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Abstract. In this article we obtain an analogue of Theorem 2.2.2 from Rudin’s book [6] for classical
Cartan domains of the first type.
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It is well known that thanks to Riemann’s uniformization theorem an arbitrary simply con-
nected domain whose boundary with more than one point is biholomorphically equivalent to a
unit circle U = {z € C: |z| < 1}. But in C*(n > 1) such a property does not hold. For ex-
ample, a ball and a polidisk are not mutually biholomorphic equivalent. Therefore, the class of
biholomorphic domains in the space C™ is very important.

Definition 1 (Homogeneous Domain). A domain D C C" is called homogeneous if the group
Aut (D) of automorphisms of this domain is transitive, i.e. for any pair of points z1,ze € D
there exists an automorphism ¢ € Aut (D) such that ¢ (z1) = zo.

Definition 2 (Symmetric Domain). A homogeneous domain D C C™ is called symmetric if for
any point ¢ € D there exists an automorphism ¢ € Aut (D)such that:

@ (<) =< but p(2) # z for 2 #;

p o =e, where e € Aut (D) is the identity map.

Definition 3. A domain D C C" is called irreducible if it is not a direct product of bounded
symmetric domains of lower dimension.

Definition 4. A bounded domain D C C" is called classical if the complete group of its holo-
morphic automorphisms is a classical Lie group and it is transitive on it.

In homogeneous domains, the automorphism groups ( [1,2]) can be used to find integral
formulas. Domains with rich automorphism groups are often realized as matrix domains ([3,4]).
They turned out to be useful in solving various problems of function theory.

Complex homogeneous bounded domains are of great interest from different points of view.
This is due to the fact that they form a relatively wide class of domains in C”, for which a number
of meaningful, essentially multidimensional results have been obtained ([3,5,6] and etc.).

*gkhudaiberg@mail.ru
T gerkinboyev@gmail.com
(© Siberian Federal University. All rights reserved

- 295 —



Gulmirza Kh. Khudayberganov Some Properties of the Automorphism of the Classical. ..

In the works of C.Siegel, the presence of a biholomorphic mapping of classical domains
by Siegel domains is shown [7]. Such biholomorphic maps are described, and applications to
the problems of holomorphic maps to unbounded domains are given [8,9]. Therefore, classical
domains play an important role in multidimensional complex analysis. The goal of this work [10]
is to obtain a criterion for holomorphic extendibility into a matrix ball for functions defined on a
part of the Shilov boundary (skeleton) of a matrix ball, which is close in spirit to the criterion of
L. A. Aizenberg, A.M. Kytmanov [11], and G.Khudayberganov [12]. In [13], optimal estimates
of Bergman kernels for classical domains Ry (m,n), Rrr (m), Rrrr (m) and Rry (n) were found,
respectively, through Bergman kernels in balls from spaces C™", C"(m+1)/2 cm(m=1)/2 and C".
For this purpose, the statements of the Sommer-Mehring theorem on the continuation of the
Bergman kernel and some properties of the Bergman kernel are used.

The theory of functions of many complex variables, or multidimensional complex analysis,
currently has a fairly rigorously constructed theory [6,14,15]. At the same time, many questions
of classical (one-dimensional) complex analysis still do not have unambiguous multidimensional
analogues. This is due to the complex structure of a multidimensional complex space, over-
determination of the Cauchy-Riemann equations, the absence of a universal integral Cauchy
formula, etc. In the works of E. Cartan, C. Siegel [7], Hua Lo-Ken [3], I. 1. Pyatetsky-Shapiro [16]
the matrix approach is widely used for presentation of the theory of multidimensional complex
analysis.

E. Cartan (see [17]) in 1935 initiated a systematic study of bounded homogeneous domains,
found all homogeneous domains in the spaces C? and C3. He gave a classification of all bounded
symmetric domains. These domains are divided into equivalence classes with respect to biholo-
morphic mappings. Each such class can be specified by any domain that belongs to it. Moreover,
it is obvious that it is sufficient to consider only irreducible classes, that is, classes of domains that
are not products of bounded symmetric domains of lower dimensions. In general, as E. Cartan es-
tablished [17], there are six types of classes of irreducible bounded symmetric domains. Domains
belonging to four of them are called classical because their automorphism groups are classical
semisimple Lie groups. Two of these types are special in the sense that each of them occurs in
the space C™ of only one dimension n, respectively for n = 16 and n = 27.

Consider the classical domains (see. [3,17]):

Rr (m,n) = {Z e Clm,n): I™ — 27" > 0},

Rir (m) = {Z e Clm,m]: I'™ — 2Z >0,vY2' = z},
Rrrr (m) = {Z € Clm,m] : I'™ + 22 >0,vZ' = fz} :
Ry (n) = {z €C": (2, 2)P =212 +1>0, |(z,2)] < 1},

here 1(™) is the identity matrix of order m, Z’ is the complex conjugate matrix of the transposed
matrix Z' (H > 0 for a Hermitian matrix H means, as usual, that H is positive definite). All
these domains are homogeneous symmetric convex complete circular domains centered at O (O
is the zero matrix).

If we write the elements of the matrices Z € C[m,n] as a point in the space C™" then it is
in the following form

mn
z = {2’11, ceey RImyR2Ly o vy R2my v ooy Amly - ooy Zmn} € C .
Then we can assume that Z is an element of the space in C™*, i.e., we arrive to the following

isomorphism
C[m x n] 2 C™".
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Therefore, the dimensions of the classical four domains above are equal to
m(m+1) m(m-—1)
n
) 2 ) 2 )

respectively.

In [18] an analogue of Bremermann’s theorem on finding the Bergman kernel is obtained for
the Cartesian product of classical domains.

Writing out explicity the transitive group of automorphisms of four types of classical do-
mains and matrix balls (see, for example, [19,20]) associated with classical domains. By direct
computation one can find the Bergman and Cauchy-Szegd kernels for these domains. And then
(using the properties of the Poisson kernel), we can find the Carleman formula, which restores
the value of a holomorphic function in the domain itself from its values on some boundary sets
of uniqueness (see [21-24]). In this case, the scheme for finding the Bergman and Cauchy—Szegd
kernels from [3,6,25] is used.

The properties of the matrix ball By (m,n) of the second type are studied in [26]. In [27] the
volumes of a matrix ball of the third type and a generalized Lie ball are calculated. The full
volumes of these domains are necessary to find the kernels of integral formulas for these domains
(Bergman, Cauchy—Szeg6, Poisson kernels, etc.) and is used for the integral representation of
functions holomorphic in these domains, in the mean value theorem, and in other important
concepts.

For example, in [28] the regularity and algebraicity of mappings in classical domains are
studied, and in [29] harmonic Bergman functions in classical domains are studied from a new
point of view.

The first type of classical domain: Ry (m,n). Each point of the domain is a matrix with m
rows and n columns satisfying the following condition

I — 727 >0,

where I(™) is a unit square matrix of the m*" order and Z* is a transposed conjugate matrix for
Z. Automorphisms of the classical domain of the first type 3 (m, n) have the following form [3]

¢ (Z)=(AZ+B)(CZ+ D), (1)
where the coeflicients satisfy the following conditions:
AA* — BB* =1 AC* = BD*, CC* — DD* = —™, (2)
The automorphism (1) of the classical domain can also be represented as
©(Z) = (ZB* + A*) "' (ZD* + C*), (3)
where the coefficients (3) satisfy the following conditions:
B*B—-D*D=—I" B*A=D*C, A*A—C*C =1, (4)
We can simplify the automorphism (1) as follows
0(Z)=(AZ+B)(CZ+D) ' =A(Z+A'B) (D"'CZ+1)"'D". (5)
If we put A=Q, A"'B=—P, D = R, then we have
(2) = op(2)=Q(Z-P)(I-PZ) 'R (6)

Then from (2) we get
QU —-PP)Q*=I", R(I—-P*P)R"=1I", (7)

We study some useful properties of automorphism ¢p (Z) in the following theorem (this is
an analog of the theorem 2.2.2 from [6]).
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Theorem 1. For an automorphism ¢p (Z) = Q(Z — P)(I — P*Z) 'R~ of the classical do-
main of the first type Ry (m,n), the following properties hold:

1% ¢op (P) =0, ¢op (0) = —QPR~. In particular, if QP + PR = 0 then we have pp (P) =
Oa Ypr (0) =P.

29, Differential of the automorphism of the domain R, (m,n) is equal to

d(¢p (P)) = QdZR*,d(¢p (0)) = (Q*) 'dZR ™,

where d(pp (P)) (d(vp(0))) is the differential of the automorphism (6) at the point Z = P
(Z=0).
3Y. For all Z,W € R; (m,n) we have

_det (I — (P, P)) - det (I = (Z,W)))
det (I =0 (2). 0 (WD) = 4t (7= (2, P)) - det (T = (B, W)
det (I — (P, P)) det (I — (7, Z))

det (I —(pp (2),9r(2)) = 32 (I—{(Z,P))det(I — (P, Z))

4°. If we have the following equalities QP+ PR =0, R = R*, Q = Q* then ¢p (¢p (Z)) = Z
(the property of involution).
59, Finally, ¢p (Z) is a homeomorphism.

Proof. Let us prove turn by turn the above properties of the automorphism (6).
1°. The values of the automorphism ¢p (Z) at the points Z = P and Z = 0 are

op(P)=Q(P—P)(I-PP)'R" =0

op(0)=Q(0—P)(I~P"-0) 'R =-QPR ™,
that is
@p (P) =0, ¢p(0) = —QPR™"
the latter equalities follow directly. The condition QP + PR = 0 implies QP = —PR =
P =—QPR™!, that is,
Yp (O) =P

We show that the matrix —QPR™! belongs to ®; (m,n):
—(-QPR™)- (-QPR™")" =I1-QPR ' (R)"P*Q".
Thanks to the conditions (7) we have
R YR '=1-P*P.
— (-QPR™Y) - (-QPR™)" = I - QPR Y(R™Y)'P*Q* = I - QP(I — P*P) P*Q*

= I - QPP*Q* + QPP*PP*Q* = [ — QPP* (I — PP*)Q* = [ — QPP*Q~'Q (I — PP*) Q*
=1 - QPP*Q 1™ = (Q-QPP)Qt'=Q(I—-PP)Q'=Q(I - PP Q*(Q*)_lQ_l =
— I(m)(Q*>—1Q—1 _ (Q*)—lQ—l _ (Q*>—1I(m)Q—1 >0

Therefore, (—QPR_l) € Ry (m,n) [30].

