcran

MHCTI/ITyT MaTeMaTHUKU U MaTeMaTHUYI€CKOI'0 MOJAC/INPOBaHUA

Auva-Ara, Kazaxcran

AnnoTaiuda. B pabore paccMaTpuBaeTCs ClieKTpaJsibHas 3a1a9a I OllepaTopa KpaTHoro auddepeHIiim-
POBAHUsl IIPY WHTEIPAJILHOM BO3MYIIEHUN KPAEBLIX YCJIOBUI OHOIO THUIIA, SIBJISIIONIMXCS PEryJIsipDHBIMHU,
HO HE YCUJICHHO DEryJISIPHBIMHE, IZie OCOOEHHOCTHIO 33/1a91 CIUTAIOT OTCYTCTBHAE CBONWCTBA 0A3MCHOCTH y
CUCTEMBI KOPHEBBIX BEKTOPOB. [locTpoeH XapakTepucTUIeCcKuil OIpeIesInTellb CIeKTPaibHOi 3amaan. [To-
Ka3aHO, YTO OTCYTCTBHE ODA3UCHOCTU y CHUCTEMbI KOPHEBBIX (DYHKIUI 3a/[a4U HEYCTONYMBO OTHOCUTEILHO
WHTErPAJIbHOTO BO3MYIIEHUST KPAEBOTO YCIOBUSI.

KuaroueBrble ciioBa: oneparop KpaTHOTO AuddepeHIInpOBaHusi, HHTErpaJbHOe BO3MYIIEHNE KPAEBbIX
ycaoBuil, 6a3UCHOCTb, KOPHEBBIE BEKTOPBI, CUCTEMA COOCTBEHHBIX M IIPUCOENMHEHHBIX (DYHKIIN, COO-
CTBEHHOE 3HAYEHME, XapaKTEePUCTUIECKUI OIPeIe/TUTEb.
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Abstract. The unidirectional motion of two viscous immiscible incompressible liquids in a flat channel
is studied. An unsteady temperature gradient is set on the bottom solid wall, and the upper wall is
a free boundary. Liquids contact on a flat interface. The motion is caused by the combined action
of thermogravitational and thermocapillary forces and a given total unsteady flow rate in the layers.
The corresponding initial boundary value problem is conjugate and inverse, since the pressure gradient
along the channel is determined together with the velocity and temperature field. An exact stationary
solution was found for it. In Laplace images, the solution of the non-stationary problem is found in
the quadrature forms. It was established that if the temperature on the bottom wall and the flow rate
stabilize with time, then the motion goes to a stationary state with time. This fact indicates the stability
of the stationary solution with respect to unidirectional unsteady perturbations. The calculation results
showing various methods of controlling motion by setting the temperature on the wall are given.

Keywords: thermocapillary, interface, Oberbek—Boussinesq equations.
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It is well known that in a nonuniformly heated pure liquid medium there occurs a motion
which is called convection. Under the condition close to zero gravity, the inhomogeneity of the
temperature field affects the flow from the region of little to the region of large surface tension
due to a spontaneous decrease of the interface free energy between two liquid media or the free
boundary (Marangoni effect, see the detailed review in [1]). Observation of thermocapillary
motion due to interfacial tension gradients in terrestrial conditions is very difficult, since gravita-
tional convection becomes the dominant form of motion. However, in recent years in connection
with the development of modern technologies, new problems have arisen in which it is neces-
sary to take into account the thermocapillary effect in terrestrial conditions. For example, in
laser annealing of semiconductors or in laser processing of materials with fusion, which is used
to alloy the surface layer of metal [2]. In this case, relatively long thin layers of melt (of the
order of several micrometers) appear on the surface of materials, in which, according to [3, 4],
thermocapillary forces dominate over gravitational forces. Knowledge of the laws of thermal
convection in liquid layered systems is of interest for understanding the hydrodynamics and heat
and mass transfer processes when applying multilayer coatings, in thermal stabilization systems
of power plants or cooling electronic devices, in the processes of growing single crystals and films,
etc. [5]. It is known that the solution of R.V.Birikh [6] describes a stationary convective flow
in a strip. For the first time, its generalization to the case when the longitudinal temperature
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gradient depends on time was proposed by V.V.Pukhnachev in [7], as well as [8]. A similar
generalization the solution of the problem of the motion of two immiscible liquids with a flat
interface allows [9]. In the monograph [10], the problems of unidirectional motion of a viscous
heat-conducting fluid in a flat horizontal channel in a field of gravity acting across the channel
are studied. At the same time, an unsteady temperature field is set on a fixed solid wall, and
the upper boundary can be a solid wall, either insulated or not, or a free boundary. The present
work is devoted to the study of the unidirectional thermogravitational motion of two immiscible
viscous liquids in a flat horizontal channel. In this case, an unsteady temperature field, which is
linear in the longitudinal coordinate, is set on the lower solid wall and the upper wall is a free
boundary. The system of Oberbek—Boussinesq equations is taken as a mathematical model. A
detailed conclusion and analysis of the main assumptions that lead to this system are available
in many works, for example, in [7].

1. Statement of problem

We consider a system of two incompressible immiscible liquids with an interface y = 0. The
parameters of the fluid that moves in the strip —h; < y < 0, —00 < = < oo are denoted by
index “1”7, and the parameters of the fluid moving in the strip 0 < y < hs will be denoted by
index “2”; pj, vj, Wy, X4, B; are densities, kinematic viscosities, dynamic viscosities, thermal
diffusivity and volume expansion coefficients, respectively. Further on, it is assumed that these
parameters are positive constants. Let x and y denote the horizontal and vertical coordinates,
gravity with acceleration g acts in the negative direction of the y axis. Substitution of a solution
of the form [8]

Uj :wj(yat)v Gj = _a‘j(y7t)x+Tj(y7t)a p; = _bj(y7t)x+Pj(y7t)a .7 = 172 (1)
into the Oberbek—Boussinesq system leads to the equations
a5t = Xj%yy>
bjy = pj9bja;,
1
Wit = VjWjyy + — bj, (2)
Pj
Tje = X Tjyy + ajwy,
Pjy = p;98;T;-
In (1) u; is the projection of the velocity vector on the x axis, §; is temperature, p; is pressure
deviation from hydrostatic one. Next, we consider the problem only for determining the velocity
field, that is, the problem for w; and a;. The functions T); will be the solution of the conjugate

problem similar to the problem for a;. Using the known functions a; and T}, the functions
bj(y,t) and P;(y,t) are reconstructed by quadratures from the second and fifth equations of (2)

Yy
bi (4:1) = p;9b; / a; () dz + Cy(2),
’ 3)
Piy.t) = pgb; / Ty(2.t) dz + Poy(1).

For the system (2), we can pose various initial-boundary value problems that describe the motion
in a flat channel: one liquid in a channel with solid impermeable walls, a solid wall and a free
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boundary, one or more interfaces, an interface and a free boundary (a part of the statements of
such problems was considered in [8,10]). In this paper, we consider the last case for a specific
problem, namely, when the temperature is set on the solid lower wall y = —h;, and the upper
wall y = ho is free boundary. Since the interface y = 0 at the initial moment of time is assumed
to be horizontal, at any moment of time it will be such [10, p. 41]. The large capillary pressure
(Weber number We > 1) allows us to assume that the free surface y = ho also remains flat [11].

We introduce the characteristic length scales for the first and second layer, these are h; and

ho, for time this is h%xfl and functions wj, a;j, C; these are x;h La= Igﬂuoxml(—hl,t)\ > 0,

J
11X1 h1_3 and write out the conjugate initial boundary value problem for the functions a;(y,t) in
the dimensionless form

alt(yvt) = alyy(yat)v -1 <y <0,
ase(y,t) = WX tagyy(y,t), 0<y<1,

a; (ya 0) = @j0 (y)a (5)
ai(—1,t) = a(t), agy(l,t)+ Bias(1,t) =0, (6)
a1 (O, t) = az (0, t), kaly (0, t) = hagy (0, t) (7)

In (4)(7) h = hi/ha, X = x1/X2, k = ki/ks, Bi = yhoky ' is the Bio number, v > 0 is
the interfacial heat transfer coefficient, and functions a;o(y) and a(t) are known. Relations (7)
follow from the equality of temperatures and heat fluxes at the interface y = 0.

Let us pass to the formulation of the problem for dimensionless velocities w;(y, t)

y
Py wr (g, 1) = wiyy (3. 1) + Ry / a1(z,6) dz + Cr(t), —1<y <0, (8)

0

y

Xh 2Py wat (y, 1) = way, (v, t) + Rag / az(z,t)dz + pxh2Ca(t), 0<y<1, 9)

0
w;(y,0) = wjo(y), (10)
wl(*lat) :07 Xhilwl(o,t) :w2(07t)' (11)
The first condition in (11) is the sticking condition on the lower solid fixed wall y = —1, and

the second is a consequence of the continuity of velocities at the interface y = 0. The dynamic
condition on the interface y = 0 is reduced to two:

way (0, 1) — pxh w1y (0,1) = —Mayay (0,1),  p1(0,t) = p2(0,1). (12)
The last condition, together with representations (1), (3), implies the equalities
Cy(t) = Co(t) = C(t), P1(0,t) = Py(0,1).
Besides, on the free boundary y = 1, from the dynamic condition for tangential stresses it follows
way(1,t) = Magaa(1,t). (13)

Assuming We > 1, from the condition for normal stresses we obtain that the free surface remains
flat. In equations (8), (9) and in conditions (12), (13), dimensionless parameters arise u = 1/ 2,
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P; = v;/x; are the Prandtl numbers, Ra; = gﬂjdh‘;/ujxj are the Rayleigh numbers, Ma; =
= &;ah3/uax2 are the Marangoni numbers.

If C(t) is given, then the statement of the problem for velocities is completed. The aim of
this work is to study the inverse problem, therefore, it is necessary to put another condition is
the total consumption in layers

0 1
X/ wl(z,t)dz+/0 wo(z,t) dz = q(t). (14)

-1

2. Stationary solution

Suppose that a(t) =ag =counst, ¢(t) =qgo=const. We give the form of a stationary solution

a(}(y)a w?(y) and C°= const

Biao

ai(y) = -———(y+1) +a, -1<y<o,
Biay (& (19
a(y) = ——2(Ty+1)+ap, 0<y<1,
5 \h
0 __aoRa1 _E4 _@ 3 _QQ 1<y <
wy(y) = 2 ( 5Y —|—4(1 6)3/) 5 Y + m1y + ma, 1<y <0,
oy _ _GoRaz ( kBi , _Bi) 3\ wxC® o, <y (16)
wy(y) = 21 < 75 Y +4(1 5 )Y ops Yt may +ma, 0<y<l,
C® =6+ hmy
In (15), (16) we introduced the notation
5= (1+Bi)k L Bi,
h
aoh® [Rag Bi k Bi Bi k
=— =2 (3-=2@3+2))+May (1—— ) +Mag (1 — —(1+ =
== [ (T ) v (=3 )+ (- ).
aORa1 3Bi 51 XaoRal 4Bi aoRag Bi k
= 7—4 —_— = _ — — _ — —
02 ==, <5 >+2’ % 20 \°7 % 20 \°" 503
— —603 + X51(1 + /Lh_S) + 3a0Ma1(1 — Bi(5_1) - 6(52)((1 + h_l) + 6qo
! —hx(1+ ph=3) = 3x(1 — ph=2) + 3h~x(h + 1)(h + 2)

m Bi
m2:52+71(h+2), m;g:l}?ml—aoMal(l—é), m4:%m2,

Fig. 1 shows stationary velocity profiles w?(y) depending on the dimensionless flow rate qp.
Hereinafter, the function w®(y) coincides with the functions w?(y), j = 1,2 on their domains of
definition. The calculations show that with an increase in qg, the velocity profile in the first layer
becomes linear, i.e., a Couette flow arises. In the second layer, a Poiseuille flow arises (parabolic
profile). With a decrease in the layers qo, zones of the return flow arise.

Fig. 2 shows stationary velocity profiles for different values of the Bio number. It can be
seen that in the second layer for Bi = 0 (a thermally insulated free surface) the velocity profile
is linear, and with an increase the Bio number it becomes parabolic. The dependence of the

velocity profile in the layers on the dimensionless temperature gradient ag is shown in Fig. 3.
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Fig. 1. Stationary profile of velocities w?(y) depending on the dimensionless flow rate

The case when ag < 0 means that the bottom wall is cooling. So, for ag = 2 a return flow arises
near the interface y = 0, and for ayp = —2 the direction of the current changes to the opposite.
At ag = 0 in both layers the velocities have a parabolic profile and there are no zones of return
flow.

057

-0.5¢

w'(y)

Fig. 2. Stationary profile of velocities w? (y) depending on the Bio number

Changes of the Marangoni numbers also affect the nature and intensity of the arising currents.
So, a change in the number Ma; affects the direction and intensity of the flow near the interface
y = 0 (see Fig. 4 a), and the number Mas only affects the intensity near the free boundary
(see Fig. 4 b).
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Fig. 3. Stationary profile of velocities w?(y) depending on the dimensionless temperature

J
gradient ag

Fig. 4. Stationary profile of velocities w?(y) depending on the Marangoni numbers Ma; (a)
and May (b)

3. Solution of conjugate problem by the Laplace
transformation method. Analysis of numerical results

To solve non-stationary problems (4)—(7) and (8)—(14) we apply the Laplace transform. As
a result, we arrive to boundary value problems for images A;(y, s) of functions a;(y,t)

Alyy(ﬁ% S) - SAI (y7 S) = —alo(?/)7 -1 < Y < 07 ( )
17
Agyy(y, s) — sxh™?As(y, s) = —xh2ax(y), 0<y<1,

Ai(—1,5) = A(s), Agy(l,s)+Bidy(1,5) =0, 18)
Al(O, S) = A2 (O, S), kAly(O, S) = hAgy(O, S)
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and images W;(y, s) of functions w;(y,t)

y A~
Wiyy(y,s) — sP;lwl(y, s)=— (Pllwlo(y) + Ral/ Ai(z,8)dz + C(s)), —-1<y<O,
0

(19)
SX X
Wayy(y, 5) *hT%WQ(yaP) <h2P wao(y)+ Ra2/OA2(Z s)dz + 3 —=C(s )>, 0<y<1,
Wl(—l,S) = Oa XhilWI(Oas) = WQ(Oa S)a W2y(175) = MalAQ(la 8)7
(20)

0 1
W?y(()) S) - /’('Xh_zwly(07 8) = _MalAl(Oa S)a X/ WZ(?J? S)dy+ W2<ya S)dy = Q(S)
-1 0

When deriving equations (17), (19), the initial data (5), (10) were used. In (18), (20) the A(s)
and Q(s) are images of the given functions a(t) and ¢(¢) respectively (see conditions (6), (14)).
The general solution of equations (17), (19) has the form

Ai(y,s) = by sh /sy + by ch /sy — \i[ /y ao(2)sh/s(y — 2)dz

As(y, 8) = bysh /sy + by ch /sy — \/\; as0(2)sh/s(y — 2) dz
1 (v C(s 1 (21)
Wi(y,s) =dishayy + dachaqy — 071/ fi(z,8)shaqly — z)dz — %(chaly — ;1)7
0

pP2C(s)
S

1 (v
Wa(y,s) = dzshagy + dych oy — ;2/ fa(z,p)shag(y— z)dz— (chagy — 1),
0

Yy
fi(y,p) = Py twio(y) —|—Ra1/ Ai(z,8)dz,  fa(y,s) = 7h2>;2w20(y)+Ra2/ Az(z, ) dz,
0

ap =y/sP1 Y, =/sxPy'hh

The values my, di, k = 1,4, appearing in (21), and function C(s) are determined from the
boundary conditions (18), (20). The type of these values is not presented here because of its
complexity.
Suppose, that lim a(tf) = ap and lim ¢(t) = qo. Using the obtained representations for
t—o0 t—o00

Aj(y,s), W;(y,s) and C’(p), we can prove the limit equalities

A a;(yt) = lim sA4;(y, s) = aj(y),  lim w;(y,t) = lim sW;(y, s) = wj(y), )
lim C(t) = lim sC(s) = C*,
t—o0 s—0
where a;(y), w*(y) and C*® are given by formulas (15), (16).

Using the method of numerical inversion of the Laplace transform, we obtain some results for
the velocities. The case when ¢(t) = 0 (the flow rate is zero and the movement occurs only due
to thermogravitational forces) is considered, and the longitudinal temperature gradient on the
bottom wall is distributed according to the law at) = ag +71e7 72t sin(y3t), where the coefficients
71, y2 are responsible for the amplitude and frequency of the oscillations, respectively. In the case
when a # 0,72 > 0, then, according to equalities (22), the solution converges to the stationary
state (see Fig. 5 a), and for 7o < 0, the limits of the functions at) at ¢ — oo do not exist and
the solution does not tend to the stationary state (see Fig. 5 b). As a(t) discontinuous functions
can also be specified, thereby also influencing the nature of the flow.
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Cioucroe ABMKeHWE ABYX HECMEITNBAIOMINXCS YKUJTKOCTEIA
co cBoDOOHOII TpaHuIieii

Enena H. JlememnkoBa
MNucruryT Bhraucanressaoro mogenuposanns CO PAH
Kpacnosipck, Poccuiickas @eneparus

AwnnHoranusi. VI3ydeHo oHOHAIPABICHHOE JBUKEHNE NBYX BI3KUX HECKUMAEMBIX KHUIKOCTEH B ILJIOC-
KoM KanaJjie. Ha HU>KHel TBepoil CTeHKe 3aJiaH HEeCTAllMOHAPHbBIA I'PAJMEHT TEeMIIEPATYDbI, & BEPXHsIs
CTeHKa — CBOOOJHAsT rpaHuIia. 2AKUIKOCTH KOHTAKTHUPYIOT IO IIJIOCKOHM MOBEPXHOCTH pa3siesa. JlBuke-
HIE BBI3BAHO COBMECTHBIM JIEMCTBUEM TEPMOTDABUTAIMOHHBIX U TEPMOKAMMIISPHBIX CHJI U 3aJAHHOTO
06II1ero HECTAIMOHAPHOTO pacxona B cjiosaXx. COOTBETCTBYIONIAs HAYAIbHO-KPaeBas 3a/1a9a sABJISeTCS CO-
MPsTKEHHON 1 0OPATHOM, MOCKOJBKY T'PAIUEHT JIaBJIEHUs BIOJb KaHAJA JOJXKEH HAXOJIUTHCS BMECTE C
moJsileM CKOopocTeil m Temmeparyp. s mHee HaiileHO TOYHOE CTAIMOHApHOE perneHune. B m300parkeHums X
o Jlamracy perieHne HecTarOHAPHOM 3aJ@4du HAXOJWTCS B BUIE KBAJAPaTyp. YCTAHOBJIEHO, YTO €C-
JIM TeMIIepaTypa Ha HUXKHEH CTeHKE W PAaCXOJ] CTAOWMIM3UPYIOTCS CO BPEMEHEM, TO JBUKEHHE BBIXOIUT
Ha CTAIMOHAPHBIA PEXKUM C POCTOM BPEMEHHU, UTO FOBOPUT 00 yCTONYUBOCTH CTAIMOHAPHOIO PEIIEHUS
OTHOCUTEJILHO OHOHAIIPABJIEHHBIX HECTAIOHAPHBIX BO3MyIleHuil. [IpuBeieHbl pe3yabTaTbl pacueros,
MMOKA3bIBAIOIINE PA3JIHYHBIE CIOCOOBI YIPABJIEHUs JBUXKEHUEM C TOMOIIBIO 3aJaHUs TEMIIEPATYPHI Ha
CTEHKE.

KiroueBsle ciioBa: TepMOKAINIIISIPHOCTD, IOBEPXHOCTH pasiesa, ypaBuenus Obepbexka—Byccunecka.
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Abstract. In this article, we study the property of being equationally Artinian in groups. We define the
radical topology corresponding to such groups and investigate the structure of irreducible closed sets of
these topologies. We prove that a finite extension of an equationally Artinian group is again equationally
Artinian. We also show that a quotient of an equationally Artinian group of the form G[t] by a normal
subgroup which is a finite union of radicals, is again equationally Artnian. A necessary and sufficient
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provide a large class of examples of equationally Artinian groups.
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In the mid-twentieth century, Alfred Tarski asked whether two arbitrary non-abelian free
groups are elementary equivalent. To answer this question, it was necessary to investigate systems
of equations over groups. Makanin and Razborov proved that the existence of solutions for
systems of equations over free groups is a decidable problem and an algorithm to solve such
systems of equation is discovered (Makanin-Razborov diagrams, see [10] and [14]). The work of
Makanin and Razborov as well as many other mathematicians was the beginning of algebraic
geometry over groups. Since then, this new area of algebra was the subject of important studies in
group theory. The work of Baumslag, Myasnikov and Remeslennikov provides a complete account
of this new subject, [1]. Positive solution to the problem of Tarski is discovered by Kharlampovich,
Myasnikov and Sela at the the beginning of the recent century (see [7-9] and [15]). After that,
many mathematicians investigated the algebraic geometry over general algebraic systems and
this new area of algebra is now known as universal algebraic geometry. The reader can see the
works of Daniyarova, Myasnikov, and Remeslennikov as well as the lecture notes of Plotkin as
introduction to this branch, [3-6], and [13].