20, Now we calculate the differential of the automorphism pp(Z)=Q (Z—P) (I-P*Z) 'R~
So we have

d(op(2) =Q (dZ(I P2 e (Z - Pl - P*Z)” ) R 8)

ep(Z)R(I-P"2)=Q(Z - P).
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From the last equality and according to the rules of differentiation we get

d(ep(Z))R(I - P*Z)+yp(Z)Rd(I — P*Z) = Qd(Z — P),
ep(Z))R(I - P"Z) -

(pp(2))R(I — P*Z) = QdZ + pp (Z) RP"dZ,

(ep (Z2))R(I - P*Z) = (Q +¢p (Z) RP")dZ,

d(gp (Z)R(I - P*Z) = (Q +Q(Z—-P)(I- P*Z)*lR—lRP*) dz

)
( op (Z) RP*dZ = QdZ,

Q. & &

Then we obtain
d(ep(2) =Q (I r(Z-P)U - P*Z)_lP*) dz(I — P*Z)"'RL. (9)

If we calculate the differential of ¢ p (Z) at the points Z = P and Z = 0, we get the following
values

d(pp (P)) =QdZ(I—P*P) 'R, d(¢p(0)) = QU — PP*)dZR™".
In accordance with the conditions (7), the following equality
(I-PP) 'R =R, QU-PP*)=(Q") "
Then for the differentials of ¢p (Z) at the points Z = P and Z = 0 we have

d(ep (P)) = QdZR*, d(pp(0) = (Q") 'dZR™"
39, In order to prove this property, we use the expression (3) of the automorphism of the do-
main Ry (m,n). pp(Z) = (ZB* + A*) " (ZD* + C*), ¢p (W)= (WB*+ A*)"" (WD* + C*)
I-{¢(2), 0 (W) =T (ZB" + A*)™ (ZD* + C*) (WB" + 4") ™ (WD" + C")) =
=1—(ZB*+ A" (ZD* + C*) (DW* + C) (BW* + A)~! =
= (ZB* + A*) ' ((ZB* + A*) (BW* + A) — (ZD* + C*) (DW* + C) )(BW* + A) " =
= (ZB* + A*) '(ZB*BW* + ZB*A+ A"BW* + A*A — (ZD*DW* + ZD*C+
+ C*DW* +C*C)) (BW* + A) ' =
= (ZB* 4+ A*) " (I - ZW*) (BW* + A) "' =
—1 -
— (A (ZB*(A*)*1 + 1) (I—2ZW*) (A" BW* + 1) 'A~L,
If we put
A=Q, A7'B=-P, D=R

and use
:Q*7 B*(Afl)*zip*’ D*:R*,

we get the following equality
I—(p(2), (W)= (@) (I-2ZP)  (I-2ZW*)(I-PW") Q! =
= (@) I —(Z,P) (I —(ZW) (I = (P,W)"'Q™".
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By using (7), it is not difficult to see that

det (Q (I — PP*) Q") = det (I<m>) . det (I — PP*)) = det (Q") - det ((Q*)*l) .
We use the last two equalities to obtain the following relation

_det (I — (P, P))-det ((I —(Z,W)))
det (I =@ (2), o (W) = 3T = Z P)) - det (1 — (P, W)

If we put W = Z in (11), we get

_ det (I — (P, P))det (I - <Z7 Z>)
~ det (I — (Z,P))det (I — (P, Z))

det (I — (pp (Z), ¢pr(2)))

4°. We show that the automorphism ¢p (Z) = Q (Z — P) (I — P*Z) 'R~ is an involution
of the domain R, (m,n). Indeed,

er(pr(2) =Q(Q(Z-P)(I- P'2) 'R = P)(I- P'Q(2- P) (I P*Z)‘lR—l)’lR—lz
=QQ(Z-P)—PRI—-P2)(I-P2) 'R R-(I1-P*Z)x
X (R(I-P*Z)—P*Q(Z—-P) 'R =
=Q(QZ — QP — PR+ PRP*Z)-(R— RP*Z — P*QZ + P*QP) 'R ' =
=Q((Q+ PRP*)Z — (QP + PR))- (R+ P*QP) — (RP* + P*Q) Z) 'R..

Since QP + PR =0, R= R*, Q@ = Q* and considering the following equalities
QU —-PP)Q =I™, R(I—-P*P)R* =I",

we have

Q(Q+ PRP*) =1 RP*+P*Q=0, (R+P*QP) 'R '=1M,

Consequently, we obtain

op(pp(2)) =QQ+PRP)Z — (QP + PR)) - (R+ P*QP) — (RP* + P*Q) 2) 'R = Z,

ie
ep (ep(Z)) = 2.
59, In order to prove this property we take Z;, Z, € ®;. Then

op(Z)=Q(Z1—P)(I-P*Z)) 'R, ¢p(Z2) =Q(Za— P)(I - P*Zy) 'R,
op(Z1) —¢p (Z2) =Q(Z1 = P)(I—P*Z)) 'R = Q(Z,— P)(I - P*Z,) 'R™" =
-0 ((Z1 —PY(I-P*Z) " —(Zy— P)(I - P*ZQ)*) R~ =
-0 (21(1 P2 21— P ) - P ((1 Pz (- P*ZQ)‘l)) R =

_yy (Zl(l P Z) T~ Zy(I - P Z) T+ Zo(I - PP Zy) "

—Zo(I—P*Z)" — P ((1 Pz (- P*Zg)_1)> R =
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—Q((A-Z)U-P2) " +(Z-P) (I-P2) — (=P Z) ")) R =

=Q ((21722) (I—P*Zy) " +(Zo—P)(I—P*Zy) " (I—P*Zy—1I + P*Zl)(IfP*Zl)’l) R =

-0 (( Zo) (I — P*Zy) "' + (Zs — P)(I — P*Zs) "' P* (24 722)(1713*21)‘1) Rl =

z-p) () - ()P z) ) G-z - Py

Q (z+<
Q ((P*)‘1 — Zy+ (Zy — P)) ((P*)—1 - Zg)il (Zy — Zo) (I — P*Z) 'R~ =
0 ((P*)‘1 — o+ (Zo — P)) ((P*)‘1 - ZQ) (Zy — Zo) (I — P*Z,) 'R

= QI — PP*) (P 'P*(I - ZyP*) " (21— Zy) (I — P*Z)) 'R =
=Q(I—PP*)(I—ZyP*) " (Zy — Zy) (I — P*Z) 'R 1.
Thus

P (Z1) —¢p(Z2) = Q(I — PP*) (I — ZoP*) " (Z1 — Zs) (I — P*Z1) 'R

Since Q (I — PP*)(I — ZoP*)™" and (I — P*Z,) 'R~ are different from O(O is the zero

matrix), we can easily see that ¢p (Z1) = ¢p (Z2) if and only if Z; = Z>. Hence pp (Z) is a

homeomorphism.
The proof is complete. o
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Hekoropnie cBoiicTBa aBTOMOP(U3MOB KJACCUYIECKOIl 00J1a-
ctu nepBoro tumna B mnpocrpaHcTse C[m x n]

I'yamupza X. Xynaiitbepranon
Harmonasbubrit yauBepcuter ¥Y30ekucrana nmenn Mupzo Yiayroeka
TarmkenT, ¥Y36ekucran

Kyrmumypotr C. pkuHO0€EB
YpreHyuckuit rocyJIapCTBEHHBIN YHUBEPCUTET
Ypreuu, Ysbekucran

Awnnoraumsi. B s10ii crarbe nosyden anasor Teopemsr 2.2.2 n3 kauru Pyauna [6] mus kiaaccuaeckux
obsacreit Kaprana nmepsoro tumna.

KuroueBrbie cioBa: ogHOPOHAST 001aCTh, CAMMETPUYIHAS 00JIACTh, KJIACCHIeCKas 00JIaCTh, aBTOMOD-
busm.
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1. Introduction

The development of functional analysis and the theory of linear operators appeared at the
beginning of the 20th century and had a great influence on the study of ordinary differential
equations, partial differential equations, and boundary value problems. In particular, many
results concerning the general theory of operator pencils has marked a rapid development (see,
for example, [5,9,16] and the related sources). This theory is related to the study of boundary
values problems for operator-differential equations and higher-order abstract Cauchy problems.
Since integrated semi-groups were introduced at the end of the 1980s, it has become possible to
deal with ill-posed first-order abstract Cauchy problems (see, [4,7,14]). Many authors have made
series of direct investigations on the abstract Cauchy problem of the second order and higher
order. For more information, we can refer to ([6,11,13,15,17]) and the references cited therein.

The well-posedness the Cauchy problem is a very large classical problem which has been
extensively studied in many contexts. For example in [17], Tijun et al. presented a concise
criteria for C-well-posedness and analytic well-posedness of the complete second order Cauchy
problem.

In [18], Vlasenko and others studied the p-fold well-posedness of the higher order abstract
Cauchy problem of the following form:

- d*u
k=0
b (0) =up, k=0,....,n—1, (1.2)

*toumihabiba80@gmail.com, h.toumi@univ-skikda.dz  https://orcid.org/0009-0003-2332-3689
Thamdensk97@gmail.com
© Siberian Federal University. All rights reserved
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where A, (k=0,...,n) are closed linear operators that act from the complex Banach space X
into the complex Banach space ). We denote the norms on & and ) by |||| , and |||, respectively.

They obtained well-posedness conditions, which characterize the continuous dependence of
solutions and their derived on the initial data.

It should be noted that the higher order abstract Cauchy problems of the form (1.1), (1.2)
have been studied by many authors, since they describe several models derived from natural
phenomena, such as description of vibrations (see, [1,2,10]), viscoelastic pipeline in [12]. This
means that it deserves to study the p-fold well-posedness and exponentially p-fold well-posedness
of a higher order abstract Cauchy problem. The abstract Cauchy problem for the higher order
has been extensively investigated by many authors (see, [13,18,19] and the references therein).
We refer to some researche which relates directly to our work (see, [18,19]).

In [18], Vlasenko et al. investigated the equation (1.1) with a characteristic polynomial and
its resolvent

PN = zn:AkA’f, RN =P (), (1.3)
k=0

the authors derived some new conditions represented in the estimates using R () to ensure the
correct setting of the p-fold of the problem (1.1), (1.2).

Motivated by this work, this paper aims to establish new sufficient conditions which guarantee
the p-fold well-posedness and exponentially p-fold well-posedness of the problem (1.1), (1.2).
These conditions are expressed in terms of the decay of the auxiliary pencils P; (A) and 9, (A),
which are respectively defined by:

J

PN =D A, (1.4)
k=0

QN = D AN (1.5)
k=j+1

for j €{0,...,n—1}.

As we mentioned before, the results of this work extend and improve the previously known
results. More precisely, we will consider a higher order abstract Cauchy problem and give some
new sufficient conditions to ensure p-fold well-posedness and exponentially p-fold well-posedness
of the problem (1.1), (1.2). In our analysis, it is not necessary to use all the operators Ay,
k=1,...,n, which are required in some relevant preliminary work, see [18]. This new feature
makes the p-fold well-posedness of the higher order abstract Cauchy more important and useful
as well. The results of this article are new and they extend and improve previously known results.

The content of this paper is organized as follows:

Some necessary concepts and preliminaries are reviewed in Section 2. Section 3 is a section of
intermediate results, where we show some lemmas which are necessary for our analysis. Finally,
in Section 4, we give and prove our main results.

2. Preliminaries

In this section, we briefly recall some notations and definitions which are used throughout
the paper.
Let G (a, 6) be the sector of the plane defined by
G(a,0) = {)\za—l—rew, lp] <6, a,r >0, g <9<7r}.

In order to discuss the statement of our problem, we need the following definitions.
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Definition 2.1 (see [18]). By solution of the problem (1.1), (1.2), we mean every function u
which satisfies the conditions:

(i) u€ C"(RY, X) N C" Ry, X);
(i) Aru € CERY, V)N CH 1Ry, V);
(#ii) u satisfies condition (1.2).

Definition 2.2 (see [18]). The abstract Cauchy problem (1.1), (1.2) is said to be determined if
for fized {uk}g_l , there exists only one solution.

Definition 2.3 (see [18]). Let p € {1,...,n}, the problem (1.1), (1.2) is said to be p-fold well-
posed if every solution u verifies:

n—1
™ Ol <a () lullys 20, (2.1)
k=0

where q is a non-negative function from Ry to R.

Definition 2.4 (see [18]). The problem (1.1), (1.2) is said to be exponentially well-posed if
q(t) =Ce*t, for C >0, and w > 0.

Lemma 2.5 (Jordan lemma (see [3])). Let m be positive constant and Q (z) be a continuous
function in the upper half of complex plane, such that for |z| > R

Mg = max |Q (2)| = 0, R— oo,
zelp
where T'g is the semicircle of |z| = R in the upper half of the complex plane. Then

lim e™*Q (2)dz = 0.

R—o0 Tr

Theorem 2.6 (see [16]). Let Banach space X and A is closed linear operators from X into X,
such that ||Al| < g < 1. Then (I + A) is reversible and (I + A)™" is bounded operator.

3. Intermediate results

In this section, we establish three fundamental lemmas and for convenience we present their
proofs. The following lemmas are useful for the proof of our main results in the last section.

Lemma 3.1. If there exist j € {0,...,n — 1} such that
Hi) G(a,0) Cp(Q;(N), )
Hy) |97 () Axz|| , SC AT ez, B=1,...,n,

_ L InC; .
then,
G(a,0) C p(P(N),
and
[P~ (N) Agz||, < CeMz)ly, k=1,...,n. (3.1)
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Proof. If A € G (a, ), then X € p(Q; (N)), and Q; (X) are invertible, j =0,...,n — 1. In fact, by
assumptions (1.3), (1.4), and (1.5), it can be easily write:
PA) = NN +P; ()=
NTLQ (N [T+ X771 (V)P (V)]

By using the Theorem 2.6, we show that the operator (1.3) is invertible.
By (Hs), we have

et B W, < W e ), <

J

k=0
j .
<Oy NI
k=0
If welet N =max(j+1—k—gqy; ), then
i Ci(j+1
Iiiert R )|, < LU ED.

SV

From assumption (Hs), we decuce

In Cj

N> In(asinf)’

From the above discussion, we can get
ATt NP (W, < 1 (3.2)
We deduce that the operator pencil
T+ (NP (),

is invertible as well as P (). Consequently

PO =2 (LA )P ()T Q. (3.3)
If we put
Ry (N = (I+A771Q7 (NP (V) (3.4)
Make substitution of (3.4) into (3.3), we have
P =R;MATTTOT (V). (3.5)

Then, we conclude

[P~ () Are|| < IR; (VL AT TH1Q5 (A) Awe] -
Using assumption (Hs), we get

[P (V) Apz ]| S C IRy WL INT7THAP T e ]

From (3.2) and Theorem 2.6, we conclude that R; (A) is bounded, i.e, 3Gy > 0, such that

IR; Ml < Go. (3.6)

According to (3.6), we can finaly write
H’P_l ()\)AkaX < Gre?P |zl v, k=1,...,n, (3.7)
where G1 = CGy. O
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Corollary 3.2. If the hypotheses (Hy), (Hs) and (H3) are fulfilled, then

P72 () Qe (V]| < Ce”M i (IA])  k=1,...,m, (3.8)
where
o)=Y AL (3.9)
i=k+1

Proof. From (1.5), we can easly get

PN =P () Y AN
i=k+1
according to Lemma 3.1, we find

n

Py < 3 TP Al <
i=k+1

< CeP YT TR = cerP (1),
i=k+1

where fy, is defined in (3.9).

Lemma 3.3. If the hypotheses of Lemma 3.1 are satisfied and u is a solution of problem
(1.1), (1.2), then there exists M > 0, such that

n—1
[u™ (t)] » < Mela—acosO)t Z lur |l 5 (3.10)
k=0
for
> —L, m=0,...,n—1.
cosf

Proof. If the hypoteses of Lemma 3.1 are satisfied, then relation (3.1) is true and by applying
Lemma 1 in [19], we obtain the following representation for solution u and its derivatives:

1

n—1
/ ATENMPTH(A) D Ok (M) urdA, (3.11)
r k=0

for t > _Lg’ and T' is the boundary of G (a,0).

cos
It follows that

n—1
C m _
™ @ < 5 [ ISP Q| an (3.12)
TJr k=0 X
As a consequence of Corollary 2.2, we can able to write
C n—1
o™ Ol < 5 [N AN S i (A ] (313)
k=0

for A € G (a,0), where
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|A| <a+r, and ReX = a+ rcosf.
By using parametrisation A\ = a + 7¢??, then the estimate (3.13) can be written as follows

m O * m a+r o(a+r -
”u (t)”){ < ;A (CL+T) t( + 6059) (a+r) § fk ||uk||)(dr
therefore

C 00 n—1
Oy & Setemeend [T ot N a g ) i) sl dr <
k=0

C — [*® m
— etla—acosd) Z/ elottcost)(atr) (a+7)" fr (r+a) |Jugll 5 dr. (3.14)

N

™

If we let -
Fi (t) = / elotteosO)(atn) (1 )™ £ (r 4 a) dr, (3.15)
0

Make substutition of (3.9) into (3.15), we have

Fi (t) = Z / (0+t cos 0)(a+r) ( )m+i—k—1 dr
i=k+1
B ﬁi (m+i—k—1)!
ek (o + tcosf)mti=k’

On the other hand, before proceeding next step, we first introduce this assumption
Hy) there exists o > 0, such that |0 + tcos 8| > «a.
By assumption (Hy), we obtain

—~ (m+i—k—1)
i=k+1

Due (3.16) and (3.14), we obtain

[ (#)]] < “}:WMH7

for
—0
9 = 07 , L — 17
cos
where
n
C (m+i—k—1)
N =— max — ,
T k=0,..n—1 qmti
m=0,...n—11=k+1
and

w=a—acost < 2a.
Lemma 3.4. If A € G(a,0), and T is the bound of G (a,0), we have

1 0 k<m,
— / e)\t)\m—k—ld/\ — tk—m
r -

271 k> m.
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Proof. Let us introduice the sets I'r, Ag, and A as follows:

We have:

Ir={\eT, |\ <R}.

Ar={AeC\G(a,0), |\ =R}.

A=TgrUARg.

/e”)\m*k’ld)\: e”Am*HdAJr/ AN (3.17)
A I'r

We set

Ar

w (A) — €>\t>\m_k_1.

. T
By using the parametrisation A = re', for A € Ag, withw € [r — 0,7+ 6],0< 0 < 5> We can

write:

|)\,¢} ()\)‘ _ |e)\t)\m—k| _ ‘ez\t’ ‘)\m—k‘ _ etRe)\Rm—k _ etRcoseRm—k.

Thus, if £ < m, it is clear that

lim etRcos ORmfk =0

;
R—o0

and by virtue of Jordan lemma, we obtain

and

lim eMAmE=Lgx =0, (3.18)
R—o0 AR

/ MAMTRLgN = 0. (3.19)
A

In light of (3.17), (3.18) and (3.19), we have

/ e)\t)\m—k—ld)\
T

On the other hand, if £ > m,
A

which leads to

/ €>\tAm7k71dA
T

lim eMATTRETLgN =
R—o0 g

lim [ eMA™*~1d\ — lim eMATTRTLGN =
0—0=0.

k + 1> m, we can write

AATEIgy = / -
A/\k-‘,-l—m
271—7/ k—m o
= m¢ (0) =
2ms —
- 7(kfm)!tk n (3.20)
lim eMNTTRTLGN =
R—o0 Tr
lim [ A" 7lg\ — lim eMATTRTLIN =
R— o0 A R—o0 AR
2me —m
mt’“ . (3.21)
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Hence, by virtue of (3.21), we obtain

1 At ym—k—1 th—m
— A™ d\ = — 3.22
2mi /Fe (k —m)V (3:22)

for k > m.

4. Main results

In this section, we use the results obtained in the previous section to obtain new appropriate
conditions ensuring that of any solution u of problem (1.1), (1.2) and its derivatives «/, ..., u®~1
at any fixed point ¢t = ¢y > 0 continuously dependent on all initial data (1.2).

We are now in a position to establish the following results.

Theorem 4.1. If hypotheses (Hy) and (Hs) of Lemma 2.1. are satisfied and, further assume
that
197" (\) Apz ||, < CIN 42l (4.1)

for fixed p in {1,...,n} and k=1,...,n—1 . Then problem (1.1), (1.2) is n-fold well-posed.
Proof. From (1.5), we have

n—1
Qj—l (/\) A, = )\jfnJrlQ]l—l (/\) Qj (/\) o Z Ak/\kfjfl
k=j+1

n—1
= NI 3T Q7 (W) AT AL

k=j+1
Due the condition (4.1), we get
n—1
- j—n+1 k+j—n—p+2
197 ) Aull, SAPT" 0 Y AT (4.2)
k=j+1

From the above inequality (4.2), it can be easy to write

n—1
HQ;I ()\) AnHX < |)\|J*P+1 |)\|P*n+c Z |/\‘k7n+1 . (43)
k=j+1

Since p < n and k < n — 1, there exists G2 > 0 such that:
1971 (V) Anl[, < G2 AP (4.4)

This together with (4.1), leads that the hypotheses of Lemma 3.1 are verified. By virtue of
Lemma 3.3, if u is a solution of the problem (1.1), (1.2), for any o > 0

n—1
™ ()l < MeCHes O 7 (4.5)
k=0
for ¢t > fi, and m = 0,1...,n — 1. For an arbitrary positive ¢, we let g = —, and
cos
oo = —tgcosf. We have t > ;JO, so that
cos
n—1
lu™ ()| < M @t (1teos0) Z llurlly, t>0, (4.6)
k=0
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form=20,...,n—1.
On the other hand, since cos§ < 0 which implies that 1 4 cos < 1. It follows from (4.6) that:

lu™ ()] < Me™ Z lurlly, t>0, (4.7)

for m =0,...,n — 1. Thus, the problem (1.1), (1.2) is n-fold well-posed.

Theorem 4.2. If the conditions of Theorem 3.1 are satisfied, then the problem (1.1), (1.2) is
p-fold exponentially well-posed.