One of the very important notions in the algebraic geometry of groups (as well as other
algebraic structures) is the property of being equationally Noetherian. Note that if S is a system
of equations over a group A, then we say that the system S implies an equation w = 1, if every
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(© Siberian Federal University. All rights reserved
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solution of S in A is also a solution of w ~ 1. This gives us an equational logic over the group
A which is not in general similar to the first order logic. For example, the compactness theorem
may fails in this equational logic. There are examples of groups such that the compactness for
the systems of equations fails (see [1] and [5] for some examples). In some groups, every system
of equations is equivalent to a finite subsystem, such groups are called equationally Noetherian.
Free groups, Abelian groups, linear groups over Noetherian rings and torsion-free hyperbolic
groups are equationally Noetherian. To see interesting properties of this types of groups, the
reader can consult [11] and [16]. This kind of groups have very important roles in algebraic
geometry of groups. There are many equivalent conditions for the property of being equationally
Noetherian, for example, it is known that a group A has this property, if and only if, for any
natural number n, every descending chain of algebraic sets in A™ is finite. According to this
equivalent condition, in [11] and [12], the dual property of being equationally Artinian is defined.
A group A is equationally Artinian, if and only if, for any natural number n, every ascending
chain of algebraic sets in A™ is finite. In [12], many equivalent conditions to this property is
given.

In 1997, Baumslag, Myasnikov, and Romankov proved two important theorems about equa-
tionally Noetherian groups: first, they showed that a virtually equationally Noetherian group is
equationally Noetherian. They also showed that quotient of an equationally Noetherian group
by a normal subgroup which is a finite union of algebraic sets, is again equationally Noetherian
(see [2]). In this Article we prove similar results for the case of equationally Artinian groups.
These results will provide a large class of examples for equationally Artinian groups. Also,
we study irreducible closed subsets of the radical topology in the case of equationally Artinian
groups and we obtain a necessary and sufficient condition for an Abelian group to be equationally
Artinian.

1. Preliminaries

Let G be an arbitrary group and suppose that X = {z1,...,z,} is a finite set of variables.
Consider the free product G[X]| = G x F'[X], where F[X] is the free group over X. Every element
w € G[X] corresponds to an equation w = 1, which is called a group equation with coefficients
from G. f w = w(x1,...,Tn, g1, .-,9m) € G[X], then the expression w ~ 1 is a G-equation with
coefficients g1, ..., gm € G. Suppose H is a group which contains G as a distinguished subgroup.
Then we say that H is a G-group. A tuple h = (h1,...,hy,) € H" is called a root of the equation
w= 1, if

whi, . hn, g1y gm) = 1.

An arbitrary set of G-equations is called a system of equation with coefficients from G. The set
of all common roots of the elements of S in H is called the corresponding algebraic set of S and
denoted by Vg (S). Clearly, the intersection of a non-empty family of algebraic sets is again an
algebraic set but the same is not true for unions of algebraic sets. If we define a closed subset of
H™ to be an arbitrary intersection of finite unions of algebraic sets, then we get a topology on
H™, which is known as Zariski topology.

For a subset E C H", we define the corresponding radical Rad(E) to be the set of all elements
w € G[X] such that every element of E is a solution of w a2 1. This is a normal subgroup of G[X]
which is called the radical of E and the quotient group I'(E) = G[X]/Rad(FE) is called the coor-
dinate group of E. Similarly, for a system S, we define its radical to be Rady (S) = Rad(Vi(.9)).
This is the largest system of G-equations equivalent to S over H. The corresponding coordinate
group is I'gr (S) = G[X]/Radu (S). It is proved that the study of coordinate groups is equivalent
to the study of Zariski topology, i.e. algebraic geometry of H reduces to the study coordinate
groups, [1].
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A G-group H is called G-equationally Noetherian, if for every system S, there exists a finite
subsystem Sy, such that Vi (S) = Vi (Sp). Such G-groups have important role in the study of
algebraic geometry over G-groups. There are two extremal cases: if G = 1, we say that H is
l-equationally Noetherian or equationally Noetherian without coefficients, and if G = H, then
we say that H is equationally Noetherian (or equationally Noetherian in Diophantine sense).
It is proved that a l-equationally Noetherian finitely generated group is equationally Noethe-
rian as well, [1]. The class of equationally Noetherian groups is very large, containing all Free
groups, Abelian groups, linear groups over Noetherian rings and torsion-free hyperbolic groups
are equationally Noetherian. It is not hard to see that the following statements are equivalent
for a G-group H:

i- H is G-equationally Noetherian.
ii- the Zariski topology on H™ is Noetherian for all n.

iii- every chain of coordinate groups and proper epimorphisms

is finite.

The authors of [2] proved two important theorems about equationally Noetherian groups.
The first theorem shows that a finite extension of an equationally Noetherian group is again
equationally Noetherian. The second theorem says that if G is equationally Noetherian and N
is a normal subgroup which is a finite union of algebraic sets (in Diophantine case), then G/N is
also equationally Noetherian. In this article, we are dealing with the dual notion, the property
of being equationally Artinian and we prove the similar statements for this type of groups.

2. Equationally Artinian groups

Equationally Artinian algebras are introduced in [11] and [12]. In this section, we review this
notion for the case of G-groups. We say that a G-group H is G-equationally Artinian, if for
any n, every ascending chain of algebraic sets in H™ terminates. This is not equivalent to the
property of being Artinian for the Zariski topology, instead we define a new topological space
which becomes Noetherian if H is equationally Artinian. Suppose

T ={uRad(FE): EC H", uec G[X]}.

Note that for arbitrary cosets uRad(FE) and vRad(F), if their intersection is non-empty,
then for an arbitrary element w € uRad(E) N vRad(F'), we have wRad(F) = uRad(E) and
wRad(F)=vRad(F'). Hence uRad(E) NvRad(F) = w(Rad(E)NRad(F')) = wRad(E U F). This
shows that the intersection of two cosets of radicals, is again a coset of a radical subgroup (or it
is empty). The set T is a subbasis of closed sets of a topology on the set G[X] which is called the
radical topology on G[X] corresponding to H (this topology is finer than the previous one defined
in [12], in fact the subbasis introduced in [12] is a fundamental system of closed sets containing
the identity of G[X]). Every closed set in G[X] is an arbitrary intersection of finite unions of
cosets of the form vRad(E), with E C H" and v € G[X]. In [12], it is proved that the following
statements are equivalent for a G-group H:

i- H is G-equationally Artinian.

ii- for any n and any subset E C H", there exists a finite subset Ey C FE, such that
Rad(E) = Rad(Ejp).

ili- the corresponding radical topology over G[X] is Noetherian.
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Remark 1. The proof is essentially the same as in [12], but since we used here our enhanced
definition of finer radical topology, so we show that why the proof remains unchanged. We only
need to show that for a G-group H, being G-equationally Artinian is equivalent to the property
of being Noetherian for the corresponding radical topology on G[X]. So, let H be G-equationally
Artinian and

T ={uRad(E): EC H", uec G[X]|}.

We first prove that T" satisfies the descending chain condition. Suppose
uiRad(E1) D ugRad(E3) D ugRad(FE3) D ---
is a descending chain of elements of 7. Then we have also the following chain
Rad(E;) 2 Rad(F2) 2 Rad(E3) 2 - .

Therefore,
VH(Rad(El)) Q VH(Rad(EQ)) Q VH(Rad(Eg)) g ety

and this later chain terminates, as H is G-equationally Artinian. So, for some k, we have
Vi (Rad(Eyx)) = Vu(Rad(Ek+1)) = Ve (Rad(Ek42)) = -+ .
Taking one more radical, we get
Rad(Ex) = Rad(Ek+1) = Rad(Eg42) = - .
This shows that
upRad(Ey) = up+1Rad(Ek41) = upr2Rad(Egq2) = -,

and hence T satisfies the descending chain condition. Now, let 77 be the set of all finite unions
of elements of T" and T3 be the set of all arbitrary intersection of elements of T7. Note that 75 is
the set of all closed subsets of G[X] with respect to the radical topology. We show that T also
satisfies the descending chain condition. Suppose that

Ml = ulRad(El) u...u umRad(Em), M2 = lead(Fl) U...u kaad(Fk)

are sets in 77 and My C M;. For every i < m and j < k, we have w;Rad(E;) N v;Rad(F;) C
u;Rad(F;). Hence we can gain a tree with root vertex u;Rad(E;) and with a unique edge from
the root to every proper subset u;Rad(E;) N v;Rad(F;) C u;Rad(E;). Suppose there exists a
strictly descending chain of subsets in T:

MlegDMgD"'.

As we mentioned, we obtain a tree for any inclusion M; D M; 1, such that each vertex is a finite
intersection of sets in T', hence each vertex is in T itself, since as we saw above, the non-empty
intersections of a finite number of elements from 7' are again belong to T'. Since each vertex is
connected to only finite number of other vertices, so each vertex has finite degree. So, every path
corresponds to a strictly descending chain of radicals and since H is G-equationally Artinian, so
the path is finite. By the well-known Ko6nig’s lemma of graph theory, this implies that the graph
is finite. Therefore the above chain is also finite. So T} satisfies the descending chain condition
and is closed under finite intersection.

Now, we prove that 75 satisfies the descending chain condition too. Suppose ()=, R; is an
infinite intersection of elements of 77. Then we have the following chain:

RIDRINRy, DR NRy,NR3 D ---.

- 586 —



Mohammad Shahryari, Javad Tayyebi On the Equationally Artinian Groups

Since T satisfies descending chain condition and is closed under finite intersection, so the chain
terminates. Therefore

o0
3k:RiNRyN...N Ry =) Ri.
i=1
Hence, every infinite intersection of subsets of 77 is in fact a finite intersection in 77 and so
it belongs to T7. Consequently, we have T, = T} and hence it satisfies the descending chain
condition. This shows that the radical topology on G[X] is Noetherian. The proof of the
converse statement is trivial.

By (EA)q, we denote the class of all G-equationally Artinian G-groups, by (EA)1, the class
of 1-equationally Artinian groups and EA will be used for the class of Equationally Artinian
groups (Diophantine case where G = H). In this article, we first prove the following theorem.

Theorem 1. Let G € EA be torsion-free and E C G™ be an algebraic set. Then the set Rad(F)
is @rreducible and all irreducible closed subset of G[X] is a coset of some radical.

Our main tool to prove this result is a well-known theorem of B. Neumann which says that
if a group covered by a finite set of cosets of subgroups, then at least one of those subgroups has
finite index. This result of Neumann also will be used to prove the following result.

Theorem 2. Let G € EA be torsion-free and E C G"™ be a non-empty algebraic set with
Rad(E) # G[X]. Then the interior of Rad(FE) is empty.

Note that every Noetherian topological space has finite number of irreducible components. In
the case of a torsion-free equationally Artinian group G, the space G[X] has a unique irreducible
component, say G[X] itself. Theorem 2, also shows that if G € F'A is torsion-free, then G[X] is
connected. We will prove the converse for coefficient-free case.

Theorem 3. Let G € (EA)1. Then G is torsion-free if and only if, F[X] is connected.

Note that there are many equationally Noetherian groups which are not equationally Artinian,
for example, the additive group Q/Z, the multiplicative group of complex numbers, the quasi-
cyclic groups Zp (see also Theorem 8). Many other groups like non-Abelian free groups and
torsion-free hyperbolic groups are failed to be equationally Artinian (as they are domains and
every equationally Artinian domain is finite). It must be said that, at the time of writing
this paper, we don’t know if there is equationally Artinian group which is not equationally
Noetherian. But, both classes are included in a larger class of groups which we call equationally
semi-Noetherian. A group G has this property, if for every system of equations S C G[X], almost
every finite subset 7" C S can be omitted solving the system over G, i.e. there exists a finite
subset Sy € S such that for all other finite subset ' C S\ Sy, we have Vg (S) = Ve(S\ T).
Clearly, every equationally Noetherian group has this property. We will prove,

Theorem 4. If G € EA, then G is equationally semi-Noetherian.

Our next theorem concerns about an important relation between the classes (EA); and
FEA)q. We prove
( prove,

Theorem 5. Let G be a finitely generated group and let H be a G-group. If H € (EA)q, then
H € (FA)g, and as a result, any finitely generated element of (EA); is equationally Artinian.

In our sixth theorem, we deal with finite extensions of equationally Artinian groups. We
prove,

Theorem 6. Let a group A contains a finite index subgroup H which is equationally Artinian.
Then A is also equationally Artinian.
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This theorem enables us to conclude that any virtually finitely generated Abelian group is
equationally Artinian as well as any finite extension of the additive group of any field. This gives
us a large class of examples of such groups. This theorem is F A-version of the similar theorem
in [2].

Note that the quotient of an equationally Artinian group is not necessarily equationally
Artinian (for example the group Q/Z), but, there exists an important situation, the quotient
in which, has this property. Our nest result concerns with these situations. Note that in this
theorem, we use the group G[t] = G * (t).

Theorem 7. Let G be an arbitrary group such that G[t] is equationally Artinian. Let R be
a normal subgroup of G[t] which is closed in the radical topology of G[t]. Then G[t]/R is also
equationally Artinian.

Finally, we will show that an Abelian group G is equationally Artinian, if and only if, it has
finite number of periods: let p(G) be the set of orders of torsion elements of G. We will prove,

Theorem 8. An Abelian group G is equationally Artinian, if and only if, p(G) is finite.

3. The proofs

Proof. (Theorem 1 and 2) Suppose G is equationally Artinian. Let Y be an irreducible closed
subset of G[X]. Since Y is a finite union of cosets of the form uRad(E), so W = uRad(FE), for
some algebraic set £ C G™ and u € G[X]. Now, for an algebraic set F, we show that Rad(FE) is
irreducible. Note that every closed subset of Rad(E) has the form v1Rad(L;)U...Uv,Rad(L,),
where v; € G[X] and F C L;. Now, if Rad(FE) can be written as a union of two closed subsets,
then we have

Rad(E) = |_J wiRad(K;),
i=1

for some elements u; € G[X] and algebraic sets K; with £ C K;. It is a well-known theorem
of B. Neumann which says that if a group is covered by a finite number of cosets of subgroups,
then at least one of those subgroups has finite index. So, we have for example [Rad(FE) :
Rad(K7)] < oo. Suppose now that G is torsion-free and Rad(K;) # Rad(F). Choose an element
w € Rad(FE), such that for some @ € K7, we have w(a) # 1. Then, for all non-zero integers k
we have also w*(@) # 1 and hence all cosets w/Rad (K1), (1 < j), are distinct. This shows that
Rad(F) = Rad(K;) and so Rad(F) is irreducible. Note that in any Noetherian space, there is
a finite number of maximal irreducible sets (irreducible components) and in the case of G[X],
Rad(@) = G[X] is the only irreducible component.

Now, we show that the interior of Rad(FE) is empty for any E # &. Let an open set
GIX]\UjL, wjRad(E;) be contained in Rad(E). Then we have

G[X] =Rad(E)U 6 w;Rad(E;),

j=1
and again using the theorem of Neumann, some of these subgroups has finite index, which is
shows that G[X]\ Jj_, wjRad(E;) = @. Hence Rad(E) has empty interior. O

Proof. (Theorem 3) In this proof, we denote the coeflicient-free radical of a subset E € G™ by
Rad’(E), i.e.
Rad’(E) = {w € F[X]: Va e E w(a) = 1}.
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Suppose first that F[X] is not connected. Then we have

FX] = 6 uRad’(Ey),

i=1

for some elements u; € F[X] and subsets E; C G™, where m > 2 is minimal. Again by the
theorem of Neumann, there is an index i such that [F[X] : Rad’(E;)] is finite and is not equal
to 1 by the minimality of m. This shows that the coefficient-free coordinate group I'(E;) is finite
and non-trivial. But, we know that this coordinate group embeds inside a direct power of G. So,
G is not torsion-free, a contradiction.

Conversely, assume that G is not torsion-free. Let a € G be a non-trivial element of finite
order m and put @ = (a,1,...,1) € G*. Let w = x;. Then clearly, w™ € Rad’(a@). Consider
the subgroup (w)Rad’(@). This subgroup contains all elements x1,...,z,, and so we have
F[X] = (w)Rad’(@). Now, we have

m—1
FIX] = | w'Rad’(@),
i=0

and hence, F[X] is not connected. O

We now prove Theorem 4. Note that the proof can be applied for arbitrary algebraic structures
as well.

Proof. (Theorem 4) Suppose G is equationally Artinian and S C G[X] is an infinite system.
For simplicity, assume S = {v1, va,vs,...}. We have the ascending chain

VG(S) = VG(U17'U2,U37 H ) g VG(’U27’U37’U43 N ) g VG(U3; VU4, Vs, - - ) g Tt
This chain terminates as G is equationally Artinian, so there exists k such that

Ve (Vk, Ukt 1, kg2 - - ) = Va(Vkg1, Vkt25 Vk43, - - -) = Vo (Vka2, Uk, Vkgds - -) -0

This shows that

(Ve = ] Vo) = ] Vo) =,

jzk j=k+1 j=k+2
and hence
Vg(S) = Vg<v1,...7vk,1)ﬂﬂVG(Uj)
jzk
= V(;(’Ul,...,’uk_l)ﬁ m Vg(’Uj)
j=k+1
= V(;(’Ul,...,’l}k_l)ﬁ ﬂ Vg(vj).
j=k+2

In other words, this argument shows that the algebraic sets Vg (v;) can be drop in the intersection
for j > k. Let So = {v1,...,vx—1}. Then by this argument, for any finite subset T' C S\ S, we
have VG(S) = Vg(S \ T). O

Proof. (Theorem 5) Let aj,...,a; be a finite set of generators for the group G. Suppose
E C H™. We prove that there exists a finite subset Fy C F, such that Radg(E) = Radg(Ep)
(note that, here Radg denotes the radical with coefficient in G). Let S = Radg(FE) C G[X].
Every element of S has the form

W=w(T1, ..., Ty, A1,y ..., Q).

- 589 —



Mohammad Shahryari, Javad Tayyebi On the Equationally Artinian Groups

We replace every coeflicient a; by a new variable y;, and then a coefficient-free system of equations
S(Z,y) appears. Let T = E x {(ay,...,ax)} € H""*. Now, since H € (EA), so there is a finite
subset Ty C T, such that Rad;(T") = Rad;(Tp). Clearly, we have Ty = Ey x {(a1,...,ax)}, for
some finite subset Ey C E. Obviously, S(Z,7) C Radi(T). Let u(Z,7) € Rady(T). Then for all
€ € E, we have u(e,a) = 1, so u(T,a) € Radg(FE), and therefore v € S(7,7). This proves that
S(7,y) = Rad;(T), and hence S(%,y) = Rad; (Tp).

Now, we show that S(Z,a) = Radg(Ep). Suppose w(Z,a) € S(z,a). For any € € Ey,
we have w(e,a) = 1, so w(Z,a) € Radg(Ep). Conversely, if w(z,a) € Radg(Ey), then for
w(Z,7y) € Rad; (Tp) = Rady(T), and this shows that w(Z,a) € Radg(E) = S(Z,a). This proves
that Radg(E) = Radg(Fop) and hence H € (EA)¢. O

Theorem 5, enables us to prove that every finitely generated Abelian group belongs to the
class FA (we also can deduce this from Theorem 8). Here we give an elementary proof which
shows the infinite cyclic group is equationally Artinian.

Lemma 1. Let H = (a) be infinite cyclic group. Then H is equationally Artinian.
Proof. We first show that H € (FA);. Let E C H". Every element of E has the form € =

= (ajl,..wqj") for some integers ji, ..., jn. Let w = 27'25* ... 20" € Radi(£). Then w(e) =1
and hence g/t + " +/n% — 1, This shows that
Rad;(E ﬂ {z{tx5? .. xgn e (a?',...,a"") € B, jiay + -+ jna, = 0}.
J1seedn
Suppose
(1) .(2) . .(3) L
E={(a"",. ..a), (@ .. ..a), (@ .. 4", .. ).

Suppose S is the following set of equations
iPay 4+ 4P, =0, (t=1,2,3,...).

Since the additive group Z is equationally Noetherian, so there exists a finite subset Sy C S,
such that Vz(S) = Vz(Sy). Suppose Sy consists of the equations

j£t)a1+"'+j£f)04n:0 (t=1,2,...,m).

2 (1) (1) i(2) i(2) (m) §im)
Let By = {(a’1",...,a/n ), (a/r ,...,a% ),...,(a"t ",...,a’» )}. Then we have obviously,
Rad;(E) = Rad; (EO). This shows that His 1—equationa11y Artinian and hence by Theorem 2,
it belongs to FA. D

Now, we show that any direct product of finitely many element of (EA); is again in (EA);.
This will prove that every finitely generated Abelian group belongs to (EA); and hence to EA.

Lemma 2. Suppose A and B are equationally Artinian (1-equationally Artinian). Then so is
A X B.

Proof. For a number n and a subset E C (A x B)", suppose that
E={c;= (ui,ub,...,ul): iel},
where I is an index set. We have uf = (al , bz) for some ag € A and bg € B. Now, let

T={t;=(a},ab,...,a’): i €I},

and 4
S ={s; = (b%,b,...,b.): i€}
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Since A and B are equationally Artinian, so there are two finite subsets Ty C T and Sy C S,
such that

RadA(T) == RadA(To), RadB(S) = RadB(So).

Suppose for example Ty = {t1,...,t;} and So = {s1,...,8,} and k > [. Suppose t; = (al,...,a’)
and s; = (b%,...,b}). Using these elements, we can define a finite subset

r'n

Eo={c; = ((at,b%),...,(al,b') 1 <i <1},

n’-n

such that Rad(E) = Rad(Ep). This shows that A x B is equationally Artinian. O

Summarizing, we have
Corollary 1. Ewvery finitely generated Abelian group is equationally Artinian.

There are also infinitely generated Abelian groups which are equationally Artinian: let K be
a field and consider its additive group H = (K, +). Every equation with coefficient in K has
the form a1y + -+ + apx, = b for some elements ay,...,a, € Z,b € K, so the corresponding
algebraic set is an affine subspace of K™. This shows that every ascending chain of algebraic
sets terminates and hence H is equationally Artinian. However, some Abelian groups are not
equationally Artinian. For example, consider the additive group H = Q/Z. Let

1
E:{+Z: p:prime}ng.
p

1
If w(z) = ma + (% + Z) € Rad(FE), then for any prime p, we have w(p + Z) = Z, and this

m a
means that for any prime p, — + — € Z, which is not true. Another example is the quasi-cyclic
p

b

groups G = Zpe, for prime numbers p. This is because, the ascending chain of algebraic sets
Vg(zP" ~ 1), (n > 1) does not terminate (this fact will be used in the proof of Theorem 8).

Before proving Theorem 6, we introduce some notations from [2]. Let a group A be
the semidirect product of a finite subgroup T and a normal subgroup H. Assume that
T={t; =1,ta,...,tx}. Let w(z1,...,Zn,91,...,9m) be a group word with coefficients in A
and v € A™. We can express v uniquely in the form v = (s1hq,...,8,h,) with s; € T and
h; € H. We also have g; = r;b; for unique elements r; € T and b; € H. Define the map
A A" = T" by AMv) = (s1,-.-,8,) and

WL,y Ty) = W(T1y e ooy Ty Ty e ey T )

Note that w is an element of T[X] which depends only on w. For any 1 <i <nand 1 < j <k,
define h;; = t;lhitj € H. Denote the tuple

(hllu"'7h1k7'°'7hn17~~'7hnk)

by v’. Consider the new variables y;; for 1 <¢<nand 1 < j < k. In [2], it is proved that there
exists a unique element

w; 6H[yll...,ylk,...,ynl,...,ynkL

such that w(v) = W(A(v))wl (v'), and w!, depends only on the value of A(v). As a result, it is
shown that v € A™ is a root of w ~ 1, if and only if, A(v) is a root of W ~ 1 and v’ is a root of

w!, ~ 1. We are now ready to prove Theorem 6.
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Proof. (Theorem 6) Replacing H by its core, we can suppose that H is a normal subgroup of
A with finite index. Let T'= A/H. Then A embeds into the wreath product H ! T. Recall that
this wreath product is the semidirect product of T and H!TI. We know that (Lemma 2), HIT! is
equationally Artinian and any subgroup of an equationally Artinian group is again equationally
Artinian. So, it is enough to prove our theorem using the further assumption A = TH, with T
finite, H normal and T'N H = 1. We will use all the above notations.

Suppose E C A" is an algebraic set and S = Rad4(E). We must show that there exists a
finite subset Ey C F, such that Rada(FEp) = S. Let S = {w : w € S} (see the above discussion).
Suppose
VT(S) - {Ulv ceey Ud} Cc ™.

)

For any 1 < i < d, put L; = Vi (S, ) € H™ . Here S} denotes the set of all w/ , such that
w € S. Define also 7 7

K; = {hEHn : (h)/ S L,} C H™
We have (K;)’ C H™ and since H is equationally Artinian, there exists a finite subset K C K;,
such that

Rady ((K?)") = Rady ((K;)).

Assume that Fy = Ufl:lviKiO C A™. We show that Ey C E. Let v;h € Fy. Then h € K; and
hence

S(A(vih)) = S(vi) = 1,

and B
S;l((vlh)’) S S:h (Ll) =1.

This means that v;h € Va(S) = E. Therefore Ey C E.

Now, we claim that Rad4(v;K?) = Rada(v;K;). To prove this claim, assume that w be-
longs to the left hand side. Then w(v;K?) = 1 and hence w'((v;K?)’) = 1. This shows that
w,, € Rady((v;K?)"). Recall that, by the definition of the map v — v’, we have (v; K?)’) = (K?)’
and hence w], € Radp ((K?)") = Rady((K;)') = Radg ((v;K;)"). Therefore, for any h € K;, we
have w!, ((v;h)") = 1, and since in the same time W(A(v;h)) = 1, we have w(v;K;) = 1. This
proves the claim.

We now, prove that Rada(Ep) = Rada(F). Let w be an element of the left hand side and
v € E. We have S(v) =1 and

w e ﬁRadA(fuiK?).
i=1
Note that v = A(v)h, for some h € H". We have S(A(v)) = 1, so there is an index i such that
A(v) = v;. Therefore, v = v;h. On the other side, since S, (V') =1, so
1=S,(v') =8, ((vih)').
Hence, (v;h)" € L;, and therefore h € K;. Now, by the above claim, we have
w € Rad 4 (v; KY) = Rad 4 (v; K;),
and hence w(v) = 1. This shows that w € Rad(E). O

Theorem 6 shows that any virtually finitely generated Abelian group is equationally Artinian
as well as any finite extension of the additive group of any field. This gives us a large class of
examples of such groups. We now come to Theorem 7. Note that the similar theorem ([2]) for
the equationally Noetherian case deals with the Zarizki topology of G' and its closed normal
subgroups. The dual case here deals with the radical topology of G[t] and its closed normal
subgroups.
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Proof. Assume that
R= U Radg (K:),

i=1
where K; C G. Note that G is equationally Artinian as G[t] is so. Hence every K; can be chosen
finite. Let H = G[t]/R be not equationally Artinian. Hence there exists a number n and a subset
E € H™ such that Rady(FE) # Rady(Ey), for any finite subset Ey C E. Assume that eg € F
is an arbitrary element. As Rady(F) # Rady({eo}), there exist elements f; € Rady({eo}) and
e1 € E, such that fi(e;) # 1. Similarly, we have Rady(E) # Radg({eg,e1}), so there exist
elements fo € Radg({eg,e1}) and e5 € E, such that fa(ez) # 1. Repeating this argument, we
obtain two infinite sequences

f17f2af37' - € H[X]v

€p,€1,€2,... € F,
such that for any i, fi;(eq) = fi(er1) = -+ = fi(e;—1) = 1, but fi(e;) # 1. Note that, here
X ={z1,...,z,} and so every element of H[X] is a word in ¢ and elements of X with coefficients

in G. Suppose ¢ : G[t, X] — H[X] is the canonical map sending elements of G to their cosets,
and fixing elements of X and the element t. Suppose also that ¢ : (G[t])™ — H™ is the map

Y(ug, .. uy) = (W R, ..., uyR).

Choose a pre-image f; for fi under ¢ and a pre-image €; for e; under ¢. Hence, we have
f; € G[t, X] and €; € (G[t])™. For any i, we have f;(eq) = 1, so f;(€y) € R. This shows that,
there exists an infinite sequence of numbers

i1(0) < i2(0) < iz(0) < -+,

and a number 1 < pg < m, such that

Jir(0)(€0)s fiy0)(€0)s fig(0)(€0)s - - - € Rada(Kp,)-
Equivalently, this shows that for all s, we have
?z‘s(o) € Radgy(€o(Hp,))-
By a similar argument, we obtain an infinite subsequence of {is(0)} of the form
il(l) < 22(1) < 23(1) < -,
and a number 1 < p; < m, such that for all s, we have
?is(l) € Radgyy(€1(K5,))-
We continue this process to find an infinite subsequence
i1(k) <ia(k) <is(k) <---,
of the previous sequence, and a number 1 < p < m, such that
Fi.e) € Radgpy(r(Ky,)),

for all s. Note that all sets €;(K,,) are finite as K;’s are finite. Let

o0

K = Je(K,) € (Gl)"

=0
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By assumption, G[t] is equationally Artinian, so there exists an index [, such that
1

Radg(K) = Radgp (| @(Kp,))-
=0

Assume that j > [. Then for any s, we have

1
Finiy € [ Radgpei(K;,) = Radgy (K).
i=1
Suppose k = i1(j). Then f; € Radgy(er(Kp,)), and hence fy(€;) € Radg(K,,) € R. This
shows that fr(er) = 1, a contradiction. Hence H is equationally Artinian. O

Finally, we give a proof for Theorem 8.

Proof. (Theorem 8) We first, show that a divisible Abelian group G is equationally Artinian,
if and only if, it is torsion-free. Recall that a divisible Abelian group has the form G = Q! @
Zpe j Lo, for an index set I and a set J of prime numbers. If G is torsion-free then G = Q,
and since the additive group of rationales is equationally Artinian, so is G. Now, suppose that
G is equationally Artinian but is not torsion-free. Then for some prime p, we have Zy~ < G,
and this implies that Z,~ is equationally Artinian, a contradiction.

Now, suppose that G is an arbitrary Abelian group. Assume that p(G) is finite. We know
that G = Tor(G) @ G1, where Tor(G) is the torsion part of G and G; is a torsion-free sub-
group. We know that G; can be embedded in some divisible Abelian group and hence it is
equationally Artinian. The torsion part has finite exponent and hence can be written in the
form Tor(G) = D,,ep(c) ZIn where for all m € p(G), an index set I,,, is associated. Clearly, ev-

ery component Z.m is equationally Artinian and since p(G) is finite, so the direct sum is also so.
This shows that G € EA.

Finally, suppose that in a group G, the set p(G) is infinite. Let m; < ma < m3 < --- be
elements of p(G) such that for all ¢ the integer mims ... m;_1 is not divisible by m;. For any 1,
assume that a; is an element of order m,;. Consider the ascending chain

VG(Z‘ml ~ 1) C Vg(l‘mlm2 ~ 1) C Vg(l‘mlm2m3 ~ 1) C...
This chain does not terminate, because for any i, we have
ay,...,a; € Vg™ ™ ~ 1),

but a;y1 does not belong to it. Therefore G is not equationally Artinian. O
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OO0 3KBMBAJIEHTHO apTUHOBBIX T'PYIIIaX

Moxammen Ilaxpuapn

Maremaruaeckuit dakynasrer, Komnemx Hayku

Vuusepcurer Cynrana Kabyca

Myckar, Oman

H>xaBang Taitebu

Kadempa aucroit maremaruku, PakyabreT MaTeMaTUIECKUX HAYK
Yuusepcurer Tebpusa

Tebpus, pan

Amnsoranus. B sToil crarbe Mbl mM3ydaeM CBONCTBO ObITh apTHHOBBIM B rpynmnax. OmnpejessieM pa-
JIUKAJIBbHYIO TOIIOJIOTHIO, COOTBETCTBYIONIYIO TAKMM TIPYIIIAM, U HCCJIEIyEM CTPYKTYPY HEIPUBOINMBIX
3aMKHYTBIX MHOXKECTB 3TUX TomoJioruit. /lokazkeMm, ITO KOHEYHOE DPACIIHPEHUE YPABHOBENIEHHO apTH-
HOBOH I'DYIIIBI CHOBa YPaBHOBEIIEHHO apTHHOBO. MBI Tak»Ke IIOKa3bIBA€M, YTO YaCTHOE OT apPTHHOBO-
yPAaBHOBEIIEHHO} rpynisl Buga G[t] 10 HOpMAaJIbHO HOArpYIIIe, sSIBJIAIOIEiiCs KOHEYHBIM 00'beINHEeHnEM
PaINKAJIOB, OMSATHL-TAKYM yPABHOBEIIIEHHO apTHOBO. B KadecTBe mMoCIeHero pe3yibrara OyaeT JaHo HeoO-
XOZMMOE U JIOCTATOYHOE YCJIOBHE, YTOOBI abesieBa rpyna Oblia SKBUBAJIEHTHO aPTUHOBON. D10 obecriednt
GOJIBITION KJIACC MIPUMEPOB YPABHOBEIIIEHHO APTUHOBBIX TPYIIIL.

KuaroueBrle ciioBa: anrebpamtdeckasi TeOMETPUsl HAJ[ TPYIIIAMH, CHCTEMbI TPYIIOBBIX YPAaBHEHUI, pa-
JMKAJIbI, TOIIOJIOTUs 3aPUCKOr0, paJUKaJIbHasl TOIOJIOIUsl, HETEPOBbI I'PYIIIIbI, SKBAIMOHAJIHLHO APTHHOBLI
TPYIIIIBL.
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Introduction

In this paper we consider a family of transmission problems for elliptic operators with constant
coefficients related to models of electrocardiology. More precisely, for many years for satisfactory
models of heart activity one uses Cauchy, Dirichlet, and Neumann problems for scalar strongly
elliptic operators, see, for example, [1,2]. A modification of such a model involving boundary
problems for the Laplace operator has been recently studied in [3].

We consider similar problems for more general matrix linear elliptic operators and find suf-
ficient conditions under which the scheme for solving the problems suggested in [3]| allows to
construct their solutions. Our approach is essentially based on the general theory of Fredholm
problems for strongly elliptic (matrix) linear operators, see, e.g., [4], and the theory of regular-
ization of an ill-posed Cauchy problem for operators with an injective principal symbol, see [3].

1. A model example

To begin with, we consider a basic example related to models of electrocardiology. As known
from clinical practice, see, e.g., [1,2], electrical activity of cardiac cells is crucial for pumping
function of heart, which is the result of rhythmical cycles of contraction-relaxation of the cardiac
tissue. Anomalies of electrical activity often cause heart diseases, which makes these investiga-
tions, in particular, development of adequate mathematical models, very relevant nowadays.

Let us illustrate this by one model of electrocardiology [1,2,5]. Denote by Qp and Qp three-
dimensional domains with piecewise smooth boundaries with Qg and 0Qy corresponding to a
body and a heart (see Fig. 1). Then the domain Q = Qp\Qg with the boundary 9Q = QU0 y
corresponds to the body without heart.

*yushefer@mail.ru
© Siberian Federal University. All rights reserved
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Fig. 1. Geometry of the model

Usually, in standard models one assumes that the cardiac tissue can be divided into two parts
— intracellular and extracellular parts separated by a membrane — to which the electric potential
u; and u., respectively, is assigned. Regarding the cardiac tissue as a continuous medium we
think of the potentials as defined in each point of Q5 and satisfying the equation

V* M;Vu; + V*M,Vu, =0, (1)

where M; and M, are known tensor matrices that characterize intracellular and extracellular
parts, and V is the gradient operator in R>.

One often considers the case when M; and M, are positively defined matrices with constant
coeflicients with entry values defined by conductivity of the cardiac tissue. For simplicity of the
further analysis one assumes that these matrices are proportional

M; = AM,, X>0.

Based on equation (1) one considers two models of heart activity. In one model it is assumed
that the heart is isolated and one considers the problem

V*M;Vu; + V*MNVu, =0 in Qp,
(v1,v2,v3)M;Vu; =0 on dQy,
(v1,v9,v3) MeVue = —(v1,v2,v3) My Vuy, on 0Qy,
up = ue on 08y,

where M), is the tensor matrix characterizing conductivity of the body, v is the vector field of
unit outward normal vectors to the boundary of the domain under the consideration and wu; is
the electric potential of the body.

In the second model one takes the body into account, and from the electrodynamics of
stationary currents it follows that the electric potential of the body w; in the domain §2 is
defined by the equations

V*Mqub =0 in Q,
(v1, v, v3) MyVu, =0 on 0Qp.

3)

A feature of the model is the fact that one is more interested not in potentials u; and wu,
separately but in their difference v = u; — u. in Qg or at least on its boundary.

Since matrices M; and M, are positively defined and not degenerate, the problems (2), (3)
can be studied in the framework of the theory of boundary (maybe ill-posed) problems for elliptic
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formally self-adjoint equations, see [1,2,5]. Moreover, notice that the problems above may be
regarded as transmission problems for elliptic equations with discontinuous coefficients describing
solutions in different domains of a continuum with the help of additional conditions on separating
surfaces, see, for example, [6,7].

Until now we have not used any functional spaces in the problems description, in the next
section we give a precise formulation of a more general problem and specify functional classes
for its solution.

2. Formulation of a problem

Let 0 be a measurable set in R™, n > 2. Denote by L?(6) a Lebesgue space of complex-valued
functions on 8 with the scalar product

(U V) 29y = /eﬁ(sc)u(x) dz.

If D is a domain in R™ with a piecewise smooth boundary 9D, then for s € N we denote by
H?(D) the standard Sobolev space with the scalar product

)iy = | > Ty

It is well-known that this scale extends for all s > 0. Let now H*(D) for s € Ry \ Z4 be the
standard Sobolev-Slobodeckij spaces. Denote by H§(D) the closure of the subspace CS, (D)

comp
in H°(D), where Cgg,,,,(D) is the linear space of functions with compact supports in D.
The space of k-vectors u = (ug,...,ur) whose components lie in H*(D) equipped with the

scalar product
k J—
(w, V) (s (pyr = Z/ Z (0%v;)(0%u;)dx :/ Z (0%)* (0%u)dx
i=1"DJal<s D ja1<s

we shall denote by [H*(D)]*.
Further on, we shall consider linear matrix operators

A= " A0% z €D,

la|<p

where p € N is the order of operator A, a € Z%, and A, are (I x k)-matrices with constant
coefficients. By a formal adjoint of A we call the differential operator

AT =3 AL,

la|<p

where A? is the adjoint matrix for A, or, equivalently,
(Au, v)p2py = (u, A™0) p2(pye AN Beex u € [C (D)), v e [cse(D))
As usual, the principal symbol of an operator A is the matrix

o(A)(@,0) = 3 AuC®, we D, CeCn.

|a|=p
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We say that the principal symbol of A is injective if [ > k and
rang o (A)(z,¢) = k, nis Beex ¢ € R™\ {0} u Becex z € D.

If | = k operators with injective principal symbols are called elliptic.
Let now A., A;, and A, be linear differential operators of the first order with constant
coefficients on D,y,, i.e.

= m a m
Am:Zag )%—l—aé ),
=1 !

where m € {e,i,b}, Do = D; = Qp, Dy, = Q.

Further on, we assume that principal symbols of operators A,, are injective in the corre-
sponding domains.

Denote by A, a formal adjoint of A,, and consider a generalized Laplacian A} A,,.

Under assumptions made above, the operator A% A,, is a strongly elliptic (k x k)-matrix
second order operator, i.e. it is elliptic and there exists a positive constant ¢ such that

afe( - w*a(Aanm)(x,C)w) > clwl? [¢]? for all ¢ € R"\ {0}, w e C¥\ {0}, z € Dy
The operator A}, A, is also formally self-adjoint, i.e.
* * %) k
(AL A, v) 12 p, e = (U AL Anv) 2 p ypr = (Amtt, A ) p2p, e for all u, v € [C5°(Din)]";

in particular, the operator A% A,, is (formally) positively defined

(A5, A, ) 12,y = 0 for all u € [C5°(Drm)]".

Let, as before, v be the outward normal vector operator on the boundary of the domain of
the operator A,,. Introduce the conormal derivatives

va, =0 (An)V)Am,

associated with these operators via Green’s formula:

k

/ v, uds = / (v* (A, Apu) — (Amv)*Apu)da for all u,v € [H*(Dyy,)]" . (4)
o9 Q

Assume that bounded domains Q g, 2, and €, have twice smooth boundaries and consider the
following problem (5), (6): find vector-functions u;, u. from [H?($ H)]k and a vector-function

up from [HQ(Q)}k such that

A:AZUZ + A:Aeue =0in QH7
va,u; =0 on 0Qy,
VA Ue = —Va,up 00 Oy,

Ue = Uup on 0y,

{ AZAbub =0in Q,

va,up, =0 on 0Qp,
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where the equality on the boundary is in the sense of traces, and the equality in the domains
is in the sense of distributions. In this case we can assume that traces of functions and their
conormal derivatives are well-defined.

It is obvious that the problem (5), (6) is a generalization of the problem (2), (3). Note also
that it incorporates several classical boundary problems.

0
Example 2.1. Consider first the classical case A, = V (k = 1, I = n), then vy, = " is a

directional derivative along the outward normal vector to 0Q2p. If we assume that u. is known
on 0y and equal to a function vy € H3/2(02y), then (5), (6) gives the following problem: find
a function u, € H?(Q) satisfying

—Au, =0in ,
9 _ () on 002, (7)
ov

up = vg on ONg.

This is a classical mixed problem that is often called a Zaremba problem, see, e.g. [4,8]. This
problem can be studied by standard methods in Sobolev and Hélder spaces. It is well-known
that this problem has a unique solution in these classes that can be written with the help of the
Green function Zq(z,y) having the standard properties

up(z) = [ Za(z,y)vo(y)dS(y), = € Qm,
o0

where dS(y) is the volume form on the surface 912, see [4,8].

Analogously, if we assume that A, = V (k = 1, [ = n), then vy, = —— is a directional

derivative along the outward normal vector to 9Qy. If the conormal derivative v4, u, is known
on 9Qy and equal to a function v; € H'/2(0y), then (5), (6) gives a special case of a classical
Neumann problem for a Laplace operator: find a function u, € H?(f) satisfying

—Au, =0in Q,
% _ ) on o9
By e (8)
% = vy on 0Qp,
ov

see [4,9]. It is known that this problem is Fredholm in Sobolev and Hélder spaces, its solution
is defined up to an additive constant, and the necessary and sufficient condition for solvability is
the following

/8  n(w)dsty) =0, (9)

If this condition is satisfied the problem has a unique solution u; in these classes that satisfies,
for example,

/ wy(y)dS(y) = 0. (10)
1919574

It can be written with the help of an appropriate parametrix No(z,y) that has the standard
properties

w(x) = [ Na(z,y)vo(y)dS(y), » € Qn,
o0
However, the general theory of boundary problems suggests that knowledge of u. or v4, u. on
0y does not allow to recover the potential u; uniquely from the remaining data and equations
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without additional conditions (see also Uniqueness Theorem 3.1 for the problem (5), (6) proved
under additional assumptions below).

Besides that, cardiology models are special in the sense that additional conditions necessary
for recovering of unknown potentials u;, ue, up in the problem (5), (6) should preferably be set
on the boundary of ‘the body’ €2, since all measurements must be less traumatic for a patient
and not invasive.

3. Application of an ill-posed Cauchy problem

On of the simplest additional conditions mentioned above leads to using of an ill-posed Cauchy
problem. More precisely, it implies measuring the potential u; on the boundary of ‘the body’:

up = f on 01p, (11)

where f is a given vector-function from [H3/2(€)] ",

Unfortunately, as known very well, the problem (6), (11) is nothing else but an ill-posed
problem for an elliptic operator A} Ay. Let us see what the addition of the property (11) gives
in a more general problem than those in cardiology.

Denote by N(2) the set of solutions to the problem (5), (6), (11) under the condition f = 0.
Let Sa,(Qn) be the space of generalized solutions of the equation Ach = 0 B Qp. Since the
operator A, has an injective symbol and its coefficients are real analytic, the Petrovsky theorem
yields that the elements of the space Sy4, (Qp) are real analytic vector-functions in Q.