Proof. The remaining part of the proof is similar to Theorem 3.1. There exists M’ > 0, such
that

[u™ ()]l < M'e ‘”ZHWHX, (4.8)

fort > 1,and m =0,1...,n — 1. Suppose now t € ]O, 1[, from (1.3), (1.4) and (1.5), we can get

1
so that
n—2 n—2
SPTTNQUMNur = D AP (PA) = Pr (V) uk =
k=0 k=0
n—2
= > Al Z)‘_k P Pr (A) g (4.10)
k=0
Hence, we can get
m _ m _At
um™ (t) = 2m/>\ ZP (A) upd\ =
1
_ m At o m At —
— 2m A ZP (V) urdA — o — /)\ PN Ay, 1dA
r
_ m—k—1_A\t m—k—1 /\t
- 2m/ZA e ud)\—l——/Z)\ PO Pr (N) ugdA —
— f/Amektpfl (N) Apup—_1dX. (4.11)
2mi
From (4.11) and (3.5), we get
1 n—2
m _ At m—k—1
u™(t) = 5. ] ¢ Z)\ ugd\ +
J —
1 n—2
At m—k—j—2 -1
+ 27@_/@ SONTTRI2R (1) @5 (A) P (A) A —
& =0
1
_ m—j—1 )\t 1
o A R;(N) Q" (A) Apup—1dA. (4.12)
r
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In view of Lemma 3.4, we obtain

- tk: m
u™ () = Z
+ / Z APTEIER(A) Q57 (M) Pr (A) upd —
T k=0
- 2% AN R (M) Q5 (A) Apttn—1d. (4.13)

r

Let T'; be the sector of the complex plane defined by
a .
= {)\ =7 +re'?, |arg| < 9},

for t €]0,1[, where a and 6 are defined in G (a,0).
The functions under the sign of integration in (4.13) are analytic, so we can write

n—2 tk_m
k=m ’
1 n—2
* T/ MY ONTTRITER (0) Q5 () Pr (V) urdA —
7TZF =0
- 2% AN R (M) Q51 (A) At —1d, (4.14)
't

If we set Z = At. Due (4.14), it is easy to verify that

n—2 _
¥ = T
k:m :
1 e)\t n—2 m—k—j—2 z =
+ T/T ( ) Rj(t>Q (t)Pk< )ude—
T k=0
1 6)\15 m—j—1 z B =z
a Tm/T <> R (t) Q; <t> Aptiy_1dZ.
T

This leads to the following estimate

[u™ @)llx < E \Uk||x
GO BRE’Z n—2 z m—k—j—2 . z z
=0 = (2 p, (2 dz
ISy o7t (2) 7 (2)] hadeaz +
Go [eReZ |27V /2
il d 1 (Z) A, il dz. 4.15
e o7 (£) | il (@.15
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Now, we estimate the second and third terms on the right side of (4.15),
Firstly, by using relation (4.1), we obtain

k s k s
Z Z Z Z Z
-1 _ -1 -1
o ()7 (2)], - |l ()22 (2)] < 2[Z[1erae <
X s=0 X s=0
k J—p+2+s
Z
< C
s=0 ¢
Thus
n—2 m—k—j—2 n—2 k m—k+s—p
Z (2 Z Z
ol - ol ol < C ol —
> 2 o' ()n(%)| < XX
k=0 k=0 s=0
n—2 k ¢ p—m—+k—s
= C — .
Sy (119
k=0 s=0
Secondly, by the same way, we have
z z Jjt+1l-p
‘ Qj_l (t) An <Go|—
X
Therefore
Z m—j—1 B Z Z m—p ¢ p—m
‘t‘ le (t) An|| < G2 t’ = Gy Zz (4.17)
X
Substituting (4.16) and (4.17) into (4.15), we obtain
n—2 tk—m
m
Ol < 3 gy sl +
G3 eReZ n—2 k ( ¢ )p—m+k—s—1
+ — — lur||  dZ +
3 ) 2T 22\ T2 x
G4 eReZ p—m
— | —— _ dZ
o Jo ¢ ‘Z|p_m ”Un 1”)( )
where G3 = CGy, and G4 = G2Gy. This leads
n—2 tkfm
I Ol < 3 gy ol +
G3 eReZ n—2 k ¢ p—m+k—s
oo R ZZ 2] [urlly dZ +
k=0 s=0
G4 eReZ tp—m
— = lun—1lx dZ.

2 Jo otz
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By means of parametrisation Z = at + tre'?, we obtain

[w™ ®)]lx < Z |“k||X
GS oo n—2 k p—m+k—s
o at+trc0% d
+ %/0 ;z( =) el r +
G4 > at+tr cos 6 b
— _ dr.
- A ) lilpr

Therefore, we conclude that

tkfm
" Ol <3 Gy Il +
k=m ’
G3 00 n—2 k .
+ ﬁ/o atthr cos Z Z WL—P+S— ||Uk||/’\g dr +
k=0 s=0
Gy at+tr cos 6 m—p
+ o e (a+71) |tn—1]|  dr.
0
A simple computation shows that
n—2 tkfm
" Ol <3 Gy el +
k=m ’
+ %e(afacos 0)15/ tcos@ (a+r) gzk: m*PJrS*k ||uk|| dr +
X
27 0 k=0 s=0
G e _
+ 277;4—6(a—acos O)t/ et cos 0(a+r) (a + T)m P ||un—1 HX dr. (418)
0

Next, we estime the second and the third terms in the right side of (4.18).
For m < p, we have m —p+s—k <0, so

(a+r)mfp+sfk < (a)mfpjtsfk )

If we put M), = max a™ Pt we obtain
s=0,...k

k
o _ _ o0 —(k + 1) M 6tacos@
t cos 0(a+r) m—p+s—k dr < (k+1)M / t cos 9(a+'r)d _ ( k )
/0 e sgzo(aJrr) r < (k+1) Mg ; e r ry—

In a similar way, we can write

_amfpeta cos 6

s3] oo
/ et cos 0(a+r) ((1 + T)m*p dr < a™ P / e(aJrr)t cos Gdr _
0 0

tcosf
Finally
n—2 k—m n—2 ta cos O
t Gs — (k‘ + 1) Mpe
I Ol € 3 gy e+ 52 3 =l +

Gy (—a™P at
T oo ( tcosd ) e ln—1ll -

Since t > 0 and cosf < 0, we choose that
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G - (k + 1) Mkecosé‘
Gs = — max ,
27 k=0,..n—2 tcosf
and
G4 —a™™P
G
= or ( tcosd ) ’
SO
n—2 t _ n—2
lu™ ()2 < Y ﬁ urll v + Gse™™ Y llurllx + Goe™ l[un—1]x -
k=m k=0
On the other hand, we have
n—2 n—2

Hwel\x Z ke x -

X

=m

If we put R = max (1,G5,Gg), we obtain

m
K

Ol < t“Z [k -

This together with (4.8), it follows that the problem (1.1), (1.2) is p-fold exponentially well-
posed. O

Remark 4.3. The results presented in this paper improve and extend the main result proved
in [18] under appropriate conditions. As far as we know, sufficient conditions for the p-fold well-
posedness of higher-order abstract Cauchy problem expressed in terms of decay of some auziliary
pencils shown in (1.4) and (1.5) considered in the present paper have not been investigated yet.
For this reason, in this paper we make the first attempt to fill this gap. The method employed in
this paper is different from those in related literature (Viasenko et al [18]).
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1. Introduction and preliminaries

The classical Hardy inequality (See [2]) has been proved for f(z) >0, p > 1

[ s ) [ e w

P = [ (o 2)

where

P
The constant (Ll) is sharp (the best possible).

This inequality have many applications in the theory of differential equations (Ordinary
and Partial) and led to many interesting questions and connections between different areas of
mathematical analysis.

The following inequalities were proved in [4].

Let f > 0,9 >0.

x
1. If — is a non-increasing function, p > 1 and 0 < a < 1, then

9(x)
[ (Ge) < ammiap ) () o
*kamer295@yahoo. fr

fzanou1985@gmail.com
© Siberian Federal University. All rights reserved
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x
2. If —— is a non-decreasing function, 0 < p < 1 and a > 0, then

9(x)
/ooo (I;((ff))ydx g a(l — p)(ll Ta)p! /0°° (Z((tt)))p dt. (4)

4. If p > 1, h > 0, h convex and non-decreasing function, then

[T (F)ar< (525) [T vwra o

The Hardy inequalities for quasi-monotone functions are discussed for example in [1] and [3].

The objective of this work is to generalize the inequalities (3)—(5) and (6) for weighted Hardy
operator and its dual with quasi-monotone functions. Moreover, other integral inequalities were
obtained for quasi-monotone functions.

Throughtout this paper, we will assume that functions are non-negative integrable and the
integrals are supposed to exist and are finite.

3. If p > 2, then

2. Main results

Consider the weighted Hardy operator and its dual

/fw B, Fi(x / fult)

where f,,(t) = f(t)w(t) and g > 0, f > 0 are Lebesgue measurable functions on (0, c0). Let w and

v > 0 be weight functions on (0,00), V(z) = [v(t)dt, V*(z) = [v(t)dt, and Gy (z) = g(z)V (z),
0 x
Gy-(x) = g(x)V" ().
The following definition was introduced in [1].

Definition 1. We say that a non-negative function f is quasi-monotone on |0, 00], if for some
real number «, x®f(x) is a decreasing or an increasing function of x. More precisely, given
B € R, we say that f € Qp if x P f(x) is non-increasing and f € Q° if z=Pf(x) is non-
decreasing.

1
GQﬂ,0<a<land6<a(p ), then

( ) P

[ (ew) =< omvma—am |, (Gn) @ @

€ Qg and V(z) is non-decreasing, then

Theorem 1. Letp>1, f >0, g >0,

Proof. Since 51]:(‘2 ¥ m
Let K = f(GV( )> dx, then

K = /OOO G, () (/OI fw(t)dt>pdx =
- [T ( I t“l—i)fw(t)t—aﬂ—é)dt)p n.
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P
€ ()3, implies that < e ac( )> € (3. By Holder’s inequality and Fubini’s theorem, we
v\T

/ G,P (/ t“@—l)fg(t)dt> (/;t‘%t)p_ldaz:

T
s [ G [T e =

_r
Gy ()
get

(1 - a) 0 0
1 o0 o0
- AT / 2= ¢p (1) / 2= DGUP (3)drdt <
- 0 t

S W/O 2= ¢p (1) (é:(i)p/too LPB—a(p=1)=1 g, 00 _
1 » P
= (a(p—1) —pB) (1 — a)r—1 /o (ng) dt.

Remark 1. If in (7), we set w(z) =1, V(z) =1 and 8 = 0, we get the inequality (3).

Now we consider the converse inequality of (2.1).

1_
Theorem 2. Let0<p<1, f>0,9g>0, g()EQ a>0,,8<a(p> and B € R, then

p
(L) ! e
[ GS) “> wmmmmara ), (Gew) © ¥
in 2 B an * is non-increasin n a: ' B,
Proof. Since (@) € QP and V*(z) is non-increasing, the (GV*(x)) €eq

(" Fy(z) )p
Let I = dzx, then
G

I —/ </ Fult dt) da =
/ Gyl (x </ ta(p_l)fw(t)t_“(p_l)dt>pd:v.

By converse Holder inequality and Fubini’s theorem, we get

S x x p—1
I > G2 (x) </ t“(lp)fg(t)dt> </ t*“dt) do =
0 0 0

- - (A+a)p-1)Gop( )/z =P £P (1) ddy =
T v (T i x
L+a)P=! Jo 0

1
( o0 o0
:7(1_%2)%1/ ta(l_P)fg(t)/ p+a)(p— 1)G P(x)dzdt >
0 t
o (

[e%) tl_ﬂ p [e%)
a(l— —a(l—p)—1
> T o /0 el p)fp (GV*( )) /t pPP—a(l=p)=1 g0 ¢ —

_ 1 tfu(t) \"
(a1 =p) =pB) (1 +a)p~! /0 <GV*(t)> o

Remark 2. By setting w(z) =1, V*(x) =1 and =0, in (8), we obtain the inequality (4).
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Theorem 3. Letp>1, f>0, g >0, ﬁ €@ a>1andp > a(p_ 1), then
< [ Fi(z) )p 1 > (tfw(t) )p
[ (o) < womnmmamm ), (oem) © ©)
_ T Folz) \*
Proof. Let K| = bf <GV(J:)> dx, thus

K, = /OOO G~ () < h fw(t)dt>pdx =

By applying Hélder’s inequality and Fubini’s theorem, we have

00 00 0o p—1
K </0 G~ (x) (/ t“@‘l)fg(t)dt) (/ t‘“dt) dr =
1

o0 (o)
=G / 2@ DP=DGUP (2) / t2®=D f2 (#)dtda =
a— 0 T

1 [e'e] t
= / 2= £P (1) / 21PN GUP () dadt <

(a—1)p-1 J, ;
< ﬁ /OOO 2= fP (1) <O§\1/*?t))p/ot L PB—alp=1)=1 001 _
" (alp—1) —plﬁ) (a—1)p1 /0 (é{:u((tg)) dt.