Theorem 3.1. Let bounded domains Qg , 2, and € have twice smooth boundaries and let for
some constant A > 0,
A; = M. (12)

Then the set N(Q) consists of triples (u;, e, up) C [HZ(QH)]k X [HQ(QH)]k X [HQ(Q)]k such
that
_h—w

U=y, Ue =W, up = 0, (13)

where h is an arbitrary function from the space Sa, (Qp) N [Hz(QH)]k, and w 1is an arbitrary
function from [Hg(QH)]k.

Proof. Let a vector h belong to Sa_(Qm) N [H2(QH)]]C and a vector w belong to [Hg(QH)]k.

Then w satisfies the following conditions
w =20 on 8QH, I/Ai(w):() on 8QH, (14)

and AfA; = A\2A:A.. Therefore the vector functions from (13) give a solution to the problem
(5), (6), (11) for f 0.

Let u;, u. € [HQ(QH)]k, and up € [HQ(Q)]]C is a triple of functions from N(€2). Then from
(5), (6) it follows that us is a solution to the Cauchy problem for the operator AjAs:

AZAbub =0 in Q, VAb(ub) =0 on 693, Up = 0 on BQB
Since the operators A,, have injective symbols, we have

rang (va,,)(z, v(2)) = 0" (Am) (2, v(2))o (Am) (2, v(2)) = K
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for any m = e,i,b and all z € 0Qy or 0, respectively. In particular, the systems of boundary
operators {I,v4,}, {I,va,} are first order Dirichlet systems on 0Qp, while the system of bound-
ary operators {I,v4,} is a first order Dirichlet system on 02 (see, for example, [3]). Then by
the uniqueness theorem for a Cauchy problem for elliptic operators (see, for example, [3, The-
orem 10.3.5]), up = 0 in Q. Now by the trace theorem for Sobolev spaces and by equations
from (5) we see that u, = 0 von 0Qy and v, (u.) = 0 on 0Qy. However, since the system of
boundary operators {I,v4, } is a first order Dirichlet system on 9Qy, it follows from the theorem
on spectral synthesis (see [10]) that u. € [HZ(Qm)]".
To complete the proof of the theorem we need the following lemma.
Lemma 3.1. Let Qg be a bounded domain in R™ with a twice smooth boundary and (12). If

the functions ue, u; € [HQ(QH)]k satisfy the equations (5) then they are related in Qg by
Ue + N2u; = h, (15)

where h as a function from the space Sax=a,(m) N [HQ(QH)]k
Moreover, if up, =0 on 0y, then the functions u., u; are related in Qg by 15, where h is a
function from the space Sa_ (Qp) N [Hz(QH)]k,

Proof. Since A; = AA., the first equation in (5) can be rewritten in the form
AFAh =0 in Qp, (16)

with h = u. + A2u;, and clearly h € Saza.(Qm)N [HQ(QH)]k
If we additionally know that u, = 0 on dQy then, as noticed above, u, = 0 in 2. Therefore
va, (ue) =0 on 00, and va,(u;) = 0 and 9Qy, which implies that

va,(h) =0 on 9Qgx. (17)

From this, by the Green formula (4) we obtain

0= (AZAehah)[LQ(QH)]’“ = /S2 h*(AZAeh)dl‘ =

= /QH(Aeh)*(Aeh)dx + /aQH h*va, (h)ds = || Al g,y

Therefore, the vector function h defined by the equality (15) belongs to Sa, (2m)N[H?(Qx)] ",

O
Thus, the functions u;, u, € [H2(QH)]k satisfy (5), and by Lemma 3.1 we get u; = /\7_21}’
where v € [HZ(Qp)]* and h € Sa,(Qx) N [H2(QH)]k O

In particular, it follows from Lemma 3.1 that the zero space of the problem (5) coincides with
the space Sa, (Qx) N [HQ(QH)]k.

Denote by ker A, the kernel of a continuous linear operator A, : [H?(Qy)]* — [H*(Qg)]!
and consider several examples. In fact, ker Ac = Sa, (Qg) N [H*(Qp)] k.

Y , (k=1,1=n+1). Then A = (—div,1), va, = %, AfA. =

= —A + 1, and the problem (16)—(17) becomes a Neumann problem for the Helmholtz operator

Example 3.1. Let A, =

—Ah+h=0 iIl QH,
oh (18)

W =0 on 0Qy,
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and the equation A.h = 0 takes the form

Vh =0 in Qy,
hZOinQH.

Consequently, kerA, = {0} and coincides with the space of solutions of the homogeneous prob-
lem (18).

Example 3.2. Let A. = V then A} = —div. In this case (k =1,1=mn), A% = —div, vg, = 8&,
v
A*A, = —A, and the problem (16), (17) becomes a Neumann problem for the Laplace operator
Ah =0 in QH,
Oh 19
— =0 on 0y, (19)
v
and the equation A.h = 0 takes the form

Therefore, kerA, = R and coincides with the space of solutions of the problem (19).

Example 3.3. Consider the case where A, =9 = 0, — 0y is the Cauchy-Riemann operator in
R? = C where i stands for imaginary unit. Then A} = —9 = —0, — i9,, and the kernel of A,
is holomorphic functions. The problem (16)—(17) defines then the zero space of a non- coercive
d-Neumann problem, see, for example, [11,12].

It is clear that the operator A. should be chosen in a way that its kernel is at least finite
dimensional.

Under assumptions of Theorem 3.1 the rest of the scheme of solving the problem (5), (6),
(11) differs little from the standard one, see [5]. Namely, first we introduce a function h(x) such
that h(z) = A\u; + u., where € Qp. From the conditions on the boundaries in (5) and the fact
that v4, = Ava, we get that

va,h = —vy,up on 0Qg.

Thus, we can rewrite the original problem (5), (6), (11) in new notation: knowing a vector
f € [H??(0Qx)]*, find vectors h € [H2(0Qx)])* and u, € [H?(0N)]* such that

A:Aeh =01in QH, (20)
VAeh = —lVA,Up O 8QH,

AZAbUb =0in Q,

va,up = 0 on 0Qp, (21)

up = f on 0Q)p.

The original problem splits into two — (20) and (21). The problem (21), as noticed above,
is an ill-posed Cauchy problem for an elliptic operator AjAy. It is known that if a solution to
this problem exists it is unique. The problem (20) is a Neumann problem for an elliptic operator
Al A.. Unfortunately, in general the Neumann problem may also be ill-posed. For it to be
Fredholm, the so called Shapiro-Lopatinsky conditions must be placed [13, Chapter 1, Sec.3,
condition II for ¢ = 0], [14] on the pair (A%A.,v4, ). In particular, they guarantee that the space
Sa.(Qx) N [H?(Qg)]* is finite dimensional.
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More precisely, let us consider the following Neumann problem: for a given vector hy €
[H'2(0Qp)]* find a vector h € [H?(92)]* such that
AZA.h=01in Qg,
‘ . (22)
va h = hy on 0Qy,

and formulate conditions for solvability.

Theorem 3.2. If for a pair of operators (AfA.,va,) the Shapiro-Lopatinsky conditions are
fulfilled then the problem (22) is Fredholm. To be precise,

1) the zero space of the problem coincides with the finite-dimensional space Sa, (Qp) N
[H? ()]

2) the problem is solvable if and only if
(hos @) (22 (@0 =0 for all ¢ € Sa, (Qy) N [H*(Qw)]"; (23)
3) under (23) there exists a unique solution hy of the problem (22) satisfying
(h1,9)[L2(00,)x = 0 for all ¢ € Sa, (Qm) N [H*(Qm)]". (24)
Proof. See [4]. O

Thus, under hypothesis of Theorem 3.2 for solvability of the Neumann problem (20) it is
necessary and sufficient that for the vector hg = —va,up the condition (23) is fulfilled. This
can be achieved if we place additional conditions on relations between the operators A, and Ay.
Namely, as we have seen above, it is quite natural to assume that

A, = AA, for some constant A > 0. (25)

Denote by Sa,(€2) the zero space of solutions to the problem (21) in the domain .

Corollary 3.1. Let for the pair of operators (AfAc,va,) the Shapiro—Lopatinsky conditions be
fulfilled. Besides that assume that the identity (25) holds and the spaces Sa,(Qm) N [H?(Qg)]*
and Sa, (Q) N [H2(Q)]* coincide. Then for any vector u, € [H2(Q)]* satisfying (21) there exists
a unique vector hy € [H?*(Q)]* that satisfies (20) and (24).

Proof. By Theorem 3.2 for solvability of the problem (20) it is necessary and sufficient that
(va b, )12 (00 = 0 for all o € Sa, (u) N [H?(Qp)]". (26)

If the vector u;, € [H%(Q)]" satisfies (21), then by the Green formula (4) for the operator A,
—/ VAbub’(/JdS = / VAb’u,blﬁdS = (w, AZAbu)[Lz(Q)]k - (Abl/J, Abu)[Lz(Q)]k = 0,
o o0

for any 1 € Sa, () N [H2(Qg)]x. )
On the other hand, the relation (25) guarantees that (\)?v4, = —v4,, and therefore

(Va, b, 9)(r200m)r = —(A)?(Va, e, ©) (1200, = *(;\)2/89 va, upthds
H

for any ¢ € Sa,(Qx) N [H?(Qg)]*. Due to the fact that the spaces Sa, (Qg) N [H?(Qg)]* and
Sa, () N[H?(Q)]* coincide, (26) holds. Then by statement 3 of Theorem 3.2 for any vector uy
there exists a unique vector h; € [H?(2g)]* satisfying (20) and (24). O
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The condition that the spaces Sa, (Qg)N[H?(Q)]F and Sa, (Q)N[H?(Q)]* coincide seems to
be rather strong, especially since these are spaces of solutions to different differential equations in
different domains. Nevertheless, provided (25) holds, such a coincidence is possible if the operator
A, is so much overdetermined that the space of its solutions in any domain is finite dimensional
and coincides with the space of solutions in R™; the typical examples are the so-called stationary
holonomic systems. Let us illustrate this by the following examples.

Example 3.4. Let A, = V and 4, = A\V (k=1,1=mn). The function u = const is a solution
to the equation Vu = 0 in Qy and extends to §2, where it is a solution to AVu = 0. Thus we get
that the spaces Sy, () and Sa, () coincide.

Example 3.5. Let A, = (Y) and A, =\ <Y), (k=1,l=n+1). A solution to Acu=0in Qg

is w = 0 and it extends to €2, where it is a solution Apu = 0. Thus, the spaces S4_(Qp) and
Sa, () coincide.

Example 3.6. Consider the following operators A;, A, u Ap:

9. 0 0 d. 0 0 9. 0 0
d, 0 0 d 0 0 9 0 0
0 9 0 1o a o <10 a8 o0
Ae 0 a9, 0]’ A=y 9, 0|’ Y d, 0
-1 0 0 -1 0 &, -1 0 &,
0 -1 9, 0 -1 9, 0 -1 9,

These operators have injective principal symbols and are equivalent to second order operators

~ 811: ~ 811: ~ _ 8ww
Ac=|0y, |, di=xl0, |, Av=2] 0,

Therefore the space of solutions of the system A.u = 0 in Qg coincides with the set of all
linear functions u = c1x + coy + ¢3, and any function of this form extends to §2, where it is a
solution to the equation Ayu = 0. Therefore, the spaces S, (Q2y) and Sy, (2) coincide.

As noticed above, if a solution to the Neumann problem (20) exists, it is ‘unique’ up to an
element of the space Sa, (Qg) N [H?(Qg)]* ( additively).

Recall that the aim of solving the original problem (5), (6), (11) is to find the transmembrane
potential v on the surface 0Qy. Let us write down the algorithm for solving the problem
(20), (21):

1. Find a function wu; and its conormal derivative v4,(up) on the surface 0Qy by solving an
ill-posed Cauchy problem (21) for an elliptic operator A} Ay.

2. Compute values of h(z) on the surface 9Qy by solving a Neumann problem (20) for an
elliptic operator A% A, with the data v4,u, on 0y obtained in Step 1. The possibility of
this depends on whether the restrictions on operators A, and Ay described above hold.

3. Find the transmembrane potential v on the surface 9Qy by using the relation (15) together
with u, and h on 0Qp, found in Steps 1 and 2, respectively

h—uw _ up on 0Qp. (27)
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In conclusion we note that solvability conditions for an ill-posed Cauchy problem in Sobolev
spaces for a rather wide class of operators with real analytic coefficients are well known, see, for
example, [3]. Moreover, in [3,15] on can find constructive procedures for its regularization, i.e.
for construction exact and approximate solutions (the so called Carleman formulas). Regarding
areas with models with the geometry corresponding to that in cardiology and operators that
are first order matrix factorizations of the Laplace operator, or more generally, of a Lamé-type
operator such Carleman formulas were obtained in [17].

The work was supported by the Foundation for the Advancement of Theoretical Physics and
Mathematics "BASIS".
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06 O,Z[HOI'?'I 3aJa4Ye TpaHCMHUCCHUHA, CBS3aHHOI C MoAaeJIdAMNI
AJIEKTPOKaApAnOJIOTNNA

FOunuga JI. Illedep

Cubupckuii desepasbHbIil YHUBEPCUTET
Kpacnosipck, Poccuiickaa Penepariust

AnnoTaius. B Hacrosimeit paboTe paccCMOTPEHO OHO 0000INEHNE 331a91 TPAHCMUCCHHN JIjIsI MATPUIHBIX
JUIMIITUYECKUX OMEPATOPOB, CBA3aHHONW ¢ MATEMATUIECKUMU MOJIEJIAMU KAPAUOJOTHH. Y Ka3aHbl JOCTa-
TOYHBIE YCJIOBUsI, IPU KOTOPBIX MOMIXOI, pa3pabOTAHHBIN JjIsl CKAJSIPHBIX OTIEPATOPOB, BCE eIlle paboTaeT
B HOBOI1, TOpa3a0 6ojee OOIENl CUTyaINN.

KuroueBsble ciioBa: 3a/1a4i TPAHCMUCCUU IS SJITUNITHIECKUX OITEPATOPOB, MOIENH JIEKTPOKAPINOTIO-
TUN.
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Abstract. The problem of estimating the mean of a multivariate normal distribution by different types

of shrinkage estimators is investigated. We established the minimaxity of Baranchick-type estimators
for identity covariance matrix and the matrix associated to the loss function is diagonal. In particular
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1. Introduction and Preliminaries

The field of estimation of a multivariate normal mean using shrinkage estimators was intro-
duced in [10]. The author showed that the maximum likelihood estimator (MLE) of the mean 6
of a multivariate gaussian distribution NN, (0, UQI,,) is inadmissible in mean squared sense when
the dimension of the parameters space p > 3. In particular, he proved the existence of an es-
timator which always achieves the smaller total mean squared error regardless of the true 6.
Perhaps the best known estimator of such kind is James-Stein’s estimator introduced in [7]. This
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one is a special case of a larger class of estimators known as shrinkage estimators which is a
combination of a model with low bias and high variance, and a model with high bias but low
variance. In this context we can cite for example Baranchik [2] for his work on the minimax-
ity of the estimators of the form 6,(X,S) = (1 — #(F)/F)X where F = || X||*/S, the statistics
S ~ %x2 is the estimator of the unknown parameter o and r(.) is a real mesurable function.
Strawderman [12] was interested to study the estimation of the mean vector of a scale mixture
of multivariate distribution under squared error loss. He showed the analogous results obtained
by Baranchik [2]. Xie et al [13] have introduced a class of semiparametric/parametric shrinkage
estimators and established their asymptotic optimality properties. Selahattin et al [9], provided
several alternative methods for derivation of the restricted ridge regression estimator (RRRE).
The optimal extended balanced loss function (EBLF) estimators and predictors are introduced
and derived from [8] and discussed their performances. In [6], the authors considered the model
X ~ N, (6,01,) where o2 is unknown and estimated by S? (S? ~ o2x2). They studied the
following class of shrinkage estimators &, = 67 + [(S2(S?, | X]1%)/ 11X ||*)X with [ is real pa-
rameter. Benkhaled and Hamdaoui [3], have considered the model X ~ N, (9,02Ip) where o2
is unknown. They studied the minimaxity of two different forms of shrinkage estimators of 6:
estimators of the form 6% = (1 — (52, X]*)S% || X||*)X, and estimators of Lindley-type given
by 6% = (1 — p(S2,T?)S*T?*) (X — X) + X.

In this work, we deal with the model X ~ N,, (6, £) and the loss matrix ) where the covariance
matrix ¥ is known. Our aims is to estimate the unknown parameter 6 by shrinkage estimators
deduced by the MLE. The paper is organized as follows. In Section 2, we study the standard
case ¥ = [, and Q) = D = diag(di, ds, ..., d,), we find the explicit formula of the risk function of
considered estimators and we treat there minimax property. As a special case, the James-Stein
estimator and its risk are also found. In Section 3, we study the considered problem with the
generalized matrices X and @. In Section 4, we graphically illustrate risks ratios of the James-
Stein estimator and the estimators of Baranchick-type to the MLE for various values of p. We
end the manuscript by giving an Appendix which contains technical lemmas used in the proofs
of our results.

We recall that if X ~ N, (0,0%I,), then 1X]?/02 ~ Xz (A) where x2()\) denotes the
non-central chi-square distribution with p degrees of freedom and non-centrality parameter
X = ]16]|?/202. We also recall the following results that are useful in our proofs.

Definition 1. For any measurable function f: Ry — R, X;2; (N\) integrable, we have

A
P<2,dk>,

where P (A\/2) being the Poisson’s distribution of parameter \/2 and Xsz is the central chi-
square distribution with p + 2k degrees of freedom.

Lemma 1. (Stein [11]). Let X be a N ('U,Jz) real random variable and let f : R — R be an
indefinite integral of the Lebesque measurable function, [’ essentially the derivative of f. Suppose
also that E|f' (X)| < +o0, Then

B|(F52) 0] =B 0o,

—+oo

E[f(g )] = Bz [FO)] = l . ()X 4 2pdu

k=0

o2

For the next, if X ~ N, (#,%X), we assume that the loss incurred in estimating 6 by o
is the function Lg(6,0) = (6 — 0)'Q(§ — ) and the risk function associated to this loss is
R (8,0) = Eg(Lg(6,0)).
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2. Results for standard case

Let X ~ N,(0,1I,) be a multivariate gaussian random variable in R” and for any estimator
§ we take the loss function Le(d,6) = (6 — 0)'Q(6 — #) where Q = D = diag (dy, da, . .., dp) . It
is well known that the MLE of the parameter 8 is X and its risk function associated to the loss

P
function Lp is > d; = Tr (D). Endeed
i=1

Rp (X,0) = E(Lp (X,0)) <Zd > ZdE )? = Tr (D),

because for any i (i =1,...,p), (X; — 6;)° ~ x? where X2 is the chi-square distribution with 1
degrees of freedom, then Ep(X; —6;)? = 1. It is easy to check that the MLE X is minimax, thus
any estimator dominates it, is also minimax.

Next, we suppose that K = (K4,...,K,) where K; (i = 1,...,p) are independent Poisson

P (6?/2) and K = Z K; (K ~ P (||6%]|/2)). We give the following Lemma, that can be used in
our proofs and its proof is postponed to the Appendix.

Lemma 2. Let X ~ N, (0,1,) where X = (X1,...,X,)" and 0 = (01,...,0,)". If p > 3, we
have

202
X2 e

el )| 19|,
) (nxn?) P2k

202

) X2\ 6]
”)E<||X||4>_E (p—2+42K) (p + 2K)

2.1. Baranchick-type estimators

In this part, we study the minimaxity of Baranchick-type estimator, which is given by

v (IX1%)
Oy = -—— | X.
P 1 ”XHZ (1)

Proposition 1. The risk function of the estimator defined in (1) under the loss function Lp is

zpjd (1 267 K)

1+ —5

= 16]12 V*(Xp k)
p+ 2K

2
— 4y’ (x p+2K) + 47¢(Xp+2[()

RD((Sw, 9) = TI"(D) + F 3 5
Xp+2K Xp+2K

—2Tr (D) E <W> :

2
Xp+2K
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Proof. We have

Rp(84,0) = E[Lp (6,,0)] = E { (X . v (||XH2) X) D (X oY (||XH2) X) } _

v (IXI7) 3 dix?

v v (1X1) X,
—23 4B [(Xi—60;) | ——5—| | -
I g3 l( ) [ ] ”

Using Lemma 1, we obtain

v (IXI7) 3 dix?

i o [v(Ix1?) x;
Rp(6y,0) =Tr (D) + £ N GE | | L || =
o EG g 0X; | x|
p P
02 (X)) 35 dix? v (1% 3 dix?
=Tr(D)+F = —4FE =1 _
1] 1|
p
» v (1x)°) v (IXI7) 32 dix?
-2 di | & +4F = -
(Z ) x| x|

3 d;X? )2 (||X||2) (0 (HXII2)

=Tr(D)+E{ = — 4y ) +4
" IXIE | e (117) + 4=
v (I1X1%)
—2Tr (D) FE
) ( I1XIP

From the independence given K between X2/||X||> and || X||? for i = 1,...,p, we get

Rp(0y,0) =Tr(D)+

+E {Zdsz <”§i|2|2 K> E Kw — 4y’ (IX%) +4W) |K] } -

=1

(e[
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Using the Lemma 2, we have

+E —
p+2K 1X1 X1
v (Ix1?)
—2Tr (D) 3 =
1X1

= Tr (D) - 2Tr (D) E M
111

v 26?
E%”Mﬂ>wmﬁ

+ESE
p+2K 1x)*

@#OXW)+4¢<XWMK

From Definition 1 and using properties of conditional expectation we have, for any two measurable
functions G and H, E [G (||X||2)] — E[G (x2,2x)] and E{E[H (K)|K]} = E[H (K)], where
K~ P(||9||2/2), thus we get the desired result. O

Note that the classical result of minimaxity of Baranchick-type estimators which is obtained

P
for the loss function L (8,6) = > (6; — 6;)* (ie. di = 1 for any i = 1,...,p), is also available
i=1

and it is established in the following Theorem.

Theorem 1. Assume that y is given in (1) with p > 3. Under the loss function Lp with
Tr (D) .

— =221

max (d;)

1<igp

i) ¥ (.) is monotone non-decreasing function;

Tr (D)

g, ()

i) 0< () <2 9

7

then dy is minimaz.

Proof. From formula (2), we have

Rp(6,,0) < Tr (D) +

P 202
49 (o) (14 2K ) o

= + e (32

+FE i=1 ”0H + max (dz) (G (Xp+2K)2 P (Xp+2K)
p+2K 1<i<p X 12K
2
—2Tr (D) E w <
Xp+2K
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' g p 207
44 (Zar) 3 <1+ e >

<Tr(D)+E +

p+2K

Xp+2K 1<i<p

+FE {W [max (di) [ (Xpi2r) +4] —2Tx (D)} } :

Then, a sufficient condition for that d, is minimax is that ¢ (.) is a positive monotone non-
decreasing function and max (d;) [v (XZ+2K) + 4] — 2Tr (D) < 0. Which are equivalent to
P

M(.)gg(w)?)

max (d;
1<i<p

and 9 (.) is monotone non-decreasing. O
Example 1. Let the shrinkage functions () (||X||2) = || x]?/ (||XH2 + 1), w(2)(|\X||2) =

=1 — exp(— || X||*) and the matrices DO = diag (dy = 1,dy = 1/2,...,d, =1/p) with p > 7
and D® = diag (d, = 1/2,dy = 2/3,..., d, =p/p+1) with p > 4. It is clear that the functions
1) (.) and @) () satisfie conditions of Theorem 1. Then the estimators Oy and G2 are
minimax for p > 7 under the loss function Lg) and are minimax for p > 4 under the loss

function L(Dz) .

Now, we discuss the special case where 9 (.) = a with a is a positive constant.

2.2. James-Stein estimator

Consider the estimator §, = (1 - a/HX||2) X=X- (a/||XH2) X, where a is a real parameter
that can depend on p. Using the Proposition 1, the risk function of the estimator J, is
P 202
> d; <1 + —5K )
i=1 6]
(p—2+2K)(p+2K)

Rp(64,0) =Tr(D)+a(a+4)FE

——2aTT(D)l?<p21+2u(). 3)

Tr (D
Proposition 2. Under the loss function Lp with p > 3 and L
m

i) a sufficient condition for that 0, dominates the MLE X is

Tr (D)

max (d;)
1<i<p

0<a<? -21;

i1) the optimal value of a that minimizes the risk function Rp(dqa,0) is

Tr(D)E ((}?—21+2K)) —2,

«

a:
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where o = E (Zidi (1—!— (29?/”9”2) K)/(p—2—|-2K) (p+2K)>,

Proof. 1) From formula (3), a sufficient condition so that J, dominating the MLE X is

P 2
> d; <1 + 20l2K>
i=1 6]

1
A E — 2Tt (D)E [ ————— ) <.
ala+4) (p—2+2K) (p + 2K) aTr (D) <p2+2K)
As P 202
> di(l + ||9|12K) )
=1
E < dWE(— ),
-2+ 2K) (pr2K) | S 2 () (p—?-i—QK)

thus, a sufficient condition so that §, dominates the MLE X is

a {(a +4) max (d;) — 2Tr (D)} E (])_21+2K> <0,

1<isp

which is equivalent to the desired result.
ii) Using the convexity of the risk function Rp(d,,6) on a, one can easily show that the optimal
value of a that minimizes the risk function Rp(d,,0) isa = (Tr (D) E (1/(p — 2+ 2K))/a) — 2,

where a = E (i d; (1 + (29,2/”9“2) K)/(p 24 2K) (p+ 2K)>. O

For a = @ we obtain the James-Stein estimator d;g (: 0 = (1 - Zi/||X||2> X) which min-
imizes the risk function of estimators d,, so that from formula (3), the risk function of the
James-Stein estimator ;g under the loss function Lp is

Rp(3ss,0) = Tr (D) - {TY o <p = QK) - m} , (4)

«

As the constant « is non-negative and using the formula (4), it is clear that the James-Stein
estimator §;g, has a risk less than Tr (D), then ;s is minimax.

3. The case of generalized X and ()

Let X ~ N, (0,%) and the loss function Lg (6,0) = (6 — )" Q (6 — ) where the covari-
ance matrix ¥ is known and ¥'/2Q¥'/? is diagonalizable matrix. Take the change of vari-
ables Y = PX.~'/2X where P is an orthogonal matrix (PP! = I,,) that diagonalizes the matrix
»1/2Q%1/2 such as PXY2Q¥YV/2pPt = D* = diag(ay,...,a,). Then we have Y ~ N, (v, 1,)
with v = PX71/20. Thus the risk function of the MLE X associated to the loss function Lg is

ﬁ: a; = Tr (D*). Endeed
Ro(X,0)=E [(X 0 Q(X — 9)} - E{ {21/213*1 (Y - ”)T Q {21/213*1 (v - 1/)} } -

E {(Y _ )t PEY2QR2pt (Y — y)} —E {(Y — )i D (Y — y)} -

_ija@E (% = )] = e (D),
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because for any i (i=1,...,p) (V; — l/i)2 ~ X3 where x? is the chi-square distribution with
1 degrees of freedom, thus E (Y; — z/i)2 = 1. As the MLE X is minimax, then any estimator
dominates it, is also minimax.

3.1. Baranchik-type estimators

Now, consider the estimator given by

1) (XtE_lX)
=|1-——— | X.
% ( Xty-1x ®)
Proposition 3. Under the loss function Lg the risk function of the estimator d4is
P 202
> ai (1 + ZgK) 2,2 2
i— 0|l 0] (X +2K) QS(X +2K)
Ro(04,0) = Tr (D) + E{ = I p 44 (v 44\
@(04,9) (D*) DTk o ¢ (Xpa2x) Coar
2
—2Tr (D) E ¢ Wyia) (ép“K) :
Xp+2K
where K ~ P (||V||2/2)
Proof.
t
10) (XtZ_lX) 10) (XtZ_lX)
—pl|(1-22 2 2 ) x - - = )X -0y =
Rq(04,0) ( Xtn-1x o1 @ Xty-1X ’

¢ (X'S1X)
Xin-1X

Xty-lx
“ [<X ~0)- e

Using the change variable Y = PX.~1/2X where P is an orthogonal matrix and P diagonalizes
the matrix ©/2Q¥1/2, then Y ~ N, (v, I,,) with v = PY~1/2¢ and

Rg(64,0) = E { {21/2131 {(Y —v) — ¢ (YY) YHt Q {21/2131 {(Y —v)— ¢ (Yty)y” } -

—E{ [(X—0) - X

Yty Yty
¢ (YY) ' 1\t y21/2 451/2 p—1 o (YY)
_E“(Yy) viy Y (P~H) S12Qu2P~ (Y —v) - viv Y| (=
_ St
o (Iv17) i o (IVI7)
=B |(Y —v) - ——52Y| PEYV2QEY2P! (Y —v) - ——52Y | 5 =
Y] Y]
_ St
2l (V) 1 .. _— o) 1, 0
= - I T — V) — %5 = ip= b )
Iy )® Iy )®
where |.]| is the usual euclidean norm in RP, PXY/2Q¥'/2pPt = D* = diag(ay,...,a,) and
55 = (1= (o(IIY[I?/IY[]?)) Y. From Proposition 1, we obtain the desired result. O
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Theorem 2. Assume that 04 is given by (5) where p > 3. Under the loss function Lo with
Tr(D*) .

— =221

max (a;)
1<i<p

i) ¢ (.) is monotone non-decreasing;

n-)ow_)@(m_g),

max (a;
1<isp

then d4 is minimaz.

The proof is the same given for the Theorem 1.

3.2. James-Stein estimator

Consider the estimator §, = (1 -b/ (XtZ_lX)) X. Using the Proposition 3, one can show
easily that the risk function of the estimator d; under the loss function L is.

P 262
Z(h‘(l-i- L K)
i=1 9]

(p—2+2K)(p+2K)

Ro(8y,0) = Tr (D*) + b(b+4) B

—2bTr (D) E <(p — 21+ 2K>> ,

where K ~ P (||1/||2 / 2). From the last formula, we deduce immediately that, a sufficient condi-

tion for that ¢, dominating the MLE X is 0 < b < 2 (Tr (D*) /lrga<x a;) — 2) , and the optimal
P

value of b that minimizes the risk function Rg(dp,0) is

08 (Ggram) )
2 ,

b=

where § = E (é ai (1 + (293/\\9”2) K)/(p 24 2K)(p+ 2K)).

For b = b we obtain the James-Stein estimator 05 = 0 = (1 —B/ (XtZ_lX)) X which

minimizes the risk function of d,. Its risk function associated to the loss function L is

0 (g ) - 2/3]2
: |

From formula (6), we note that 0% ¢ dominates the MLE X, thus 0%¢ is minimax.

Rq(97s,0) = Tr (D7) —

4. The simulation results

In this section we take the model X ~ N,(0,I,) where § = (01,61,...,61)" and we recall
the estimators of Baranchick-type and the matrices DY) and D@ given in Example 1, i.e.,

bucr = (L= (IXIP)/IXI7) X, 8y = (1= 0@ (IX]7)/IX]P) X with w0 (|X]*) =
= X127 (1X 1P+ 1), o (I1X]°) =1 = eap(~ X ), DD =diag (i = 1,d2=1/2,....d, = 1/p)
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and D® =diag (dy=1/2,ds = 2/3,...,d,=p/p+ 1). We also recall the form of the James-Stein
estimator ds (: 5o = (1 ~a/ |\X||2) X), where @ = (Tr (D) E (1/ (p — 2 + 2K))/a) — 2 and

P
a=F (Z d; (1 + (293/”9”2) K)/(p —242K)(p+ 2K)> We graph the risks ratios of es-
i=1

timators cited above, to the MLE associated the the losses functions Lpa) and L2y denoted re-
spectively: R(d;s,0)/R(X,0), R(d,),0)/R(X,0) and R(,2,0)/R(X,0) as function of A = 67
for various values of p.

In Figs. 1-4, we note that the risks ratios R(dss,0)/R(X,0), R(6,w,0)/R(X,0) and
R(6,2,0)/R(X,0) are less than 1, thus the estimators d;s, d,0) and 6,2 are minimax for
p =8 and p = 12 under the loss function L), and also minimax for p = 4 and p = 6 under the
loss function L ).

0 2 4 6 8 10

Fig. 1. Graph of risks ratios R(ds,0)/R(X,0), R(6,1),0)/R(X,0) and R(dyw),0)/R(X,0) as
function of A\ = 62 for p = 8 under the loss function L )

James-5tein

1.2
0 2 4 6 8 10
h
Fig. 2. Graph of risks ratios R(dss,0)/R(X,0), R(,0),0)/R(X,0) and R(dy=),0)/R(X,0) as
function of A\ = 62 for p = 12 under the loss function L )
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0.5

2 4 6 8 10
A

Fig. 3. Graph of risks ratios R(d;s,0)/R(X,0), R(d,0),0)/R(X,0) and R(d,=,0)/R(X,0) as
function of A = 07 for p = 4 under the loss function L)

MLE
. 5:5(23

07 ; 5.

r E'"l

1
06 |

i’

i
0.5 ! James-Stein
04

0 2 4 6 8 10

2

Fig. 4. Graph of risks ratios R(dss,0)/R(X,0), R(6,m,0)/R(X,0) and R(dyw),0)/R(X,0) as
function of A = 0% for p = 6 under the loss function L )

5. Appendix

Lemma 3 (Bock [5]). Let X ~ N, (0,1,) where X = (Xq,...

X)) and 0 = (61,...,6,)", then,

For any measurable function h : [0, +o00[ — R, we have

E (h (1X17) x2) = B [0 (2.2 (1007))] +62B [0 (32, (161°))]

where K ~ P (H9||2/202) being the Poisson’s distribution of parameter ||0]* /202
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Lemma 4 (Bock [5]). Let f be a real-valued mesurable function defined on the integer. Let
K ~ P(\/2) being the Poison’s distribution of parameter A\/2. Then

AE[f(K)]| = E2Kf (K -1)],
if both sides exist.

Proof Lemma 2. 1) Using Lemma 3 and the Definition 1, we obtain

E Xi =F 1 +6’FE N_g ! +6?F _
X3 T n01%) \ g g (lo?) \ ) p+2K ‘ p+2+2K )’

where K ~ P (||0H2/2) being the Poisson’s distribution of parameter 0] /2.

From Lemma 4, we have

2
142— K
X2 1 02 2K 6]
= () = ) e ) -
I1X| p+2K 16| p+2K p+2K

ii) Using Lemma 3 and the Definition 1, we obtain

X7 1 2 1

:E<(p2+2flf)(p+2K)) +93E<(p+2K)(;+2”K)>7

where K ~ P (||9H2/2) From Lemma 4, we have

X2\ _ 1 ? 2K B
t <||X|2> _E<(p—2+2K) (p+2K)> " ||0||2E<(p—2+2K) (p+2K)> -

0:
1+2— K
1]

(p—2+2K)(p+2K)

Conclusion

Stein [10], has started to study the estimation of the mean 6 of a multivariate gaussian
random N, (9, 02Ip) in R?, by the shrinkage estimators deduced from the usual estimator. Many
authors continued to work in this field. The majority among them have studied the minimaxity
of these estimators under the usual quadratic risk function, we cite for example [5,7]. Other
authors research the stability of the minimaxity property in the case where the dimension of the
parameter space and the sample size are large, we refer to [3,6]. In this work we studied the
minimaxity of Baranchick-type estimators, relatively to the general loss function. We showed
similar results to those found in the classical case. An idea would be to see whether one can
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obtain similar results of the minimaxity and the asymptotic behavior of risk ratios in the general

case of the symmetrical spherical models.

The authors are extremely grateful to the editor and the referees for carefully reading the

paper and for valuable comments and helpful remarks and suggestions which greatly improved
the presentation of this paper. This research is supported by the Thematic Research Agency in
Science and Technology (ATRST-Algeria).
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OO0 oreHKax pernieHUil 3aJja9n pacHieIlJIeHns IJIsi HEKOTOPhIX

MHOTOMEPHBIX AnddpepeHInaIbHbIX YPaBHEHNIT B YaCTHBIX
IMIPOU3BOHBIX

Abnenyp Xamaayu

VYuusepcurer Hayku u TexHosiorun Opan Moxamen-Bymnad
Opan, Amxup

Yuusepcurer Trnemcena (LSMA)

Tnemcen, Ayup

Abnenbkanep Benxasen

Yuusepcurer Mrocrada Crambymu (LGEO2E)

Mackapa, Amxup

Mekku Tepbeue
VYuusepcurer nHayku u texnogornu Opan Moxamen-Bymmad (LAAR), USTO-MB
Opan, Aykup

Annoramusa. VcciaenoBana mpobjeMa OINEHKH CPEJIHEro MHOTOMEPHOTO HOPMAJIBHOIO PacIpe/iesIeHusT
Pa3IUYHBIMKA THIIAMH OIEHOK yCaaku. Mbl yCTAHOBMJIM MUHMMAKCHOCTDH OLIEHOK THIIA DapaHumka [jis
€IMHUIHONW KOBAPUAIMOHHONW MAaTPHUIIbI, & MaTPUIlA, CBsI3aHHasi ¢ (PYHKIUEN MOTEpPh, SBJISIETCS TUArO0-
HasbHOU. B wactHOCTH, ipemcraBiien kiacc onenku J[xkeiimca-Creitra. Ob6cykmaeTcs obImas CUTyaIust
71t 06eNX YIOMSIHYTBIX BBbIIIE MaTPHII.

KuaroueBbie cjoBa: KOBapHallMOHHAsI MaTpwuila, omneHka JIxkeitmca-CreiiHa, (pyHKIUS TOTEPH, MHOTO-
MepHas TayCCOBCKasd ClydaiiHad BeJIMYHHA, HElleHTPaJIbHOE paclIpejle/leHHe XHU-KBaJIpaT, OIEHKa yCal-
KH.
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Introduction

Let C be the complex plane, D be the unit disk on C, H(D) be the set of all functions,
holomorphic in D. For all 0 < ¢ < +o0o we define the Privalov class of function II, as follows
(see [11)):

s

Hq:{feH(D): sup S (ln+|f(rei9)|)qd9<+oo}.

o<r<12m J

In" |a| = max(In |al,0), Va € C.
The classes II, were first considered by I.I. Privalov in [11]. If ¢ = 1 the Privalov class
coincides with the Nevanlinna class N of analytic functions in D with bounded characteristic

1 )

T(r, f) = Py [ In"|f(re?)|dd, 0 < 7 < 1. This is well-known in scientific literature (see [9]).
U —T

Using Hélder’s inequality, it is easy to prove the inclusion chain:

M,(¢g>1)CcNCI;(0<g<1).

Since for all 0 < ¢ < ¢
(£ < Qart 7]+ 17 < (7] 4 1% <2 (Qact 7)7 +1).

we have
I, C 11,

In the case of 1 < ¢ < 400 the Privalov spaces were studied by M. Stoll, V.I.Gavrilov,
A.V.Subbotin, D.A.Efimov, R.Mestrovic, Z.Pavicevic, etc. The monograph [6] contains a
brief overview of their results. Certain results were extended to the case 0 < g < 1 by the first
author of this paper (see [13]). Notice that the case 0 < ¢ < 1 was little studied. The questions

*evheny@yandex.ru
fshamoyanfa@yandex.ru
© Siberian Federal University. All rights reserved
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of interpolation in the Privalov classes, as well as properties of root sets of analytic functions
from these classes were investigated in recent works by the authors (see [14-16,20]).

In this paper we study a question of the invariance of the classes II; with respect to the
differentiation operator. In other words, we verify the validity of the Bloch-Nevanlinna conjecture
in the Privalov spaces.

The assumption, known as the Bloch-Nevanlinna conjecture, was clearly formulated by Nevan-
linna in 1929 (see [9]) as follows: a derivative of any analytic function in the unit disk with
bounded characteristic is a function of bounded characteristic.

The famous result refuting this hypothesis belongs to O.Frostman (see [5]). He proved that
there is a Blaschke product whose derivative is not a function with a bounded characteristic.

Subsequently, many counterexamples that refute the Bloch-Nevanlinna conjecture were con-
structed in the works of others such as H. Fried (1946), W.Rudin (1955), W.Hayman (1964),
P.Duren (1969), J. Anderson (1971), L.-Sh. Khan (1972), et. al. D.Campbell and G. Weeks [1]
provide a brief overview of these results, as well as a general approach to the construction of
such examples.

The invariance with respect to the integro-differential operators of other classes of ana-
lytic functions have been studied by many mathematicians. A brief overview of their results
is contained in the work of S.V.Shvedenko [22]. In particular, a closure of the classes of ana-
lytic functions in a disk with the restrictions on Nevanlinna’s characteristic function regarding
the operations of differentiation and integration was studied by F.A.Shamoyan, I.S. Kursina,
V. A.Bednazh (see [19]).

We state the Bloch-Nevanlinna conjecture in the Privalov spaces: for whatever ¢ > 0, the
derivative of a function from the class II; belongs to the class 1I,.

The paper is organized as follows. In the first part of the article we refute the Bloch-
Nevanlinna conjecture in the Privalov spaces for all 0 < ¢ < +o0o. In the second part of the
article we indicate the class to which the derivative of any function from the Privalov space
belongs.

1. The Bloch-Nevanlinna conjecture
for the Privalov spaces

The following statement is true.
Theorem 1.1. The Bloch-Nevanlinna conjecture fails in the spaces Ily, 0 < ¢ < 4o00.

In other words, the Privalov spaces II; are not invariant under the differentiation operator
for all 0 < ¢ < 400, not only for ¢ = 1.

In the sequel, unless otherwise noted, we denote by ¢, c1,...,cn(, 3,...) some arbitrary
positive constants depending on «, 3, ..., whose specific values are immaterial.

Proof of this statement reproduces the arguments from [21], the method goes back to the
work of Hayman [8].

Let X be a sufficiently large positive integer, 0 < o < 1, H* be the class of bounded analytic
functions in D. We define a function f) as follows:

+oo
=S ATHOm
k=0

11—«

PUETINET that is f) € H*. Since

400
It is obvious that fy € H(D), and |fy| < 3 A7F0-a) =
k=0

H> C II,, we have f\ €1l for all 0 < ¢ < +o00.
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In the same time we have
“+oo

Ji= oAk (1)
k=0
Show that f{ ¢ II,. We fix n € N and denote r,, = exp(—a/\"), r,, = 1 —0, n — +oco. Let
un(2) be the n-th term of the series (1):
Un(z) = XA L
By S, (z) we denote the n-th partial sum of the series (1):

n—1

Sn(Z) — Z}\akzz\k—I’

k=0
and by R, (z) we denote the n-th remainder of the series (1):
+oo

R,(z) = Z Aok AR

k=n-+1

We estimate these sums on the circle |z| = rp,.
n—1 n—1 n—1

|Sh(2)] < Z )\akr,)‘lk_l = Z A exp (—/\a—n ~(\F - 1)) = exp (%) Z A exp (—a . )\_(”_k)> <
k=0 k=0 k=0

< exp (%) ”z_:l A = exp ()%) . );\naa__ll = \N"%exp(—a—1) - A\ a),
k=0

1 1 _ —no |
where A(\, ) = exp [04(1 + )\—n) . %
Therefore we have |5, (z)| < %|un(z)|

Now we estimate R, (z) on the circle |z| = r,.

1
}<4 for A > Ag.