O
If in (9), we set w(xz) =1, V(z)* =1 and 8 = 0, we obtain the following corollary.
Corollary 1. Letp>1, f >0, g >0, % non-decreasing function, a > 1, then
g(x
e} F* p 1 o] tf(t p
/ ( (x)> dr < - / (ﬂ)> dt. (10)
o \ 9(@) (alp—D(a—1)P"" Jo \ g(t)

1—
Theorem 4. Let0<p<1,f>0,g>0,(x)EQﬂ,a<—l,ﬁ>a<p) and B € R, then
g\x p

/0°° <g$(<i)))” 2 h—ap—1) 2(1)(1 +a))P T /Ooo @522)? dt. (11)

The proof is similar to that of Theorem 3.
Ifin (11), w(z) =1, V(z) = 1 and 8 = 0, we get the following corollary.

Corollary 2. Let0<p<1, f>0,9>0, v non-decreasing function, a < —1, then
g

9(@)

/ooo (l:ig))pdx Z (al=p) *plﬁ) (1+ a1 /OOC (tj;(jf(;))pdt' "

Remark 3. The inequalities (10) and (12) are the analogs of inequalities (3) and (4) respectively.
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1
Theorem 5. Letp>2, f >0, g >0, € Qs and B < —, then
p’

( )

[ (B e L [T a (B0) roa "

Proof. By applying Hoélder’s inequality with parameters p — 1 and its conjugate b
p—

assumption € g, it follows that

g()

Aoo (gv(é)))pdm - 000 Gy (@) Fl () Fu(w)da =

/OOG P(z)Fo~ !z /fw t)dtdx =
/fw /G ) FE~ 1 (z)dwdt =
/O fu(t) /t G (2) ( /O ’ fw(u)du>p_1dxdt<

< [ a [Teve [t ([ ) dodt -
- /Ooofw(t)/ooG;p pr(/ Hu)d )dxdt
< /Ooofw(t)/t fa 1()<Gv(u)> /u aPP 2 dxdudt =

= 1 ~ = p—1 s )p pB—1 _

— s | e [ (G ) auar -

= P— 1 upﬁ 1 L .
1—195/ T Gv(u >/f“’ t)dtdu =

- ! e (WwZ)))

Further, setting V' (z) = 1 and g(x) = z in Theorem 5, yields the following corollary.

1
Corollary 3. Letp>2, f>0, 8 <]; then

/Ooo (wa(x)>pdx <7 fpﬂ /OOO R () P (t)dt. (14)

Remark 4. If we take w =1 and 8 =0 in (14), we obtain inequality (5).

1 1
Theorem 6. Letp>1, < —(1— =), h >0 be a convex function, € Qg, then
p p

/00o aPPpp (x—ﬁg”vg) dr <

) G e (e
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Proof. By using the convexity of h and Holder’s inequality, we get
[ (o 8)om - [ (o)) o
s .
- | (G [ o)) s
:
(5Lt )

::Amxm%n(A hclﬁm )dQ do =
o[ ()
oo T 1— p—1
/0 xp(ﬂ—l)/o = pp (t ﬂfw dt ( t pdt) dx =
(o) o
_ <pg>p_1£mtl—;hp (W) /tooxpﬂ+é—2dxdt:
(=) 2) [ o (™

’E\H

If in (15), we set V(z) = 1 and g(x) = x, we get the following corollary.

1 1
Corollary 4. Letp > 1, f < 7(1 — 7> , f =0, h >0,k be a convex and non-decreasing
p p

function, then

e S P e [ Y e e

Remark 5. If in (16), we put w =1 and 8 =0, we get (6).

The following lemma was proved in [4].

Lemma 1. Let h > 0 be convez, and h(0) =0, then h(x)/z is non-decreasing.

Theorem 7. Letp > 1, h > 0 be a convex, non-decreasing function h(0) =0, g > 0, % € Qg
and < p—1, then
2—p+ xiﬁFw(x) 2—p+ fw(t)
/oo.’L‘ p ﬂh( Gy () )d$< 1 /oot -p ﬂh( v (D) )dt (17)
0 h(x) Tp-B-1 h(t)

oo z? 3"+Bl,<7c§ F(Pg”)
Proof. Let I = [ Y= de,
0
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then

dr =

L, =

0 g2 PHB] (%% Iy fw(t)dt)
/0 h(x)

/0 %w ( / Gy (@ f”““()dt)dx

€ @3, we have

x
Since —— € @), h is non-decreasing convex and

g(x) ( )

Gy
/0 2P+ ( / . ) / 2P+ (x Owtlgﬂvf(qi)(ﬂdt)dm
< [

L1 p+ﬁ/ h(W) dtdz.

Applying Fubini’s theorem and Lemma 1, we get
0 1—p+B  [w tlﬁfw(t)) B (tl B fo (t)) 1P +B
/0 h(x) /0 h( Gy (t) dide = /0 h v () /t e dxdt <
L) (L) [ onia -
/0 h( ® )\ /t at tdwdt =

1 A (L ()
p—ﬁ—l/o 0] h( Go (1) )‘“'

N

Thus

oo x2 PO, (73”_[3“("”)) 00 42—p+8 1-
/ VD ) g < L / LA <t f“’(t)> dt.
0 0

h(z) S op-B-1 h(t) Gv(t)
O
If in (17), we set V(z) =1, v =w =1 and § = 0, we have the following corollary.
Corollary 5. Let p > 1, h > 0 be a convez, non-decreasing function h(0) = 0, g > 0, %
g(x
non-increasing function, then
c(a) o ()
glx g(t
dr < dt. 18
e i) 1

Definition 2. A function h is said to be submultiplicative if h(zy) < h(z)h(y).

Theorem 8. Letp > 1, f>20,8eR,8<p. If h >0 is a convex function and submultiplicative,

h(0) = 0 such that — ( ) € Qg, then
[e’e} xl—p 1 tl p
| sty < == [ " Tninar (19)
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T

Proof. By using the assumption of convexity and submultiplicativity of h, 7 € Qp and the
T
Fubini theorem, we get
oo xl—p oo xl—p 1 x
h(F(z))dx = —h|2z— t)dt | dx <
[ e = (" e (o [ o)
Ay O
< — t))dtdx =
o M) Jo
| wew) [
= t ——dzxdt =
0 ¢ h(z)
[y [T et
= t " P dxdt <
0 ¢ M)
< [Trgants [Tt
< T xdt =
0 h(t) Je
1 /°° t1-p
= — ——h(f(t))dt.
p—5J w"
O

If we set 8 =0 in (19), we obtain the following corollary.

Corollary 6. Let p > 1, f > 0. If h > 0 be a convex submultiplicative function and h(0) = 0,
then

< pl-p 1 [ ¢l-p
/0 h2(m)h(F(x))dfl7 < 1;/0 Wh(f(t))dt. (20)

This work is supported by University of Tiaret, PRFU projet, COOLO3UN140120220001.
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Abstract. The work is devoted to finding the number of real roots of systems of transcendental equa-
tions. It is shown that if a system has simple roots, then the number of real coordinates of the roots is
the same. Therefore, the number of real roots is related with the number of real roots of the resultant
of the system.
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Introduction

Finding the number of real roots of polynomials with real coefficients is a classical problem of
algebra. There are quite a few related results; the Hermite method of quadratic forms [1, ch. 16,
Sec. 9], [2, Appendix I], Sturm’s theorem, Descartes’ sign rule, the Budan—Fourier theorem (see,
for example, [3, Chapter 9]). Further development of these methods for polynomials can be
found in the paper by M. Krein and M. Naimark [4] (in fact, this paper was published in 1936 in
Russian, but has long become a bibliographic rarity) and the monograph by Jury [5]. For entire
functions, the question of localization of real positive roots was considered in the classical works
of N. G. Chebotarev [6, p. 3-18, 29-56], as well as in the work [7] (we refer to the collected works
of N. G. Chebotarev, since his original works are now inaccessible).

For systems of equations, the number of real roots was studied in the articles [8-10]. In the
article [11] root coordinates were related to the root first coordinates.

The monographs [12,13] consider algebraic and transcendental systems of equations. Systems
of transcendental equations arise, for example, when studying the equations of chemical kinetics
[14]. One of the problems that arises there is the problem of the number of real positive roots of
a system of equations, or the number of roots in the reaction polyhedron.

1. Resultant of a system
Consider a system of equations of the form
fi(z) =0,
ful) =0,
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where f1(2), ..., fn(z) are entire functions of complex variables z = (z1,...,2,) in C". In what
follows we will assume that the set of roots of the system (1) is discrete. Therefore it is no more
than countable. Let £ denote the set of roots with non-zero coordinates w,) = (wl(,,), ceey wn(l,)),
v =1,2,..., numbered in ascending order of modules: ’w(l)’ < |w(2)‘ <...< ‘w(u)‘ <

Let us consider power sums of roots Sy, where o = (i, .. ., @y, ) is a non-negative multi-index
(all components are non-negative and integer) and a3 + ...+ a, > 0 of the form

o)
7: : Qn

= Wi w2<u> “Wn(v)

We will assume that all series S, are absolutely convergent for any multi-indices «.

The concept of power sums (in the negative power) for transcendental systems of equations
was considered in the works [15-18]. The results of these papers were based on the calculation
of power sums through the so-called residue integrals [19].

Lemma 1. The series S, converge absolutely for any multi-indices o if and only if the series

=1 =1

-1 Y1) =1 Wn(v)

converge absolutely.

Proof see [11].
Therefore, an entire function of genus zero is defined ( [20], Chapter 7)

R(zl)zf-ﬁ<1 = ) 2)

77:1 U}] (77)

where s is the multiplicity of the zero of the system (1) at the zero point, s > 0.

In the formula (2), the infinite product converges absolutely and uniformly in the complex
plane C.

We will call the function R(z;1) the resultant of the system (1) with respect to the variable
z1. The concept of a resultant for systems of transcendental equations is not generally accepted.
For the case of two equations it was introduced by N. G. Chebotarev [6] (p. 18-27). In recent
years, this concept has been considered in the works of [21-24]. The results of these papers were
based on the calculation of power sums through the so-called residue integrals [19]. The main
problem is to find coefficients of a resultant without knowing the roots themselves. In this sense,
determining the resultant for a system is not constructive. There is no formula for systems of
equations like there is for the Sylvester resultant for polynomials. Some approaches to finding it
can be found in the monograph [12, Sec. 3.7].

2. Auxiliary results

Let us introduce the functions Pj(t)(z1)

Pj(t)(zl

nla)

v=1 j (V n#v wl(n)

v
(@)
V)
Y,
"
c

Lemma 2. Functions (3) are entire functions of the variable z;.
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Proof. Let us write Pj(t)(zl) in the form:

- z =1 1
A== (1) e

n=1 Wi(n) v=1 Yiw) W1 (y)

(oo}
z
The infinite product H (1 - > is an entire function of genus zero.

n=1 wl(n)
Let us prove that the series
o0
1 1
P
=1 Vi) W1 (v)

converges absolutely and uniformly in the complex plane C.

1
By Lemma 1 the series Z ’ ‘converge& then
Wi(v)

lim o 0,
V—r0Q0 |w1 D)|

lim (1— “1 ):1.
V—00 wl(u)

and therefore

Since 1 — is close to unity, we can assume that
Wi(v)
oo (oo}
1
D el LD
v=1 i) wl(l/) v=1 ( )
1 1 . .
Whence it follows that the series Z —— - ——;— converges absolutely and uniformly in the
v=1 wJ(V) T wi

complex plane C.