+oo +oo \am

|Rn(2)] < Z exp (%) Ak Z W.

k=n+1 m=1
Since exp (aA™) > exp(mal) for m > 1 and sufficient large A,

too \am b

<
Z exp (@A™) ~ ear — \a

m=1

so we have

Ao % 1

Ru(2)] < expla+ fun(2)| s < oo < glun(2)
for A > Aq.
As a result, we obtain:
1
A= lu)l, |2 = o,
for A > max(Ag, \1).
But
In u,(2)| = cql ., n=12 ...
nlu,(2)| = ¢ nl—rn n
Thus, we have
| i) a0 > et
this means that f{ ¢ II,. Theorem 1.1 is proved. m
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2. On the differentiation in the Privalov spaces

An important place in the theory of analytic functions belongs to the Nevanlinna N-class of
analytic functions in D with bounded characteristic T'(r, f). It was introduced by A.Ostrovsky
and brothers R. Nevanlinna and F. Nevanlinna (see [10]). As noted above, N = II;. Unlike the
class N, the area Nevanlinna class is defined as follows (see ibid.):

N=<feHD): //ln+|f(z)|da:dy<—|—oo , 2=+ 1y,
D
or equivalent to this

1 =«
N = fGH(D)://ln+|f(rew)|d9dr<—|—oo

0 —m

The area Nevanlinna classes are a natural generalization of the classes N. As it was established
in the works [2,17], these classes are close with respect to the properties of root sets and the
factorization of functions. The class N is included in the scale of the Nevanlinna-Djrbashian
classes N, (see ibid.):

N, = {f e HD): /01(1 — )T (r, f)dr < +oo}, a>—1,

and in the scale of S%-classes of F.A. Shamoyan (see [18]):
1
Sd = {fEH(D) :/ (l—r)o‘Tq(r,f)dr<—|—oo}, a>-1,0<q< +oo.
0

Similar to the definition of the area Nevanlinna class, for all 0 < ¢ < +00 we introduce the
area Privalov class:

1 =«
I, = feH(D)://(1n+|f(rei9)|)qd9dr<+oo

0 —m

It is clear that II; = N. Using Holder’s inequality, it is easy to prove that I:Iq C Sd forg>1
and I, D S for 0 < ¢ < 1.
The main result of the second part of this paper is the following theorem.

Theorem 2.1. If f € II, (0 < g < +00) and function f has no zeros, then f' € I:Iq.
To prove this statement, we need auxiliary statements.

Theorem 2.2 (see [13]). If f € II,,(0 < ¢ < 1), then
Int M(r, f) =o((1—7)"Y9), r =1 -0, (2)

where M (r, f) = max |f(z)|, and the estimate is exact.
T

|z|=

Lemma 2.3 (The Minkowski inequality, see [7], p. 178). Let {fk}z;“{ be the sequence of mon-
negative functions. For all 0 < p < 1 the following inequality is valid:

1/p

V{gfm)}pdx] > Xk:{/f;f(x)dar}l/p-
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Lemma 2.4 (see [6], p. 144). Let P(r,0) denote the Poisson kernel in D, i.e.

1—72

Pr)= ——————.
(r.6) 1472 —2rcosf

For each real number q there exist finite positive constants cq, dg, such that

CqPq(r) < % :Pq(r,G)dH < dgy(r),
where
(-t a< s,
6a(r) = { VT=7In (1+ 11T) a=y
(1—7r)t74, ¢ > %

Proof of Theorem 2.1. Let z = re?, t = Re’?, 0 <r < R < 1. Since f € H(D) and function f
has no zeros, we have, by the Schwarz formula, that:

2
nfe) =5 [ i) dpric Q

where the main branch of the logarithm is chosen.
Differentiate (3) by z:

e = [T mirol e

/ f(Z) 2 i R@iw
f(2) = T/o In[f(Re)| - md‘p’

whence )
o < G , R
e L[ ) e,
/ |f(2)] o + NS 1
OISR [ R e (@

Let us consider 3 cases.

Case 1. We assume that 0 < g < 1.
Rewrite the last inequality in the form:

27
) . 1
"(2)] € /)] / In* [f(Re™®))T - (InT | f(Re))1 9" - de.
IfI <=5 | (In™ [f(Re™))* - (In™ | f(Re'?)]) I3 cos(p—0) 4 5 @
. i . . . 1 1
Applying Holder’s inequality with exponents p and ¢ we have:
1-q

/ HONwEm- i ! o (In™ | f(Re#)|) !
z)| < In Re*? )4 - d
e < SN [ wt iswaey) - o emto 0+ 2T
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Since the function f belongs to the class II,, we have by Theorem 2.2:

2 ya-g) 7171
/ < lf(2)] Cq€q / (p (L _3)) d
|f (Z)| 7TR (1—R)(17q2)/q( _%22) 0 R7g0 ¥ ’

. . . . 1 1
where P (%, w— 9) is the Poisson kernel. We use the Poisson kernel estimate for -4 > 3 from
Lemma 2.4: ) D

z ¢ €
[f'(2)] < : e T T
7R (1 - R)(-4*)/a (1_%“2) (1_%)‘1
1+r . .
Suppose R = . After elementary transformations we obtain:

1

[ (re’?)| < Ag - [ f(re')] - RS

We proceed with the logarithm of the last inequality and take into account that In™ |ab| <
In" |a| +1In* [b], a >0, b > 0:

4 ) A
+ | gt 0 + 0 1
mLﬂmﬂ<m|ﬂWﬂ+m<u_mqu'

Next, raise both sides to the power ¢, and take into account (a + b)? < a? 4 b? for all a > 0,
b>0,0< q< 1, after integration over 6 € [—m, 7] we have:

[ wriseennas [

—T —T

™

i0\[\4 1 !
(In* | f(re™))) d9+Bq+(ln(1_T)(1+q)/q> )

Since f € II; we have:

/ (In™ [ f'(re’)|)? do < By + 27 (hl

—T

1 q
(1-— r)(1+q)/q) )

Integrate over r € [0, 1]. In view of the convergence of the integrals on the right-hand side of the
inequality, we conclude that f’ € 1I,.

Case 2. Now we suppose that ¢ > 1.

Applying Holder’s inequality with exponents g and 1 + 1 in (4), we obtain

Since the function f belongs to the class II,, we have

761« e [ (Re=0) T ]

T R?

1-1/q

1 1
We use the Poisson kernel estimate for 1 + —— > — from Lemma 2.4:

q—1 2
/ . |f(2)] 1
g q 2 : .
PN a ) o
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1
Suppose that R = %, then we have:

, |f(2)]
f(z)] <€ —.
Ol

We proceed with the logarithm of the last inequality and take into account that In™ |ab| <
In" |a| +1In™|b], a >0, b > 0:

It [f(z)] < In* |f(z)] + I — S0
(I—r)aT

Further, raise both sides to the power ¢, and take into account (a + b)? < a? 4 b? for all a > 0,
b>0,0<qg< 1. After integration in 6 € [—m, 7] we obtain:

s

/Tr (1n+|f'(rei9)|)"d9</ (In* | £ (re®)))* df +In — 1.

—Tr —T (1 — ’I’)ﬁ

Since f € I, we see that:
" + | g i0\\ 4 C’q
(In™ [ f/(re*®)])" df < ag + In ————.
- (1 —r)aT

Integrate over r € [0, 1]. In view of the convergence of the integrals on the right-hand side of the
inequality, we conclude that f" € II,.

Case 3. We assume ¢ = 1. Using the estimate of S.N.Mergelyan for a function of the
Nevanlinna class (see [12, c. 84]), we get from (4):

, |f(2)] o
Pl < C?TR(l R (1- 1) /o P (E"p_ 9) de,

whence by the property of the Poisson integral

£ (=)l .
TR(1-R)(1- %)

IF')l<c

Further, the proof repeats the argument for Case 2. Theorem 2.1 is completely proved. O
Remark 2.1. Note that W. Hayman indicates the invariance of the class Il;, (1 < ¢ < 400)

with respect to the integration operator [8].
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Abstract. The present study investigates the effects of a circular cylinder on the three-dimensional
characteristics of free convective heat transfer. The circular cylinder is mounted horizontally on a heated
vertical plate and is categorized as high aspect ratio obstacle, which means the height of cylinder is
comparable to its diameter. The obtained results are provided for the laminar flow regime. In addition,
during numerical study the governing differential equations are solved around the Grashof number equals
to 3 x 10%. In order to illustrated the regions of high gradients of temperature, the flow temperature is
shown in terms of non-dimensional contours and diagrams. At the near junction region in upstream of
cylinder, by description of heat transfer coefficients represented to the temperature gradients at intended
points, the effects of cylinder emplacement on the heat transfer rate is surveyed. As expected, the value
of the buoyancy-induced heat transfer coefficient increases at the cylinder junction in the upstream side.
The maximum value of heat transfer coefficient is seen at the symmetry plane of study domain, which is
corresponded to the location of horseshoe vortex system core. Finally, by deviation calculating between
numerical and experimental results also by analysis of the experimental method uncertainty the validity
and reliability of numerical and experimental approaches are proved.

Keywords: juncture flow, free convection heat transfer, laminar boundary layer, heat transfer coeffi-
cient.
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Introduction

Free convection flows around surface-mounted isothermal circular cylinders are found in many
industrial and environmental applications. Flow through bluff body located on a heated plate
is complex and can contribute to significant non-uniformities of local heat transfer [1]. Such
flows can attributed to the body junction of different heat exchanger units and cooling systems.
In most industrial applications, the focus is on heat transfer and factor that governs the flow
pattern. Typical geometry of such applications can be represented, as a circular cylinder mounted
on heated vertical plate with a free convection boundary layer developing along it. A large
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- 631 -



Hamid Malah, Yurii S. Chumakov Experimental and Numerical Study of Free Convection Heat ...

adverse pressure gradient in the encounter region where the free convection boundary layer
approaches the circular cylinder leads to separate the boundary layer in front of the stagnation
point. Development of such flows depends both on intensity of the separation and on the arising
buoyancy force acting on the heated flow pushed away from the heated plate. In addition, flow
structure forming depends on bluff body shape and its aspect ratio. Compared to the flow past
a short obstacle, the flow past a high aspect ratio bluff body placed on the heated vertical plate
is more complex due to the effects of the plate and free convection boundary layer [2].

Experimental and computational studies of free convection flows over a bluff body have
been reported in the several literature [3-5], that all confirming the anticipated increase in heat
transfer in the stagnation region in front of the bluff body and its decrease in the wake region.
Heat transfer from simple plate or around single cylinder intensively differs from a complex
system consist of bluff body placed on the plate due to effects of boundary layer arising from the
plate leading edge on bluff body in the encounter region. Despite unconfined cylinders or bluff
body is placed on the horizontal plate [6,7], the free convection heat transfer around a complex
system included high aspect ratio circular cylinder mounted on heated vertical plate in laminar
regime is not well understood. The better understanding of this complex system is critically
important because of its practical applications. In the case of bluff body mounted on heated
plate, there are some papers, which present the analysis of free convection heat transfer at the
junction of low aspect ratio isothermal cylinder mounted on a heated wall [2,8]. These papers
[2, 8] show that the low aspect ratio bluff body which completely embedded in free convection
boundary layer leads to heat transfer enhancement.

The present paper covers numerical results of time-based computations, which categorize the
effects of high aspect ratio cylinder mounting on free convection heat transfer at the junction of
the circular cylinder and heated vertical plate with approaching laminar free convection boundary
layer. The axis of the circular cylinder directed normally to the plate. The study considers the
case, which an adiabatic circular cylinder obviously crosses from thermal boundary layer arisen
on the vertical plate, which means the cylinder height (H) is comparable to the diameter of
cylinder (D). In order to confirm obtained computational results in upstream region of cylinder,
the experimental data for the same problem are presented in parallel.

1. Problem definition

This study is performed by using three-dimensional Navier—Stokes and energy balance equa-
tions to solve the problem of laminar flow of a viscous incompressible fluid, which regarded to
the Boussinesq approximation over a circular cylinder mounted on a rectangular heated vertical
plate. In order to reduce the non-linearity of the governing equations meanwhile the numeri-
cal solution, the density variation was neglected in all terms of governing equations except the
buoyancy term. Therefore, the following set of equations, which will applied to consider com-
putational domain by finite volume method is in good accuracy with original set of governing
equations:

V.V =0,

°)%
+p(VV)V = pBg(T — Tws) — VP + pV?V, (1)

Pot o7
The system of equations (1) include: the velocity of a parcel of fluid, V; density, p; time, t;
volume thermal expansion coeflicient, §; gravitational acceleration, g; the temperature of a
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Table 1. Boundary conditions of problem

Index Applied conditions
1 VYXZ‘/'Y:‘/'Z:O7 6P/8n:07 8T/8n:0

2 Vx =Vy =V;=0, 0P/0Z =0, T =Tw
3 Vx =W =Vz;=0, O0P/0Z =0, T=T
4 Vx =V =Vz=0, OP/0Z =0, T =Ty
5 Symmetry

6 Symmetry

7

P=P, T="T,

parcel of fluid, T'; surrounding medium temperature, T,.; the local pressure of a parcel of fluid,
P; dynamic viscosity, u; specific heat at constant pressure, C'p and thermal conductivity, A.

2. Computational aspects

In this study, for different analyzed cases, the diameter of the cylinder (D) equals to 0.02 [m)]
and the height of the cylinder (H) equals to 2D. The height of cylinder is selected in this way to
cross thermal boundary layer entirely. The emplacement position of cylinder is considered to be at
the place, where the Grashof number along vertical plate (Gr,) on simply vertical plate without
cylinder (undisturbed upward flow), equals to desired value of the laminar Grashof number.
The origin of the system of coordinate is placed 31.5D from the leading edge of the isothermal
vertical plate and coincides with the center of circular cylinder cross section at junction region and
consequently the approaching flow at the location of cylinder is fully developed laminar flow. The
X-axis corresponds to the horizontal direction, the Y-axis aligns to the vertical direction and the
Z-axis is normal to the vertical plate. The coordinate system and computational domain, which
used in the present study, are shown in Fig. 1. In order to cautiously simulate the characteristics
of the flow in the vicinity of the cylinder, the dimensions of computational domain are drawn
out 117D in height and 7D width. For the normal direction, the domain size is set to 10D,
to provide a sufficient wide space for ultimate develop of convective boundary layer thickness
(d0) arising from heated vertical plate. In order to avert the effects of the solid boundaries on
the free convective flow pattern also on the heat transfer characteristics, the lower face of the
computational domain is located at 40.5D upstream of the cylinder axis and the upper one is
placed at 76.5D downstream, as shown in Fig. la.

By authors’ knowledge, the free convective flow in laminar regime does not depend on initial
condition of solution, especially in our case the final solution is independent from given initial
condition [2]. In this paper, there is no initial velocity around leading edge of heated vertical
plate and at the beginning of calculations (first time step). Therefore, velocity in all directions
assumed as zero. By starting numerical procedure (t = 0]s]), the temperature at the vertical
plate is increased suddenly from To, = 293.15[K] to Ty = 333.15[K] and maintained at this
value. Heat is transferred initially by pure conduction to the surrounding medium and this
initial conductive phase is characterized by arisen thermal boundary layer on vertical plate, until
a certain critical time is happened when buoyant flow arises and interacts with cylinder surfaces
also heated vertical plates and finally leads to forming free convective layer around the solid
surfaces.

The boundary conditions are formulated as corresponding mathematical equations as follows
in Tab. 1 (see Fig. 1la for numbering of the computational domain boundaries).
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Fig. 1b shows the blocked structure of grid for meshing system, which covers the computa-
tional domain by eight-node hexahedron elements. The computational domain is discretized using
body-fitted mesh adapted to the geometry of the domain in order to carry out high-resolution
numerical simulation. The final quantity of three-dimensional computational grid elements ap-
proximately equal to 6.2 million. The grid is clustered to heated vertical plate along Z-axis
by considering that the elements size in the near-wall regions are about 0.02D. In the normal
direction to the vertical plate, the grid consists of 150 nodes, where 50 nodes are located inside
the thickness of undisturbed boundary layer. The multi-block structured grid is originated from
two-dimensional grid of the XY plane.

In Fig. 1b is shown the numbering of the blocked structure of two-dimensional grid, which
is explained in the following. An O-type block (8) embedded in the clustered region close to
the cylinder (9) to discretize this enclosing area. The diameter of this O-type block, which is
centered at the center of the cylinder equals to 2.1D. An additional square block (10) with edges
dimension equal to 3D, which enclose the O-type mesh area, is embedded to enhance fine grid
computation around the cylinder. In the XY plane, the elements size of grid in the O-type
block and square block respectively varied between 0.013 — 0.027D and 0.023 — 0.093D. Four
additional grid blocks (11) are selected between the refined square block around the cylinder and
outer blocks (12) with coarse mesh, which served to align the skewness of the forming elements.
Finally, six blocks (13) were constructed adjacent of leading and trailing edges of vertical plate,
where the grid of these blocks were clustered to the heated vertical plate edges in order to
correctly describe arising flow in these critical regions.
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Fig. 1. The schematic representation of the problem configuration: (a) — computational domain,
(b) — grid layout

In this work, the commercial package ANSYS-Fluent 16.2 [9] was used to simulate numer-
ically three-dimensional disturbing effects around circular cylinder in the upstream region. To
evaluate the effects of computational parameters include time step and mesh sizes during numeri-
cal solution, here, four different simulations were performed, which differs from each other in grid
refinement and time step. These different configurations were applied to surface-mounted adia-
batic circular cylinder on the heated vertical plate. In Tab. 2, two symmetry plane characteristics
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of the horseshoe vortex system include diagonal distance of necklace vortex axis coordinates rel-
ative to the circular cylinder axis (Lpy ) and in normal direction to the vertical plate (Cpy ) were
provided to compare. Tab. 2 shows a high degree of fidelity between refined and coarse grids.
In addition, Tab. 2 proves the ineffectiveness of reducing physical time step on characteristics
of horseshoe vortex system. Furthermore, Tab. 2 was used to validate the numerical simulation
method by previous numerical study [2]. The analysis of given values in Tab. 2 confirms the
reliability of numerical solutions. As result of reliability analysis, which presented in Tab. 2, the
effectiveness of applied numerical configuration in ANSYS-Fluent 16.2, is emphasized. Therefore,
the time step used in the present computation was, in general, at 0.002 [s] and flow parameters
are stabilized with an accuracy equal to 1075 at physical time approximately equal to 200 [s].

Table 2. Computational parameters effects on the necklace vortex characteristics

Index Number of cells Time step [s] Lpyv [m] Cpv [m]

Coarse 6 200 000 0.001 0.0128 0.0024
Coarse 6 200 000 0.002 0.0128 0.0024
Refined 20 500 000 0.001 0.0129 0.0024
Refined 20 500 000 0.002 0.0129 0.0024

[2] 3 650 000 Steady State 0.0135 0.0022

3. Experimental investigation

The difficulty in the experimental study of free convection flows compared with forced flows
is due to the complexity of providing experimental apparatus, which can generate stable free
convection flow with determined parameters. In this study, free convective boundary layer near
a heated vertical plate is provided, by using an experimental setup described in experiments of
other authors [10]. Here the characteristics of the used experimental apparatus allow simulating
different flow regimes, up to the Grashof number equal 5 x 10*!.

The main part of this experimental apparatus is the junction of cylinder and heated vertical
plate. A solid polymer circular cylinder is mounted on vertical plate using light glue. The diam-
eter of cylinder fixed to 0.02 [m] and its height is equal 2D. The adiabatic condition on cylinder
surfaces is provided by very low thermal conductivity of polymer. The vertical plate is made of
duralumin sheet with dimensions of 250D x 44D x 0.02D, and its working surface, along which
free convection flow arises, is polished.

The temperature of studying domain is measured using a resistance thermometer sensor,
which is controlled remotely by computer. During the experimental investigation, the surround-
ing medium temperature varies between 293.15 and 295.15[K]. Since it is not possible to measure
the temperature of vertical plate (Tyy) by resistance thermometer sensor precisely, the wall tem-
perature is approximated by linearization of temperature profiles on desired points.

4. Results and discussion

In this part, the results of the numerical simulation in comparison with experimental data
for a high aspect ratio circular cylinder (H/D = 2), which crosses the formed boundary layer en-
tirely, are presented. It is noteworthy that the thermal boundary layer thickness (J) assumed as
the Z coordinate where the local temperature differs from the surrounding medium temperature
less than two percent. Here, the computed thickness of developed thermal boundary layer along
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vertical plate at emplacement of cylinder (Y/D = 0) equals 0.5H, which ensures that cylinder
height entirely crosses the formed boundary layer. In this case, the free convection heat transfer is
controlled by the intensity of buoyancy force, which depends on the local temperature difference
between heated vertical plate and surrounding medium (Ty — Too) [2]. Subsequently in order
to study free convection heat transfer parameters at first, the temperature field is illustrated
by using dimensionless temperature. In continue, by demonstrating dimensionless temperature
profiles at different Y'Z sections (X/D = 0, 0.6, 0.7, 0.85), the free convection heat transfer
coefficient («) is investigated in both numerical and experimental study to realize the effects
of cylinder emplacement on the flow configuration in the upstream region of the cylinder. In
this paper, numerical and experimental results of temperature fields and heat transfer rate were
obtained for laminar Grashof number equals to 3 x 10%. The extremely high Grashof number
leads to apply enormous time steps for numerical solution procedure also leads to convergence
problems. Furthermore, the provided experimental study demonstrated that transient regime is
occurred only after 45D from leading edge of the heated vertical plate. Therefore, the charac-
teristics of laminar regime approximately extend to Grashof number equals 5 x 10°. Thus, the
Grashof number was selected in this way to satisfy the requirements of the practical applications
by considering the numerical limitations. To sum up, by comparing the numerical results to ex-
perimental data the validity of the computational simulation and their underlying assumptions
and simplifications are verified.