This proves that the functions Pj(t)(zl) are entire functions of the variable z;. O
Theorem 1. Let the function R(z1) have simple zeros wy(,y, v = 1,2,.... Then the next equality
18 true

P () 1
ﬁ = — fOr any u.
1 B1=wi ()

Proof. Let us find the derivative with respect to z; of the function R(z1):

R(z)=s- 21 ﬁ<1 il >21§: 1 H<1 21 >

n=1 wl(n) v=1 wl(l’) n#v wl(n)

The first term calculated at the point 21 = wy(,) is equal to 0, since

(o)
=1 Wi(n)
Z1=Wi(p)
Let us calculate the second term at the point 21 = wy(,):
1 wl(u)) . 1 W1
o ;wl(w ,71;[” Win) W i g wi)
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Thus,

’

R (z1)

_ s—1 W1 ()
| (1— )

21=W1 () nti W1 (n)

Let us find the value of Pj(t)(zl) at the point z; = wy(,):

N Wi
P_(t)(zl) A . (1 _ u) _
J =W ) VZ:l wj'(y) ,}1;[” W)
1 Wi
= —w! 1~7.H <1“ _
(p) Tt
! w](#) n#v Wim)
- o P - .
After substituting the found expressions into % and reducing it, we obtain
21
F1=Wi(w)
the statement of the theorem. i

Thus, we get that if the first coordinates of the roots from &£ are known, then to find the
remaining coordinates of the roots there is no need to find resultants for other variables.
As a resultant of the system (1), we can also take a function of the form

Q(zl)zf.eg<Z1>.ﬁ<1 “ ) (4)

n=1 Wi(n)

where g(z1) is some entire function, s is the multiplicity of the zero of the system (1) at zero,
s> 0.

It has the same roots and the same multiplicity as the resultant R(z).
Consider the system of functions

— 1
Vj(t)(zl):_zs—l,eg(zl).z t'H(l_ 2l >’ t>1, s>1.

=1 i) py w1 (n)
Corollary 1. Let the function Q(z1) have simple zeros wy(,), v = 1,2,.... Then the next equality
18 true
t
Vj( )(21) 1
g7 =—
Q' (21) —— Wi

The proof of Corollary 1 repeats the proof of Theorem 1.

3. Main results

Let us write the Taylor series expansion in the variable z; in the neighborhood of zero of the
function Pj(t)(zl) and the function R(z1):

P (z1) = =471 D al -, af) =1
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Theorem 2. If a system (1) with real coefficients is such that all zeros of R(z1) are simple
except for the point zy = 0, then the number of real roots of the system (1) in & coincides with
the number of real roots of the resultant R(z1).

Proof. If the system (1) has real coeflicients, then all power sums of the roots S, are real.

Indeed, let the system (1) has a real root w, that is, f;(w) =0, j =1,...,n. Then f;(w) =0,
j=1,...,n. Since the system (1) has real coefficients, then f;(w) =0, j = 1,...,n. Therefore,
w is also a root. That is, complex roots are paired. This means that in the power sum S, each
non-real (complex) term corresponds to a complex conjugate term. And therefore the sum of
these numbers is a real number.

[ee]
Let us prove that the resultant R(z1) = 25 - Y by, - 27" has real coefficients, that is, that by,

m=0

arereal , m=0,1,2,....
To do this, consider the infinite product

] (1— & >=1+z1-§: L —&-zf-Z;—i—
1 J

=1 i) J1<j2 W1(j1) * Wi(ja)

+z§’~ Z ! +...=

Wi(j1) * Wi(jz) ~ Wi(ss)

J1<72<7J3
S 1
=1+ (=)™ -2 .
,rnz::]_ j1<j2<2_<jm wl(jl) ’ wl(jQ) et wl(jm)
The coefficients for zi" are equal to:
by = 1,
1
b = (=)™ Y , om=12,... (5)

J1<2<. . <Jm 1(41) 1(j2) 1(3m)

From the form (5) it obviously follows that b,, are symmetric functions of the numbers )
Wi()
1 1

wi() WiE)
Let us represent Pj(t)(zl) in a more convenient form.
For this, consider an auxiliary system of functions

, ..., which means b,,, are real.

oo

. 1 1 ) A
PN = -\ 1.Zwt ._A.H(1_ ) s> 1.

v=1 J(V) 1 W1(v) n=1

Or after the reduction:

oo

_ 1 A B
PO =AY -H(l— ):—)\s LS a6l =
m=0

R [ Wi (n)

Using the geometric progression formula for sufficiently small |A[:

o0

S S S (A ()

v=1 w](”) m=0 Wi(v) n=1 W1 (n)
ASl'i)‘m(imlt)ﬁ(l A >
m=0 =1 V1) Y ) a2 Win)
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k=0

m=0
oo
= 7)\571 . ZAS : ( Z Smel—ktej : bk>7
=0 m+k=l
o0
where Sy, 1te; = Y, ————— are power sums for the multi-index

v=1"1) Y
mey +te; = (m,0,...,0,t,0,...,0), the first component of the multi-index is equal to 1, the j-th
component is equal to ¢, and the remaining components are zeros.
Since the coefficients of the system (1) are real, we have that

Z Sm+k=l 'bk, l =0,1,2,...
m-t+k=I

are real.
We obtained relations for calculating a

(t)
1

J

(t) E :
ajl - Sm€1+t€]‘ : bk7
mt+k=l

where [ =0,1,2,...,00=1,s>1,t >0, m >0, k > 0. That is, the coefficients ag? are real.
Thus, if one coordinate of the root of the system (1) is real, then all other coordinates of this
root are also real. This is where the statement of the theorem follows. O

Corollary 2. If a system (1) with real coefficients is such that all zeros of Q(z1) (that is, R(z1))
are simple except for the point zy = 0 and the function g(z1) from (4) has real coefficients, then
the number of real roots of the system (1) in £ coincides with the number of real roots of the

function Q(z1).
The proof of Corollary 2 repeats the proof of Theorem 2.
This work was supported by the Russian Science Foundation (Agreement No. 24-21-00023).
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O BerecTBEHHBIX KOPHAX CHUCTEM TPAHCIIEHJIEHTHBIX
yYpaBHeHUI

Anekcanap M. KeitmaHoB
Oapra B. Xogoc

Cubupckuii desepabHbIil YHUBEPCUTET
Kpacnosipck, Poccuiickas Pereparimst

Awnnorarusi. Pabora mocBsiieHna HaX0XKIEHUIO YUCJIa BEIIECTBEHHBIX KOPHEN CUCTEM TPAHCIIEHIEHTHBIX
ypasuennii. [lokazano, 9T0 ecam cucremMa mMeeT TPOCThIE KOPHM, TO YHMCJIO BEIECTBEHHBIX KOODIMHAT
KOpHe#l oguHaKoBO. [loaToMy UMCIIO BelecTBEHHBIX KOPHEH CBSI3aHO C YMCJIOM BEIIECTBEHHBIX KODHEN
pe3y/abTaHTa CUCTEMBI.

KuroueBble cjioBa: cucTeMa TPAHCIIEH/IEHTHBIX YPABHEHUI, PE3Y/IbTAHT, BBIYETHBIN WHTETPAJT.
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Abstract. Periodic Generalized Autoregressive Conditionally Heteroscedastic (PGARC H) models were
introduced by Bollerslev et Ghysels. These models have gained considerable interest and continued
to attract the attention of researchers. This paper is devoted to extensions of the standard bilinear
threshold GARCH (BLTGARCH) model to periodically time-varying coefficients (PBLTGARCH)
one. In this class of models, the parameters are allowed to switch between different regimes. Moreover,
these models are allowed to integrate asymmetric effects in the volatility. Firstly, we give necessary and
sufficient conditions ensuring the existence of stationary solutions (in periodic sense). Secondly, a quasi
maximum likelihood (QM L) estimation approach for estimating PBLTGARCH model is developed.
More precisely, the strong consistency and the asymptotic normality of the estimator are studied given
mild regularity conditions, requiring strict stationarity and the finiteness of moments of some order for
the errors term. The finite-sample properties of QM LE are illustrated by a Monte Carlo study. Finally
our proposed model is applied to model the exchange rates of the Algerian Dinar against the single
European currency (Euro).

Keywords: periodic bilinear threshold GARCH models, Strictly periodically stationary, Gaussian
QM L estimator.
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1. Introduction and preliminaries

In recent years, many papers discussed the periodic generalized autoregressive conditionally
heteroskedastic models (PGARCH,) process introduced by Bollerslev and Ghysels [10]. This
process has been proved to be a power tool for modeling and forecasting many non stationary
time series, which makes a distinctive by a stochastic conditional variance with periodic dy-
namics. Generally, by PGARCH process we mean a discrete-time strictly stationary process
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(er,t € 2),Z ={0,%£1,%2,...,} defined on some probability space (€, F, P) and satisfying the
factorization
er = huey, (1.1)

Here, the innovation process (e;,t € Z) is independent and identically distributed sequence with
zero mean and unit variance (i.7.d (0,1)) defined on the same probability space (£, F, P) and
time-varying coefficients "volatility” process (ht,t € Z) satisfy the recursion

q
hi=og(t)+ > a;(t)ef 1+25j hi_j, (1.2)
=1

where (a; (t),0 < i < g) and (5, (t),0 < j < p) are non negative periodic functions with period s
with ag (¢) > 0. PGARC H; model is potentially more efficient than the standard one. It becomes
increasingly important and an efficient tool to model seasonal asset returns of stocks, exchange
rates and other financial time series and continues to gain a growing interest of researchers (see
Ghezal [1] and Lescheb [4]). This interest is due to its multiple advantages; for instance, among
others, it is able to capture the stylized facts, e.g., volatility clustering, leptokurticity, depen-
dency without correlation and tail heaviness. However, in some asymmetric financial datasets
exhibiting the so-called leverage effect characterized by Cov (et ks P ) < 0, for some k > 0, the
PG ARC H s models are unable to model such data without further extensions. This finding led
Rodriguez and Ruiz [6] to study five of the most popular specifications of the time-invariant
asymmetric volatility process (he,t € Z) with leverage effect, namely, the generalized quadratic
ARCH(GQARCH), the threshold GARCH (TGARCH), the GTJR—GARCH (GJR), the expo-
nential GARCH (EGARCH) and the asymmetric power GARCH(APGARC H) models. These
models are important in modelling, forecasting and capturing the asymmetry of the volatility
and hence are purported to be able to capture the leverage. Beside the above mentioned models,
Choi et al [7] have recently introduced the so-called bilinear threshold GARCH (BLTGARCH)
model defined by Equation (1.1) with time-invariant coefficients volatility process, i.e.,

q

hf:a0+Z(azst -+ Bier % +Z e )+ wiep_ ) hee k+Z% P (1.3)

i=1 k=1 j=1

where ;7 = max (,,0) , &5 = min (,,0), e/2 = (1), £;2 = (¢;)° and d = p A q. This paper

is fundamentally interested with non-stationary BLTGARCH models in which the parameters
are periodic in ¢ with period s. As a result, we will provide a periodic BLTGARCH (q,d,p)
model (PBLTGARCH;) defined by (1.1) and

q d
h? = ag (t)—f—Z(ai( Et ,+ﬁz &:t ’ +Z Et_k—i—wk (t)s;_k) hi_p
» i=1 k=1 (14)

+ Z%‘ (t) b7

In (1.4), the functions (a;(t),0<i<q), (Bi({),1<i<q), (be(t),1<k<d),
(wi (t),1<k<d) and (y;(t),1<j<p) are periodic with period s > 1. Moreover,
(i (t),0<i<q), (Bi(t),1<i<q), (1;(),1<j<p) are non negative sequences with
ap(.) > 0, whereas the functions (b (t),1 <k <d), (wg(t),1 <k <d) have values in
(—00,400) . So, by transforming ¢ into st + v and setting e; (V) = €540, At (V) = hgtyo and
et (V) = espty, then (1. 4) may be equivalently written in periodic version as

hi (v) = +Z a; ( — i)+ B (v) e * (v —1))
d (1.5)
+Z(bk(v>€t (v—k) +wi (v)ey (v—Fk) he(v—k +Z% v)hi (v—j).
k=1
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In (1.5), the notation e; (v) refers to £, during the v — th "season” v € S = {1,..., s} of cycle ¢,
and, for convenience, we set &, (v) = ;1 (V+ ), hy (V) = hy—1 (v +s) and e (v) =e,—1 (V+ 5)
if v < 0. The non-peroidic notations (&), (e;) and (h;) will be used interchangeably with the
periodic one (g¢ (v)) , (ex (v)) and (k¢ (v)) whenever emphasis on seasonality is not needed. It is
worth noting that, since h? is the conditional variance of ¢; given the past information up to time
t — 1, the positivity of the functions (o (¢),0 < i< q), (5 (t),1<i<q) and (y;(t),1<j<p)
ensures the positivity of h? in PTGARC H, model. This is not the case in PBLTGARCH, even
when by (.) = 0, wy, () = 0 and due to the penultimate term in (1.5), so the positivity of h? can
be studied case by case and hence we shall assume throughout this paper that h? > 0, almost
surely (a.s).

Some algebraic notation and definitions are used throughout this paper. O, ,,) denotes the
matrix of order n x m whose entries are zeros, for simplicity we set O, = O, ) and
Q(n) = On,1)- I(n) is the n x n identity matrix and In denotes the indicator function of the
set A. If (M(i),i € I) is n x n matrices sequence, we shall denote for any integer [ and j,

j
[IM(@) =MU)M(+1)...M(j) if | < j and I,y otherwise. For any real random variable X,
i=l

we denote Xt = max(X,0), X~ = max(—X,0)so X = XT — X~ and |[X| =Xt - X". |||
refers to the induced norm in the space M (n,m) of n x m—matrices. For instance, the norm of
matrix M = (m; ;) is defined by | M| = |m .

The main contributions of this paper can be summarized as follows. In Section 2, the Marko-
vian representation of PTBLGARCHs model is given and conditions for the existence of a strict
periodic stationary (SPS) solution of (1.1)—(1.5) are established. In Section 3, the strong consis-
tency and asymptotic normality of the QM LE are studied. Numerical illustrations are given in
Section 4 and an empirical application to the daily series of exchange rate of the Algerian Dinar
against the single European currency is provided in Section 5.

2. Probabilistic properties of PBLTGARCHs(p,q,d)

As for many time series models, it is useful to write Equations (1.1)—(1.4) in an equiva-
lent Markovian representation in order to facilitate their study. For this purpose, introduce the
r = (p+ 2q + 2d)-vector

2 72 2 — -
g:ﬁ = (h%7 .. ht p+1» Ej yE¢ Ej q+1> Et q+17 htej7 htet g eeey ht7d+le£td+17 ht7d+let7d+1)
and H{ := (1 Ofy—1 ) JHY = (7(1)) 1,00, 2)> and 1, (e:) = ag,4q (D) ef? +

Qg pio () e’ + Qg1 (1) e + Qg 2442 (t) € + g (t) in which the j — th entry of ay ;(?)
is ag (t) and all other elements are 0. With these notations, we obtain the following state-space
representation €7 = H' e, and h? = He,

g = At (et)gt_l +ﬂt (et) s te Z, (21)
with A; (e;) := Ay (t) e + Ag (t) ey 2 + Az (t) ef + Ay (t) ey + As (t). Here (A;(t),1< 5 < 5)
are approprlate (r x 7') periodic matrices easily obtained and uniquely determined by
{ai (t), Bi(t), b (t), wr(t), v;(t),1 <4k, j<qVp}. Now, by iterating (2.1) s times we get
the followmg.

Eurns = H(e) e +nle), tEZ, (2:2)

where

€1 = (6(t+1)57 "'768t+1) ’ {HA(t—i-l)s j \E(t+1)s— 7) }777(€t) =
s—1

s—1
= Z{HA(t+1)Sj (e(t+1)sfj> }n(t+1)sk (e(t+1)sfk) .
j=0

k=0
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Set g, = e (t) (if there is no confusion). Then,(2.2) may be rewritten as
e(t)=H (e, 1)et—1)+n(e ), t€Z (2.3)

Note here that H (¢, ) is a sequence of i.i.d. random matrices independent of £ (k) , k < t and 7 (e;)
is a sequence of i.i.d. vectors. So, the existence of the so-called strictly periodically stationary
(SPS) and periodic ergodic (PE) solutions to (1.1)—(1.5) is now equivalent to the existence of
a strict stationary and ergodic solution to (2.3). Hence, equation similar to Equation (2.3) was
examined by Bougerol and Picard [8] who established that the series

k—1
)=y { H (e 1) } n(er1) +1n(e ), (2.4)
k21 \i=0

constitute the unique, strictly stationary and ergodic solution of (2.3) if and only if, the top-
Lyapunov exponent « (H) associated with the strictly stationary and ergodic sequence of random
matrices H = (H (e;) ,t € Z) defined by

t—1 t—1
v (H):= th;fo {1E{ log HH (e j 1) ‘}} as. tlggo{i log HH (e—j1) '} (2.5)
=0 =0

is such that v(H) < 0. However, the existence of v (H) is guaranteed by the fact that
E{log™ |[H(e,)||} < E{||H(e;)||} < 0o, where log™ (z) = max(logz,0) and the right-hand mem-
ber in (2.5) can be justified using Kingman’s [5] subadditive ergodic theorem. We summarize
the above discussion in the following theorem due to Bougerol and Picard [§].

Theorem 2.1. If v (H) corresponding to PBLTGARCHs(q,d,p) models is strictly negative,
then

1. Equation (2.8) admits a unique, strictly stationary, causal and ergodic solution given by the
series (2.4).

2. Equation (1.5) and, hence (1.1), admits a unique, SPS, causal and PE solution given by

h} = Hye, or e, = e, {H1e, }* where g, is given by the series (2.4).
Proof. The proof follows essentially the same arguments as Bougerol and Picard [§]. O

Corollary 2.1. If ~v(H) < 0 and E{|eg|*’} < 0o for some & > 0, then there is 6* €]0,1] such
that BE(hY") < oo and E(g,%") < oc.

Remark 2.1. Aknouche and Guerbyenne [2] have studied the conditions ensuring the existence
and uniqueness of a SPS and PE solution of (1.1) and (1.5) using directly the (2.1) by showing

that
. 1
tn;fo {tE{ log ‘ } } (2.6)

is a sufficient condition for that (2.1) to have a unique, causal, SPS and PE solution given by

ts—1

T Atemj (ersy)

=0

k—1
g = Z { Ag—i (et—i)} n, , (er—r) 1, (er). (2.7)

k>1 Li=

Remark 2.2. [t is worth noting that the condition 'y(Ls) (H) < 0 provides a cer-

tain global stability of model (2.1). However, when ’yés) (H) < 0, the model (2.1) is
said to be unstable and hence doesn’t have a SPS solution. As an example, consider
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the PBLAARCH (1.1) model defined by &;(v) = hy(v)es(v) and h? (v) = agp(v) +
v) e (v —1)[hf (v —=1) + by (v)|es (v —1)|he (V—1). It is not difficult to show that

’Y(LS) (H) = E <log ( (‘ozl V) ‘e%’ + b1 (v) |eo|‘)>) > 0. Hence, the existence of some (not
v=0

all) "stable regimes" (i.e., E {log (|on (v) €3] + b1 (v) |eo]|)} < 0) does not guarantee the exis-
tence of a SPS solution. More generally, we have the following convergence of the volatility to
infinity for PBLAARC H,(1,1) process encompassing (2.2).

Example 2.1. In PBLTGARCHs(1; 1; 1) models, the necessary and sufficient condition ensur-
ing the existence of strictly periodically stationary solution is that :

ZE{logﬂal(U)@S'Q—Fﬁl(U)ea2—|—b1(v)ea‘—|—w1( Jeg +y(v \}}<0
v=1

In particular, for standard BLTARCH (1,1,1) and for PBLTARCH5(1,1,1) with a;(1) = a
wl(l) = b, a1(2) = 0.25a, w1(2) = 025b, 51(1) = 51(2) = bl(].) = b1 (2) =0 and €t N(O, 1),
the stationarity zone is showed in Fig. 1.

standard and periodic BLTARCH(1,1)

20
15+
© 10
5 -
stationary zone
0 1 L L J
-10 -5 0 5 10

b

Fig. 1. Stationarity zones for standard (solid line) and periodic BLTARCH(1,1) (dashed line)

It is clearly observed that the corresponding zone to the standard model is less restrictive than
that corresponding to the periodic model.

2.1. Quasi-maximum likelihood estimator

In this subsection , we consider the quasi-maximum likelihood estimator (QM LE) for estimat-

ing the parameters of PBLTGARC H model gathered in vector §' = (Ql, s Bs(ir2gt2dep) ) ¢

(o, B0 W' 9) € © c REUH20F2440) - where o = (af,0),...,a}), B = ( : ,5')
b o= (b, b)), W o= (W W) (’1 . ) with o = (o (1),...,q; (s)),
B, = (Bi(1),....Bi(s), by = (bk() (s)) and wk = (wp(D)5wr (9), 2 =

(v Q),...,v(s)) forall 0<i<gq 1< k < d and 1 < j < p. The true parameter value
denoted by 0, € © C Rs(1+20+2d+P) is unknown and, therefore7 it must be estimated. For
this purpose, consider a realization {e1,...,e,;n = sN} from the unique, causal, SPS and
PE solution of (1.1) and (1.5) and let h? (§) be the conditional variance of &; given JF;_1,
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where F; := o(e;;7 < t) . The Gaussian log—Ilikelihood function of § € © conditional on
some initial values €g,...,€1_¢, ho, - ., R1—_p, Which are generated by (1.1)—(1.5), is given up to
~ N s—1_ - 2 -
an additive constant by Ly, () = —(Ns) " 3 S lapo (0) with Iy (8) = 712629) + log h? ().
t=1v=0 t \L

—1

~ - a
Here h? (6) is recursively defined, for ¢t > 1 by h? (6) = aq (t) + > (o () &2+ B (1) ag_zi) +
i=1
d - p -
> (bk () &)y +wr (8) ;1) heei (0)+ Yo (£) hi_; (0) . A QM LE of § is defined as any measur-
k=1 j=1

able solution QNS of QNS = Arg max Lns (0) = Arg Ieniél (—ENS (Q)) . In view of the strong depen-
23 oe

dency of B? (9) on initial values €q, ..., €1-¢, R0, ---s h1—p , (Zt (Q)) >1is neither a SPS nor a pe-
t =

riodically ergodic (PFE) process Therefore, it will be more convenient to work with an unobserved

1
lstJrv (Q)
0

- N s—
SPS and PFE version. So, we work with an approximate version Ly, = — (NS)_1 >

t=1v=
2
_&t

of the likelihood Ly (8) with I, (0) = 1 0)
t L

+log 7 (0) .