Since the temperature of the vertical plate and surrounding medium in numerical simulation
are given as isothermal temperature, and in experimental investigation is measured by thermal
sensors, there is dissimilarity among these values in numerical and experimental study. Thus,
the obtained values from the experimental investigation cannot be directly compared to the
computed values. To combat this problem, in present work, a dimensionless temperature (77)
is defined as follows:

T Tw —T

=Ty T (2)

Which is determined as the ratio of the temperature difference between vertical plate and
desired point of investigated ambient (Tw — T'), to the temperature difference between verti-
cal plate and surrounding medium (Ty — Tw). As stated in previous parts, the temperature
of surrounding medium (7 ) in numerical simulation considered as 293.15 [K| and in experi-
mental study varies between 293.15 [K] to 295.15 [K]. In addition, the temperature of vertical
plate in numerical solution fixed on 333.15[K] and in experimental investigation is obtained by
linearization of temperature profile on desired point.

The dimensionless temperature field comparison between the numerical solution and experi-
mental investigation is shown in Fig. 2 for different Y Z planes around the junction of cylinder and
heated vertical plate. The present experimental results qualitatively are in good agreement with
their numerical results at different Y Z planes. The obtained temperature field in upstream region
of the cylinder is symmetric. It is especially noted here that the existence of step-like structure
in Fig. 2 for experimental temperature field is due to spatial step among gathered experimental
data. Subsequently when the contour of temperature is drawn by using the triangulation of data
method in modeling software, there are depicted step-like structure. Furthermore, the white
regions in Fig. 2a and Fig. 2b correspond to very closed cylinder surfaces regions, which could
not be considered due to the limitation of experimental measurement.

As seen in Fig. 2, the buoyancy-induced flow develops on the vertical plate due to temperature
gradient between the heated vertical plate and the cold ambient fluid. This gradient leads to
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Fig. 2. The dimensionless temperature fields: (a) — experiment for X/D = 0, (b) — numeric for
X/D =0, (c) — experiment for X/D = 0.6, (d) — numeric for X/D = 0.6, (e¢) — experiment for
X/D = 0.7, (f) — numeric for X/D = 0.7, (g) — experiment for X/D = 0.85, (h) — numeric for
X/D =0.85

form a non-uniform density field. The arisen buoyant force encounters leading edge of circular
cylinder. In the upstream region of the cylinder, the temperature of approaching flow to the
leading edge of cylinder is very small except in the formed boundary layer very closed to the
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cylinder surface. It is due to this fact that diffusion arisen away from cylinder surface is less
than approaching advection toward the cylinder [11]. When heated fluid approaches the leading
edge of cylinder, at stagnation point the temperature distribution is divided into hot and cold
regions by an imaginary line because of higher pressure at this point compared with adjacent
regions. The hot flow moves toward the vertical plate, recirculates at junction of cylinder and
heated plate, and leads to form horseshoe vortex system. For symmetry Y Z plane (X/D = 0),
the core of horseshoe vortex structure, which is located near the cylinder junction, can be seen in
Fig. 2. In this work, as result of time-based solution, vortex structure is formed near the cylinder
junction with elapse of time, and then a steady state condition will prevail along solution time
so the center of the vortex stays at a certain position in accordance with flow recirculation.

In order to have better understanding of the temperature field in Fig. 2, the dimensionless
temperature profiles in the symmetry plane (X/D = 0) for both numerical and experimental
studies have been plotted in Fig. 3a at the different Y coordinate below the leading edge of
cylinder.

Fig. 3a displays the role of free convection flow approaching to the cylinder in modifying
the flow field in the upstream region of the cylinder. The agreement between experimental and
numerical results is quantitatively and qualitatively very good, especially in the thermal boundary
layer region. The temperature distributions in the near wall domain and in the cylinder junction,
where flow recirculates compare favorably. However, by moving away from cylinder in upstream
region in Y direction the consistency of experimental and numerical results get much closer.
This is due to cylinder junction effects in the experiment where different disturbances appears in
computational ambient compare to numerical simulation which simplifies the ambient parameters
to resolve problem.

In order to demonstrate the effects of cylinder emplacement on approaching free convection
flow, in Fig. 3b have been drawn experimental and numerical results of dimensionless temper-
ature profiles for different Y Z plane (X/D = 0.6, 0.7, 0.85). These graphs show dimensionless
temperature at the angular coordinate equal to 90 degree relative to the leading edge of cylinder
(Y/D = 0). Here, the angular coordinate zero is measured from the lower symmetry line of the
cylinder (leading edge of cylinder). In Fig. 3b, analyzing the dimensionless temperature profiles
on the heated vertical plate reveals the thermal boundary layer thickness, which in the upstream
region of cylinder (angular coordinate between zero to 90 degree) is fairly uniform and approxi-
mately equals to 0.45H. As shown in Fig. 3b, the effect of cylinder emplacement disappears by
moving away from the cylinder in X direction. In addition, the numerical results are in good
compatibility with the experimental data.

As mentioned above, a part of flow, which separate at stagnation point on the leading edge
of cylinder toward the vertical plate, recirculates at junction region, and leads to form horseshoe
vortex system in the upstream of the cylinder. The arisen horseshoe vortex contributes intensive
interaction of cold and hot flows, which undoubtedly have significant effect on free convective
heat transfer in junction region [12]. By considering equation (1) for thermal energy, the heat
transfer coefficient (a) is determined as ratio of the heat flux (¢) and the temperature difference
between heated vertical plate and surrounding medium (Tyw — Too):

q
o= T T (3)

For the numerical solution, the values of free convection heat transfer coefficient are com-
puted directly from numerical simulation based on finite volume method and equation (3). In
experimental investigation, based on the collected data, the values of the heat transfer coefficient
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Fig. 3. The dimensionless temperature profiles; (a) — in the symmetry plane (X/D = 0),
(b) — at the angular coordinate equal to 90 degree (Y/D = 0)

are calculated by using equation (3). To aim this purpose, a thermal layer on the vertical plate
is considered, on which the heat transfer is only due to conduction. Thus, the rate of convec-
tion heat transfer of ambient in the arisen convective layer on the heated vertical plate assumed
equal to the rate of conduction heat transfer in imaginary conductive sub-layer. Therefore, the
convection heat transfer is defined as follows:

A or

T Tw — T 02 )

@
In equation (4), A is the thermal conductivity of ambient flow, which in this case considered
constant and equals to 0.0242 [Wm~1K~!]. The surrounding medium temperature (T,) was
probed for each point during the measurement of computational ambient temperature. The value
of the vertical plate temperature (Tyy) was obtained by linearization of temperature profile for
desired point. Lastly, the value of temperature derivative relatively to the Z coordinate (normal
direction to the plate) was approximated by the line slope of temperature profile linearization
in the vicinity of vertical plate with in conductive sub-layer. The existence of horseshoe vortex
system in the junction region increase the convection heat transfer rate and subsequently leads to
a thinner conductive sub-layer around cylinder, which may be considered during the temperature
profile linearization.
Comparison of the numerical calculation of free convective heat transfer coefficient at different
Y Z plane with experimental results is shown in Fig. 4. For graphs within Fig. 4, the values of
heat transfer coefficient meet a minimum at the junction of cylinder and vertical plate, which
is described by existence of horseshoe vortex system and its configuration. As demonstrated in
Fig. 4, the heat transfer rate near the cylinder surface is intensively more than other regions.
This phenomenon can be explained by temperature differences between arisen thermal boundary
layer and heated vertical plate. The bigger buoyancy force formed around the cylinder leads to
increase in flow rate in this region and consequently the free convection heat transfer coefficient
increases obviously.
As shown in Fig. 4, for spatial coordinates more than 0.4D relative to cylinder surface,
the experimental values quantitatively agree very well with the numerical results. For spatial
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Fig. 4. The free convective heat transfer coefficient at different Y Z plane

coordinates less than 0.4D and more than 0.2D, the experimental results quantitatively and
qualitatively are in acceptable agreement with numerical solution. Finally, for spatial coordi-
nates less than 0.2D (near cylinder surface), the experimental data only match with numerical
calculations in configurative view. The maximum deviation of experimental heat transfer coef-
ficients and its numerical values, which is seen in Fig. 4 around cylinder surface, is about 20%.
The appeared deviation between numerical and experimental results may be occurred due to
disturbances existence near the junction of cylinder in experimental measurement, which were
simplified to compute flow parameters in numerical solution. In addition, the accuracy of ex-
perimental procedure and devices, which can be affected by arisen errors during experiments,
leads to accumulate deviation. The deviation can be categorized as researcher’s errors and mea-
surement errors, which consist of random errors and systematic errors. The random errors are
due to real situation during the process of measurement and the systematic errors are because
of specific experimental procedure. The statistical methods can foreshow the random errors and
the calibration of devices can reduce the systematic errors. These errors must be analyzed to
minimize the uncertainty of the obtained results. In this study, in order to analysis uncertainty
of experimental data, we determine the parameters affecting the computation of heat transfer
coefficient in equation (4). In this work, uncertainty of obtained values is due to measurement
accuracy of surrounding medium temperature, vertical plate temperature and the rate of free
convection heat transfer. These three parameters are considered as independent variables, so the
uncertainty of heat transfer coefficient is defined as follows, where errors are neglected on length

1
foJe} 2 . Oa 2 n Ja 2| (5)
—w —w —w .
ag Tw ™ o =
It should be noted that the conduction and radiation heat transfer are neglected due to
assuming pure buoyant flow on heated vertical plate. Therefore, the uncertainty of free convection

measurements [13]:

Wo = =*
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heat transfer coefficient per unit area is determined as:

1 2 —q 2 q 2] 2
(TW—TOO‘”%"“) " ((TW—TOO)QWTW> " <<TW—TOO)2°"T°°) ] - ©

From equation (6), the uncertainty of heat transfer coefficient for different points, which consid-

Wo = *

ered in experimental study, varies between 2.96% and 7.41%. From uncertainty analysis, it is
found out that the maximum value of uncertainty for heat transfer coefficient is associated to
near cylinder junction zone in symmetry plane (X/D = 0), where the disturbances expect to
be maximum due to forming the core of horseshoe vortex system in this region. However, the
uncertainty in order less than 10% is common. The high range of uncertainty about 10% appears
from variation of the flow physical properties affected by temperature. Thus, in this work, the
accuracy of the gathered experimental data are acceptable and satisfactory.

Conclusion

In this paper, the results of computational fluid dynamics simulation of free convective flow
around circular cylinder, mounted on heated vertical plate in comparison with experimental case
measurements are presented to understand the effect of cylinder junction on heat transfer rate in
the upstream region of the cylinder. As result of experimental data gathering and non-stationary
numerical solution, the following conclusions can be drawn:

e In the case of numerical study, by performing time-based simulation using Boussinesq
approximation to resolve governing equation, a steady state solution was obtained around
the junction area.

e By comparing the numerical and experimental results of dimensionless temperature and
heat transfer coefficient, the validity of computational approach, its configurations and
applied simplifications are approved.

e The computed values of heat transfer coefficient, demonstrate the considerable effects of
cylinder emplacement on the free convection heat transfer rate. The heat transfer coefficient
experiences its maximum at the symmetry plane of computational domain (X/D = 0)
around the cylinder junction.

e The significant role of horseshoe vortex system on heat transfer calculation [6,8,13] is
illustrated partially and therefore is confirmed.

e By analyzing of heat transfer rate, this fact is emphasized that the high aspect ratio cylinder
leads to enhance heat transfer coefficient in the upstream region of cylinder, as well as low
aspect ratio cylinder [2,8|. Therefore, the increase of heat transfer coefficient in this region
does not depend on cylinder height.

e In the vicinity region of the cylinder, flow is more complicated and the reliability of exper-
imental study is decreased. In addition, associated uncertainty in this area is increased.
It is occurred due to empirical measurement method sensitivity and arisen disturbances in
reality.
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e In the junction region of cylinder, for spatial coordinates less than 0.2D, the results show

that the compatibility of numerical solution and experimental data is reduced. Although
the trend line of obtained results is matched each other favorably.

To sum up, by considering the limitations of experiment facility and numerical method devi-

ations, it is appreciated to state that the accuracy of the obtained numerical and experimental

results are satisfactory, acceptable and in good agreement. Furthermore, the used experimental
and numerical approaches are valid to compute and analyze the characteristics of buoyancy-
induced flow around the junction of horizontal cylinder, which located on the heated vertical
plate.
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DKCcHepuMeHTaJbHOE U YMCJEHHOEe UCCJIeJOBaHNe
CBOOOJHO-KOHBEKTUBHOI'O TEIJIOOOMEHA B OKPECTHOCTH
CTUKAa KPYTOBOI'O IIWJIMHAPA C BEPTUKAJBbHON HArpeToi
IMMOBEPXHOCTbHIO

Xamna Majsax
FOpmit C. Hymakos

Cankr-IlerepOypreckuit mosmrexandeckuii yausepcurer llerpa Benukoro
Cankt-ITerepbypr, Poccuiickast @enepariust

Awnunoranusi. B nanmoit pabore wmccieayercss BAUsSHUE KPYTJIOTO IUJIWHIAPA HA TPEXMepHBbIE XapaKTe-
PUCTUKHU CBOOOIHO-KOHBEKTHBHOTO TeII000MeHa. KpyTuiblit IMUInHAp yCTAHOBJIEH TOPU30HTAIBHO HA Ha-
rpeToil BepTUKAIBHON MOBEPXHOCTH U KJIACCUMDUIMPYETCS KaK IIPENsITCTBUE C BHICOKUM COOTHOIIIEHUEM
CTOPOH, YTO O3HAYAET, YTO BBICOTA IWJIMHIPA 3HAYUTEJBHO OOJIbIE ueM ero guamerp. llomydensie pe-
3yJIBTATHI IPUBE/IEHBI JIJTsT PEXKMMA, JIJAMIHAPHOTO TOTOKa. KpoMe Toro, B X0/1e IMCIEHHOTO UCCIIeOBAHUS
onpeesionye puddepeHIaIbHbIe YPaBHEHNs PEIIAIOTCS BOKPYT dncia I'pacroda, passoro 3 x 108,
YT06bI OnpeIesnTh 06/IACTH BHICOKAX IPAJUEHTOB TEMIIEPATYPHI, TEMIEPATYPa MOTOKA ITOKA3aHA B BUJIE
06e3pa3MepHBIX KOHTYPOB U guarpamMM. B GsmkHelt 06/1acTi MUIHHAPA BBEPX IO ITOTOKY C IIOMOIIIBIO OIIH-
canust K039 UIUEHTOB TeII006MeHa, IPE/ICTABICHHBIX I'PA/IMEHTAM TEMIIEPATYPhI B 33/IaHHBIX TOYKAX,
W3yYaeTcsl BJIUsTHAE PACIIOIOKEHUsT ITUJINHIPa, Ha CKOPOCTD Teronepenadn. Kak u 02Kuaa/10Cch, 3HAYEHNE
KO3 DUIHEHTA TEITOOOMEHA, BLI3BAHHOTO IIJIABYYECTHIO, YBEJIMINBACTCS B 0OJIACTA COETUHEHNUST IIAIIH-
Jipa ¥ IOBEPXHOCTHU BBepX 10 1oToKy. MakcumasbHoe 3HadeHne K03 duimeHTa TerioobMeHa MosBUIOCh
Ha IJIOCKOCTH CHMMETPUN HCCJIEAYeMON 00JIACTH, YTO COOTBETCTBYET PACIIOJIOXKEHUIO IEHTPA IOJKOBO-
06pas3Hoii CTPYKTYpbl. B uTore 060CHOBAHHOCTDL ¥ JIOCTOBEPHOCTH YUCJIEHHOTO W IKCIEPUMEHTAIHLHOTO
[IOJIXO/IOB TIO/ITBEPXKIAETCs IIyTeM BBIUNCICHUS JIEBUAIMM MEXKJIy YNUCJIOBBIMHU M SKCIEPUMEHTAJIHLHBIMHI
pe3yabTaTaMy, a TaK»Ke C IOMOIIBIO aHAJIN3a HEOIPEIEICHHOCTH IKCIEPUMEHTAIHLHOIO METO/IA.

Kuaro4yeBble cjioBa: MOTOK, IMPOXOISIINAA Yepe3 CTHIKUA, CBOOOIHO-KOHBEKTUBHBIN TEILIOOOMEH, JIaMU-
HAPHBIA MOIPAHUYHBIA CJI0#, KOI(MDMUIMEHT TEII000MEHA.
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Abstract. An efficient finite difference shock-capturing scheme for the solution of direct seismic problems
is constructed. Problem formulation is based on equations of the dynamics of elastic medium with axial
symmetry. When implementating the scheme on multiprocessor computing systems, the two-cyclic
splitting method with respect to spatial variables is used. One-dimensional systems of equations that
arise in the context of splitting procedure are represented as subsystems for longitudinal, transverse and
torsional waves. The case of longitudinal waves is considered in this paper. The results of simulations
with the use of explicit grid-characteristic schemes and implicit schemes of the "predictor—corrector"
type with controllable dissipation of energy are compared with exact solutions that describe propagation
of monochromatic waves.
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Introduction

The key problem in simulation of axially symmetric wave propagation consists in selection of
appropriate approximation of lowest terms in equations of dynamic elasticity written in cylin-
drical system of coordinates. These terms cause the degeneracy of the equations at the axis
of symmetry. Our aim is to find such appropriate approximations while remaining within the
framework of conservative Godunov’s scheme which is widely used in numerical solution of two-
and three-dimensional problems [1]. The scheme can be modified to simulate wave propagation
in granular and porous materials with different resistances to compression and tension [2-4],
wave propagation and fracturing in blocky media [5-7] and other nonlinear processes.

Many methods were developed to solve axially symmetric equations of dynamic elasticity. The
method of characteristics was used for the analysis of one-dimensional cylindrical wave [8,9]. To
solve two- and three-dimensional equations finite difference schemes based on the method of
characteristics were proposed [10,11]. These schemes allow one to compute the discontinuities
of velocities and stresses. Such methods were applied for the analysis of wave processes in linear
elastic, viscoelastic and elastic-plastic media [12,13]. Numerical analysis of the dynamics of
plates and shells of revolution was implemented with the methods based on the axially symmetric
equations [14-16].
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1. Equations of axially symmetric motion

Equations of the dynamic theory of elasticity with axially symmetric fields of stresses and
velocities are written as

or 8(;;7« _ 3(;;%) n 5’(:‘9(:«.2) oy, pr% _ 3(rac;m) n 3(rac;¢z) -
T@vzzﬁ(ram)_’_a(raz) l%_zﬁ(a +a)_3v,«

ot or 0z E o Eot 7 °F or’ 1)
l%fla(g top) = l%,ia( + )73“2
E ot EotV: T ’ E ot FEotv " Y 9z
l 0oy % Uy l do,.  Ov,  Ov, l 00y, %
wo Ot or r’ wo ot or = 0z’ uw Ot 0z

Here E = 2 (1 + v) is Young’s modulus, p is the shear modulus, v is the Poisson ratio; the
axes 7 and z of the cylindrical coordinate system are directed along the radius and the axis of
symmetry, respectively. This form of equations is convenient for obtaining the equation of energy
balance. Let us multiply the equations of motions by v,, vy, v, and the constitutive equations
by ro,., ro,, 10,, 70y, 7Oz, 70y, Then the left-hand and right-hand sides of the obtained
equations are summed up. The result is

v2 4+ 02 + 02
gt<prr ; Z—I—TW) =

0 0
= E(rvrarqtrvwanrrvzam) + &(rvram + 1V, 0z +7'vzaz),

where W is the elastic potential which is a quadratic form with respect to stresses:

1 v 2
W = 4#(03+03+03+203¢+2032+203Z - m(ar+aw+02) > .

System (1) is a system of hyperbolic partial differential equations. It can be splitted into
two independent subsystems. The first subsystem (equations 1,3-6 and 8) describes motion in
plane of symmetry, and the second subsystem (equations 2, 7 and 9) describes torsional motion.
Motion in rz-plane is represented by superposition of longitudinal and transverse waves with

velocities
2p 1—v o
Cp = 4| — Cs = 4] —
14 p 1_21/7 S p?

respectively. The torsional wave has velocity cs.

For seismic analysis, system of equations (1) is solved using the method of two-cyclic splitting
with respect to spatial variables with solution of one-dimensional problems in parallel mode
at different stages. Contrary to the conventional splitting, the method of two-cyclic splitting
maintains the second-order accuracy if second-order finite difference schemes are used to solve
one-dimensional systems [17]. Numerical implementation of splitting in z direction presents no
difficulties. We have the system with constant coefficients after all derivatives with respect to r
and terms containing r are canceled. Then obtained system is splitted into subsystems of plane P-
and S-waves. These subsystems can be solved using Godunov’s scheme [1] or grid-characteristic
finite difference scheme with limiting reconstruction of Riemann invariants [18].

One-dimensional system of equations in the direction of radial axis r is splitted into three
subsystems of longitudinal, transverse and torsional waves. The system contains terms without
derivatives. Thus direct application of standard finite difference schemes for plane problem of
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the elasticity theory may lead to unwanted effects such as asymptotic instability, accumulation
of rounding errors in simulations with many time steps or imbalance in momentum and energy.
In consequence of these features the correctness of numerical results may be doubtful.

A common approach to suppress such effects is to use fully conservative finite difference
schemes [19,20] in combination with the method of artificial viscosity [21]| that smoothes off
oscillations of numerical solution in calculation of discontinuities due to artificial dissipation of
energy. In the case of equations of the dynamic theory of elasticity, an approach to construct
schemes with controllable dissipation of energy was developed [22,23]. This approach is applied
to the subsystem of equations for one-dimensional cylindrical longitudinal waves.

2. Finite difference schemes for propagation of cylindrical
longitudinal wave

The equations for longitudinal waves can be written in an equivalent form in terms of the
Lamé parameters A = 2uv/(1 —2v) and p as follows

dv,  O(roy,) o, ov, V-

"ot T Tor 7 g~ AT G AT 5
do, ov, v, do. ov,. v,
W_/\BT+()\+2M)77 ot _)\<8r+r>'

Equation (2) of the energy balance for this subsystem takes the form
b) v2 A(rv,. o)

Integrating equations (3) over the rectangular space—time grid leads to discrete equations of the
"corrector" step

5o _ tot —p—g— 5 — + g 0
6@70¢7>\vjfv;+()\+2 )vg c}zfazi)\vjfv;Jr)\vg @
T h Koo T h r0’

In what follows, the values with circumflex belong to the upper time layer, and the values without
circumflex belong to the lower time layer. The values with superscripts "+£" belong to the right-
hand and left-hand boundaries of a cell, respectively and r° = (r™ + r~)/2. The input velocity
v? and stress 08,, alongside with o;* and v;*, are determined at the "predictor" step.

Multiplying equations (4) respectively by (¢, + v.)/2, (6, + 0,)/2, r°(6, + 0,)/2 and
r%(6, + 0.)/2, the difference analogue of the energy balance equation (2) for longitudinal waves
is obtained. It has the form

0 02 —v? TOW—W_TJ“uij—r*v;J;

2T T h

pr

D= rtol 7o (v o Ot N v —v (rrot +r7o; 0 Gy + o0y N
h 2 2
o Ur + v 00p+0
+oop T )t
The idea to control the dissipation of energy consists in setting expression for D explicitly in
the form of a positive definite quadratic form. This form can be identically equal to zero. Then
we have a dissipation-free (totally conservative) scheme.
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Let the quadratic form be D = v (v;" — 1);)2/h2 with a free parameter v = O(h) > 0, with
an assumption that

Uozﬁr-i-vrzv;"—kvr_ 00:6¢+a¢:0$+05
" 2 2 ’ @ 2 2 ’ (5)
rtot+r-o;  yop+or vl —wo
2 I

In this case, artificial dissipation of energy in the scheme is nonnegative. This automatically
ensures stability of calculations. Further, it decreases with refinement of the grid and only de-
pends on the rate of deformation of the medium. When « = 0 the scheme is totally conservative,
and the law of energy conservation is preserved on discrete level. However, in practice this is
inapplicable in calculations of discontinuities and solutions with high gradients because it results
in nonmonotonic solutions.

Considering equations (4), the closure equations in the scheme with controllable energy dis-
sipation lead to the system

rtot —rTor =aj 10 +bj_10v0 + fim12,
rrof +rTor =cj_1pvt +dis1 v + 9512,

where coefficients a;_1 /2, bj_1/2, ¢j_1/2, dj_1/2, fj—1/2 and g;_1 /2 depend on the cell number

j=1,2,...,n (fractional indices belong to the centers of cells). They are calculated as
phr? Th T phr? Th T
aj_1/2: +(A+2M)m+>\§, bj_1/2: +()\+2M)mf)\§,
T 0 2y T 9 24
1 =A=-+A+2p)— 4+ — di_1/9=A=—A+2p) — — —
Cj—1/2 2+(+1u’)h+h7 j—1/2 9 ("‘/J:)h h
Uy
fi—1j2 =ho, — 2hr? —pT , gji—1/2 = 2%, .

Hence
2rtot = (aj_172 +¢j1y2) o + (bj—rp +dj—12) vy + fim12 + Gj-1/2 ©)
21707 = (¢jm12 = ajo1y2) v + (djm1y2 = bjm1y2) o7 +gjm12 = fi-1/2-

Equating these expressions and changing index j, we obtain system of linear equations with
three-diagonal matrix to determine velocities v, = vJ and v,” = vJ~! at the cell boundaries:

A; vi“ +C; vﬁ + B; vﬁ_l =F; (7)
with coefficients
Aj=cjr12 — ajq1)2, Cj=djy1y2 =bjy1j2 =172 = ¢j_1/2,
Bj=—=bj_1/2—dj_1/2, Fj=fiy12+ fi—12 = 9j+172+ gj-1/2-

This system is supplemented with the boundary condition v? = 0 at the axis of symmetry in
the first cell of the grid and with the condition v;' = v in the last cell of the grid if the particle
velocity v is set at r = R or with the condition

(an—1/2 + cno12) Vi + (bno1j2 + dne1y2) 0" + fao1/2 + Gn1/2 =2 R0,

which follows from (6) if the external stress ¢ is set at the boundary. In either case, the system
of equations with boundary conditions is solved with the use of the three-point sweep method.

- 647 —



Vladimir M. Sadovskii . . . Finite Difference Schemes for Modelling the Propagation ...

In this manner, the algorithm of transition to the next time level starts with computation of
vE and o using equations (6), (7) at the "predictor" stage. Then, v? and ¢¥ are determined
from (5). The final computations of v,, 6,, 6, and &, are performed using equations (4) of the
"corrector" stage.

For comparison, we consider three versions of explicit finite difference schemes based on the
solution of the Riemann problem. The schemes are constructed by means of approximation of
the first equation in (3) written in equivalent (nonconservative) form

pat_ar r

The "predictor—corrector" scheme with explicit approximation of lowest terms

ov, Odo, o, —0,

A~ + — A + —

O —v,  of —o; | 0, — 0, op — 0y vt — v, Uy
p— = A + O 7—(A+2M)T+)\TT)’
A~ + — ~ + J—

Op = 0p _ \ U =0 Nag G20 (v v o
T h +A+ 'u)TO’ T h +r0 ’
ot oy o oy
’U;j__ . = Ur — : ) Ur_+ s =V, + : )
pCp pCp pCp pCp

is applicable if the Courant number K,, = ¢, 7/h is in the range from 0 to 0.8. When the Courant
number exceeds 0.8 the parasitic oscillations appear in the vicinity of the axis of symmetry.
The amplitude of oscillations unlimitedly increases with increasing K, from 0.9 to 1. This
results in distortion of the solution. When the value of K, is low, the viscosity of the scheme
considerably smoothes off the solution. For these two reasons, it is inadvisable to use this scheme
in simulations.

The scheme with implicit approximation of lowest terms is derived by replacing the stresses
or, 0, and the velocity v, in the lowest terms with &,, 6, and 9,. This scheme is stable and
monotone for 0 < K, < 1 but it also smoothes off the solution at sufficiently low values of the
Courant number.

The scheme with implicit approximation of lowest terms by the Crank—Nicolson method

includes R R R
or+ 0, Op+ 0y Uy + Uy

2 7 2 ’ 2
In regard to the accuracy of numerical solution, this scheme has certain advantages over the
explicit and implicit schemes.

3. Results of computations

Computational schemes were verified by comparing the results of simulations with the exact
solution obtained for the monochromatic wave with frequency w with the use of the method of
separation of variables. The exact solution has the form

vy = /%Op sinwt J1(&p), or =y :_TOQM c0swt<(>\ +2p) J2(&p) — Q(ZZFM) Jl(&P))?
2(A A 2
e =7 —(:02/1 cos wt <)\ J2(&p) — (5:”) J1(§p>>, s =3 +cr§u coswt <J2(€p) - 5Jl(§p)),

where §, = wr/c, is the dimensionless variable, Ji(z) is the Bessel function of an integer order
k.

Tabs. 1—4 present relative errors of the schemes for various frequencies as a function of
the Courant number. The dimensionless frequency @ = w R/cs, where R is the radius of the
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computational domain, was varied between 10 and 50. At such frequencies the number of half-
waves in the computational domain varies between one and a half and seven and a half (Fig. 1).

Table 1. Relative errors for the dissipation-free scheme (v = 0)

w

K 10 20 30 40 50
P
0.5 0.00023 | 0.00110 | 0.00837 | 0.01408 | 0.03500
0.75 0.00009 | 0.00045 | 0.00405 | 0.00701 | 0.01818
1 0.00019 | 0.00081 | 0.00201 | 0.00349 | 0.00563
1.25 0.00049 | 0.00210 | 0.00977 | 0.01621 | 0.03527

1.5 0.00085 | 0.00372 | 0.01920 | 0.03209 | 0.07125

Table 2. Relative errors for the scheme with explicit approximation of lowest terms

w
K, 10 20 30 40 50

0.5 0.04334 | 0.09600 | 0.37513 | 0.40646 | 0.63148
0.75 0.02148 | 0.05053 | 0.19970 | 0.25226 | 0.39363

Table 3. Relative errors for the scheme with implicit approximation of lowest terms

v 10 20 30 40 50
P

0.5 0.04802 | 0.10547 | 0.39297 | 0.41076 | 0.65137
0.75 0.02860 | 0.06545 | 0.23341 | 0.26373 | 0.44424
1 0.01025 | 0.02666 | 0.03320 | 0.04613 | 0.05591

K,

Table 4. Relative errors forn the scheme with Crank—Nicolson approximation of lowest terms

w

K, 10 20 30 40 50
0.5 0.03824 | 0.09015 | 0.36576 | 0.40030 | 0.62509
0.75 0.01350 | 0.04288 | 0.18149 | 0.23903 | 0.37536
0.97 0.00912 | 0.02940 | 0.02788 | 0.05726 | 0.04975
1 0.01220 | 0.03379 | 0.05646 | 0.06663 | 0.12026

To calculate the error of numerical solution a discrete equivalent of the norm of the space

L (O, T; Ly (0, R)) was used:
R 02
‘: sup 77/ (pT—l—W)er.
0<t<T 0 2

The time T was set so that the cylindrical longitudinal wave in the interval (0,7") travels a dis-
tance 2 R with single reflection from the axis of symmetry.

The finite difference grid has 200 cells. Analysis of the data in the tables shows that numer-
ical solution obtained with implicit approximation of lowest terms and with approximation by

H (Ura Ura0g070z)
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Fig. 1. Exact solution for cylindrical longitudinal waves; dimensionless velocity versus dimen-
sionless distance

the Crank—Nicolson method is inaccurate if one half-wave contains less than 60—70 cells. The
dissipation-free scheme gives more accurate results at all frequencies within the specified range.
Figs. 2 and 3 show the velocity profiles behind the front of a strong discontinuity when sudden
constant stress is applied at the boundary of the domain. These results are obtained using the
scheme with Crank—Nicolson approximation (Fig. 2) and the dissipation-free scheme (Fig. 3).

K, =05 K, =075
1 1N\
. /\7Q . —
- — -
| E yv’
SN~ Ne—"|
Y 0.2 04 _ 06 0.8 1 o 0.2 04 _ 06 0.8 1
" " K, =0.99
K, =0.95
1 NN
o L
= 0 — = .0 —— —
VA AN A AaYE
L | A
0 0.2 04 06 08 1 “ " | ! !
T
-2

0 0.2 04 06 0.8 1
T

Fig. 2. Velocity profiles behind the front of discontinuity: scheme with approximation of lowest
terms by the Crank—Nicolson method
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Fig. 3. Velocity profiles behind the front of discontinuity: dissipation-free scheme

In the case of the dissipation-free scheme, the profiles of velocities and stresses are only
monotonous at K, = 1, while at K, = 0.9 parasitic oscillations appear ahead of the wave front,
and they grow as the Courant number decreases. The oscillations are smoothed off setting v > 0
in doing so the artificial dissipation of energy is introduced or replacing the sudden application
of stress at the boundary by a monotone increasing stress that is changed from zero to a constant
value during not less than 10 time steps.

To implement the scheme with controllable energy dissipation on computational clusters it
is possible to use the iterative process which demonstrates rarely high rate of convergence of
approximate solutions in umerical experiments. It appears that errors presented in Tab. 1 are
already obtained with one or two iterations.

The problem consists in parallel computing at the "predictor" stage of the finite difference
scheme. System of equations (7) is changed at the junction points of the neighbor processors and
corresponding three-point equations of the system are replaced by the relations of the Godunov
scheme:

vl — Upjt+1/2 T Vrj—1/2  Opjyi/2 = Orj—1/2
" 2 2p¢p ’

where fractional indices mark the velocities and stresses that belong to the boundary of grid

cell of the neighbor processors. This procedure allows one to implement the three-point sweep

method in parallel mode on a cluster and obtain solution in the first approximation.

Referring to figures given above, the nonconservative finite difference scheme with approx-
imation of lowest terms by the Crank—Nicolson method provides much more reliable results
for solutions with discontinuities over the whole range of the Courant number K, < 1 (this is
stability condition of the scheme).

It is worth to mention that the analogous schemes with conservative equations (3) inade-
quately distort the pattern of wave reflection from the axis of symmetry even in the case of
smooth solutions, and this may finally result in the total loss of accuracy.
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Conclusions

The finite difference scheme with controllable dissipation of energy and typical grid-
characteristic schemes of the "predictor—corrector" type were considered. The comparison of the
results of computations shows that the scheme with controllable dissipation has undisputable
advantages over the other approaches in the case of smooth solutions. As for solutions with
discontinuities, the grid-characteristics schemes are preferable due to their monotonicity. In the
case of solutions with discontinuities the scheme with controllable energy dissipation produces
parasitic oscillations. To smooth off these oscillations one should introduce artificial energy
dissipation.

This work is supported by the Krasnoyarsk Mathematical Center and financed by the Ministry
of Science and Higher Education of the Russian Federation in the framework of the establish-
ment and development of regional Centers for Mathematics Research and Education (Agreement
No. 075-02-2020-1631). Computations were performed using computational cluster at the Insti-
tute of Computational Modeling SB RAS, Krasnoyarsk, and at the Joint Supercomputer Center
of the Russian Academy of Sciences, Moscow.

References

[1] S.K.Godunov, A.V.Zabrodin, M.Ya.Ivanov, A.N.Kraiko, G.P.Prokopov, Numerical Solution
of Multidimensional Problems of Gas Dynamics, Moscow, Nauka, 1976 (in Russian).

[2] O.Sadovskaya, V.Sadovskii, Mathematical Modeling in Mechanics of Granular Materials,
Ser. Advanced Structured Materials, vol. 21, Heidelberg — New York — Dordrecht — London,
Springer, 2012. DOI: 10.1007/978-3-642-29053-4

[3] O.V.Sadovskaya, V.M.Sadovskii, Numerical implementation of mathematical model of the
dynamics of a porous medium on supercomputers of cluster architecture, AIP Conf. Proc.,
vol. 1684, 2015, 070005-1-070005-9. DOI: 10.1063/1.4934306

[4] V.M.Sadovskii, O.V.Sadovskaya, Analyzing the deformation of a porous medium with ac-
count for the collapse of pores, J. Appl. Mech. Techn. Phys., 57(2016), no. 5, 808-818.
DOLI: 10.1134/50021894416050072

[5] V.M.Sadovskii, O.V.Sadovskaya, Modeling of elastic waves in a blocky medium based on
equations of the Cosserat continuum, Wave Motion, 52(2015), 138—150.
DOI: 10.1016 /j.wavemoti.2014.09.008

[6] V.M.Sadovskii, O.V.Sadovskaya, A.A.Lukyanov, Modeling of wave processes in blocky me-
dia with porous and fluid-saturated interlayers, J. Comput. Phys., 345(2017), 834-855.
DOL: 10.1016//j.jep.2017.06.001

[7] V.M.Sadovskii, O.V.Sadovskaya, Supercomputer Modeling of Wave Propagation in Blocky
Media Accounting Fractures of Interlayers, In: Nonlinear Wave Dynamics of Materials and
Structures (Eds. H. Altenbach, V.A. Eremeyev, 1.S. Pavlov, A.V.Porubov), Ser. Advanced
Structured Materials, vol. 122, chapt. 22, Cham, Springer, 2020, 379-398.

DOLI: 10.1007/978-3-030-38708-2 22

[8] P.F.Sabodash, R.A.Cherednichenko, Application of the method of spatial characteristics to
the solution of axisymmetric problems on the propagation of elastic waves, Prikl. Mekh.
Tehn. Fiz., 12(1971), no. 4, 101-109 (in Russian).

- 652 —



Vladimir M. Sadovskii. .. Finite Difference Schemes for Modelling the Propagation ...

19]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

22]

23]

K.M.Magomedov, A.S.Kholodov, Grid-Characteristic Numerical Methods, Moscow, Nauka,
1988 (in Russian).

V.N.Kukudzhanov, Difference Methods for the Solution of Problems of Mechanics of De-
formable Media, Moscow, MFTI, 1992 (in Russian).

V.N. Kukudzhanov, Numerical Continuum Mechanics, Ser. De Gruyter Studies in Mathe-
matical Physics, vol. 15, Berlin — Boston, De Gruyter, 2013. DOI: 10.1515/9783110273380

N.G.Burago, A.B.Zhuravlev, 1.S.Nikitin, Continuum model and method of calculating for
dynamics of inelastic layered medium, Math. Models Comput. Simul., 11(2019), no. 3,
488-498. DOI: 10.1134/52070048219030098

1.S.Nikitin, Theory of Inelastic Layered and Blocky Media, Moscow, Fizmatlit, 2019 (in Rus-
sian).

N.G.Burago, V.N.Kukudzhanov, Buckling and Supercritical Deformations of Elastic-Plastic
Shells under Axial Symmetry, In: Collection of Numerical Methods in the Mechanics of
Deformable Solids, Moscow, Computing Center of the USSR Academy of Sciences, 1978,
47-66 (in Russian).

V.G.Bazhenov, E.V.Igonicheva, Nonlinear Processes of Shock Buckling of Elastic Structural
Elements in the Form of Orthotropic Shells of Rotation, N. Novgorod, UNN, 1991 (in Rus-
sian).

V.G.Bazhenov, D.T.Chekmarev, Solution of the Problems of Non-Stationary Dynamics of
Plates and Shells by the Variational-Difference Method, N. Novgorod, UNN, 2000 (in Rus-

sian).

G.I.Marchuk, Splitting and Alternating Direction Methods, In: Handbook of Numerical
Analysis, vol. 1 (Eds. P.G. Ciarlet, J.-L. Lions), North-Holland, Elsevier, 1990, 197-462.
DOI: 10.1016/S1570-8659(05)80035-3

A.G.Kulikovskii, N.V.Pogorelov, A.Yu.Semenov, Mathematical Aspects of Numerical Solu-
tion of Hyperbolic Systems, Ser. Monographs and Surveys in Pure and Applied Mathematics,
vol. 118, Boca Raton — London — New York — Wasington, Chapman & Hall/CRC, 2001.
DOT: 10.1201,/9781482273991

Yu.P.Popov, A.A.Samarskii, Completely conservative difference schemes, USSR Comput.
Math. Math. Phys., 9(1969), no. 4, 296-305. DOI: 10.1016/0041-5553(69)90049-4

A.A . Samarskii, The Theory of Difference Schemes, Ser. Pure and Applied Mathematics,
New York — Basel, CRC Press, 2001. DOI: 10.1201,/9780203908518

B.L.Rozdestvenskii, N.N.Janenko, Systems of Quasilinear Equations and Their Applica-
tions to Gas Dynamics, Ser. Translations of Mathematical Monographs, vol. 55, Providence,
American Mathematical Society, 1983.

G.V.Ivanov, V.D.Kurguzov, Schemes for solving one-dimensional problems of the dynamics
of inhomogeneous elastic bodies on the basis of approximation by linear polynomials, Dynam.
Contin. Medium, 49(1981), 27-44 (in Russian).

G.V.Ivanov, Yu.M.Volchkov, I.O.Bogulskii, S.A.Anisimov, V.D.Kurguzov, Numerical Solu-
tion of Dynamic Elastic-Plastic Problems of Deformable Solids, Novosibirsk, Sib. Univ. Izd.,
2002 (in Russian).

- 653 —



Vladimir M. Sadovskii. . . Finite Difference Schemes for Modelling the Propagation ...

Pa3HocTHBIE cxeMBbl AJis aHAJN3a TPOJ0JbHBIX BOJIH
Ha OCHOBE OCECMMMETPUYHBIX YPAaBHEHU
JAMHAMUYIECKOI Teopum yIpPyrocTtu

Baaguvup M. CamoBckumii
Oxcana B. CagoBckas

Esrennii A. Edbumosn
MucruryT Boraucauressbaoro mogenuposanus CO PAH
Kpacnosipck, Poccuiickass @eneparius

Awnnoranus. llens uccnenoBanusi COCTOUT B MOCTPOEHUH YKOHOMHUYIHOM PA3HOCTHOM CXE€MBI CKBO3HOTO
cueTa JijIsl PeleHns] IPSMbIX 3a/1a4 CEICMUKU Ha OCHOBE yPaBHEHUN JIMHAMUKY yIPYT'Oi CPEJ/IbI B OCECUM-
MeTpUYHOI mocTtaHoBKe. [Ipu dncieHnoit peajansanuu cxXeMbl Ha, MHOTOIPOIECCOPHBIX BBIYUCIUTEIHLHBIX
cHCTEeMAaxX IPUMEHSETCS METOJ, JABYUHMKJINYECKOTO PACHIEIJIEHUS II0 ITPOCTPAHCTBEHHBIM II€PEMEHHBIM.
OpHOMEpHBIE CHCTEMBI yPaBHEHWI Ha ITAlaX DPACIIEIVICHHUs PACHaIA0OTCA Ha IOJCUCTEMBI IIPOIOJIb-
HBIX, TIOTIEPEYHBIX U KPYTUJIBHBIX BOJIH. B maHHO# paboTe paccMaTpuBaeTCsl CIyvail MpOJOJIbHBIX BOJIH.
IIpoBoauTCs CpaBHEHHE FBHBIX CETOYHO-XAPAKTEPUCTUIECKUX CXEM U HESBHBIX CXEM THUIA "TPEeIUuKTOP—
KOppeKTOp" ¢ KOHTPOJIMPYEMON IUCCUIAIME SHEPIUU HA TOYHBIX PEIIEHUsIX, ONUCHIBAIONUX Oeryiiue
MOHOXPOMATUYECKUE BOJIHBI.

KuroueBrble cioBa: yupyrast cpefia, IUINHIPUIECKIe BOJTHBI, METO[ PACIIENJICHIS, PA3HOCTHAS CXEMa,
MOHOTOHHOCTB, JUCCHIATUBHOCTD, ITapaJjijeIbHas PeaTn3aliis.
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