3. Monte Carlo experiment

In this section, we describe the performance of the finite sample properties of the QM LE of
the unknown parameters in BLTGARCH,(1,1,1) model based on Monte Carlo experiments. To
this end, we simulate T' = 500 replications for different moderate sample sizes n € {2000,4000}
with standard NV(0,1) and student ts) as innovations distributions. The vector § of parameters
is described in the bottom of each table below and is chosen to satisfy the strictly periodically
stationary condition. All empirical results were obtained via implementation of our own scripts
in Matlab computing language. In the tables below, the columns correspond to the average of
the parameters estimates over the N simulations. In order to show the performance of QM LE,
the roots mean square error (RMSE) of the each 0, (i), i = 1,...,s, (results between bracket),
are reported in each table. Finally, the asymptotic distributions of 0, (v),v=1,...,sover N
simulations, followed by their boxplots summary, are plotted after each appropriate table.

3.1. Periodic BLTGARCH model

The example of our Monte Carlo experiment here is devoted to estimate the pe-
riodic BLTGARCH;(1,1,1) model with s = 2 according to standard AN(0,1) and
student 1) as innovations distributions. The vector of parameters to be estimated
is thus 6 = (gé,g’l,éll,bll,g'l,l’l)’ where o) = (ap(1),a0(2)), af=(a1(1),a1(2)), etc...
are subjected to two models Model (1) and Model (2) described as:  Model(1):
The parameters are chosen to ensure the locally strictly stationarity condition i.e.,
for each v=1,2, E {log |1 (v) ed?+ 81 (v)eg? 4+ b1 (V) ed +wi (v)eg +m (v)|} <0, s0 (h?),
is strict periodic stationary. Model (2): The parameters are chosen such that

2
E{log|ar (1) ed®+ B (1) ey + b1 (1 ed +wi (1) eg +71 (1)} >0, but > E{log |1 (v) e+
v=1

Bi(v)eg? +by (v)ed +wi(v)eg +m (v)| } <0, to ensure the strict periodic stationarity con-
dition of (h?) ;- The results of simulation according to both models (1) and (2) are given in
Tab. 1.

The asymptotic distribution of the sequence <\/ﬁ (én (i) — Q(z))) ,i=1,...,12 followed

n>1
by their boxplot summary according to model(1) of Tab. 1 are shown in Fig. 2.
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Table 1. Average and RM SE of 500 simulations of QM LE for PBLTGARCH»(1,1,1)

N(O, 1) t(
n v 2000 4000 2000 4000
b, 1 ‘ 0.9888 (0.0264) 0.9953 (0.0133) 0.9561 (0.0739) 0.9921 (0.0280)
2 0.9944 (0.0286) 0.9928 (0.0134) 0.9515 (0.0728) 0.9721 (0.0343)
a; 1 ‘ 0.4999 (0.0335) 0.4947(0.0162) 0.5048 (0.0918) 0.4971 (0.0427)
2 0.5008 (0.0414) 0.4973 (0.0203) 0.4905 (0.0944) 0.5038 (0.0598)
él 1 ‘ 0.3631 (0.0468) 0.3562 (0.0242) 0.3661 (0.1020) 0.3596 (0.0608)
2 0.3359 (0.0324) 0.3411(0.0154) 0.3464 (0.0725) 0.3468 (0.0352)
&1 1 ‘ —0.2607 (0.0688) —0.2473(0.0333) —0.2760 (0.1567) —0.2482 (0.0940)
2 || —0.0027 (0.0805) 0.0058 (0.0392) 0.0084 (0.1868) —0.0054 (0.1054)
w; 1 ‘ 0.3240(0.0977) 0.3412(0.0500) 0.3198 (0.2002) 0.3459 (0.1247)
2 0.0126 (0.0720) 0.0087 (0.0348) —0.0030 (0.1636) —0.0093 (0.0814)
¥, 1 ‘ 0.1598 (0.0093) 0.1527(0.0043) 0.1793 (0.0280) 0.1549 (0.0110)
2 0.1578 (0.0090) 0.1530 (0.0044) 0.1807 (0.0284) 0.1680 (0.0124)
Model(1) : 8 = (1.00, 1.00, 0.50, 0.50, 0.35, 0.35, —0.25, 0.00, 0.35, 0.00,0.15,0.15)’
G, 1 0.9844 (0.0554) 0.9935 (0.0242) 0.9821(0.1133) 0.9933 (0.0586)
2 1.0391 (0.1631) 1.0152 (0.0764) 0.9648 (0.3207) 0.9962 (0.1817)
a1 0.5023 (0.0231) 0.4959 (0.0119) 0.5112(0.0662) 0.5023 (0.0350)
2 0.4819 (0.0640) 0.4870 (0.0327) 0.5140 (0.1545) 0.5203 (0.0872)
51 1 0.2571 (0.0108) 0.2541 (0.0055) 0.2757(0.0321) 0.2512(0.0148)
2 0.4179 (0.0600) 0.4324 (0.0305) 0.4290 (0.1037) 0.4434 (0.0883)
él 1 0.2459 (0.0324) 0.2550 (0.0166) 0.2316 (0.0893) 0.2544 (0.0496)
2 0.1794 (0.1533) 0.1748 (0.0765) 0.1381(0.3424) 0.1219(0.1929)
w 1 0.1404 (0.0204) 0.1470(0.0103) 0.1175 (0.0569) 0.1495 (0.0261)
2 0.1905 (0.1395) 0.1739 (0.0759) 0.1477(0.2891) 0.1490 (0.1913)
3, 1 0.1532(0.0018) 0.1502 (0.0008) 0.1587 (0.0061) 0.1518 (0.0032)
2 0.7415 (0.0185) 0.7419 (0.0098) 0.7734 (0.0532) 0.7584 (0.0315)
Model(2) : § = (1.00, 1.00, 0.50, 0.50, 0.25,0.45,0.25,0.15,0.15,0.15,0.15,0.75)’
Comments: A quick glance to the results of Monte Carlo experiment shows that the re-

sults of Tab. 1 provide the parameters estimates of PBLTGARCH,(1,1,1), with s = 2
fitted on Model (1) and Model (2) generated by standard N(0,1) and student tg) in-
novations through 500 independent simulations.  First, it is clear that the results of
QML associated with (5 innovations have a poor performance compared with those as-
sociated to N(0,1). In general, it can be observed that the parameters associated to
these models are quite well estimated with non significant deviations in estimated values
for two innovations errors N'(0,1) and t(;). It is worth noting that some values of es-
timates have a moderate standard deviation. In Tab. 1 where two models was simu-
lated following a PBLTGARCH(1,1,1) model in which the parameters of the two regimes
in Model(1) are such that E {log|ay (v)ed?+ B1 (v)eg”+ b1 (v)ef +wi (v) eg + 71 (v)|} <0,
v = 1,...,2, whereas, in Model(2) the second regime is explosive in the sense that
E{log|ai (2)ed® + A1 (2) ey + b1 (2) ef + w1 (2) ey +71(2)|} > 0, but the SPS of the model
is ensured. Also, one can see that the results reveal in general quite satisfactory in accordance
with the asymptotic theory results.
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Fig. 2. Top panels: the asymptotic distribution of \/n(f,, (i) —0(i)) (full line for Normal and
dashed line for Student). Bottom panels: Box plot summary of 0, (), ¢ =1,...,12 (1 for Normal
and 2 for Student) according to Model(1) of Tab. 1

4. Applications on exchange rates

The proposed model is investigated with real financial time series. So, we apply our model for
modelling the foreign exchange rates of Algerian Dinar against the European currency (Euro)
denoted by y; already analyzed by Hamdi and Souam [3] via a mixture periodic GARC H models.
We consider returns series (r; = 100 x (log (y¢/yt-1)));, of daily exchange rates of Algerian Di-
nar against Euro. The observation covers the period from January 3, 2000 to September 29, 2011.
Since some weeks comprise less than five observations (due to legal holidays), we remove the entire
weeks with less than five data available rather than estimating the "pseudo-missing" observa-
tions by an ad-hoc method. Thus, the final length of transformed data is 3055 observations
uniformly distributed on 611 weeks. Fig. 3 displays the plots of the series (y;) and its returns
(r1), squared return (r?) and absolute return (|r|).

By quickly examining the plots in Fig. 3, we can see that the original series are non stationary
(since these do not fluctuate around a constant mean) and non-linear contrary to their returns
that appear to be stationry. Moreover, there is no clear discernible behavior pattern in the
returns, but some persistence is indicated in the plots of the squared and absolute returns.
Additionally, some elementary statistics of the series (yt),», and its returns (r¢),,, squared

return (r7) +~; and absolute return (|r¢]),, are displeyed in Tab. 2
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Fig. 3. The plots of the series(y:), squared r; and absolute (r)

Table 2. Elementary statistics of the series (y¢);51, (rt);>1: (r7),s, and (I7e]) 1

]Series H Means Std.Dev Median Skewness Kurtosis‘

Yt 88.6118 11.5755 91.0995 —0.5181 2.1330
Tt 0.0118 0.5043  0.0123 0.3536 8.9678
r? 0.2543 0.7193  0.0652 16.1027  464.3694
7| 0.3575 0.3557  0.2554 2.6956 18.4307

2

Tab. 2 presents statistical summary of the series (yt);51, (7t);515 (r} and (|r¢]);5, with

)izt
summary measures of normality test results. The return (r¢),-, exhibits non-zero skewness and
>

leptokurtic, while (r7),_ . and (I7¢])¢>, exhibit significant skewness and kurtosis, indicating that

their distribution is mo?elpeaked with a thicker tails than the normal distribution. Fig. 4 displays
the sample autocorrelations functions (ACF) of the series (1¢),,, (r?),-, and (Ir¢])¢>, computed
at 40 lags.

In Fig. 4, we can see that the log returns (r¢),, show no evidence of serial correlation, but the
squared and absolute returns are positively autocorrelated. Also, the decay rates of the sample

autocorrelations of (r7),_, and (Ir¢]);>, appear to be violated compared with the correlation

t>1

t>1
associated to an ARM A process suggesting possibly a non linear behavior for modelling purpose.
4.1. Modeling with standard BLTGARCH model

The first attempt will be modeling the series (r;);>1 by a standard BLTGARCH(1,1,1)

model. The parameters estimates of volatility (iL§S))t>1 to BLTGARCH(1,1,1) with their
RMSE are given in Tab. 3.
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Fig. 4. The ACF of the returns and of their squred and absolute series

Table 3. Parameters estimates and their RMSE of the volatilities (ﬁgs))t%

’ Parameters ‘ Ao a1 b1 by w1 20! ‘

(r) | 00007 00301 00591 00276 00283 0.9540
t=

(0.0005)  (0.0176)  (0.0224)  (0.0439)  (0.0430)  (0.0175)

The plot of the estimated volatility (Bﬁs))m is shown later in the left side of Fig. 5.

4.2. Modeling with PBLTGARCH model

The second attempt is to look for a model able to cover the day-of -week seasonality in return
(r¢) (see for instance Franses and Raap [9]). So, in order to analyze the seasonality, we fitted
the following simple PBLTGARCH5(1,1,1) model for each series or equivalently. Hence, we
estimate its volatility process (hf)t>1 through five periodic effects, r; = hse; and

hi =oo )+ (cr () rf2 4+ B () r2) 4+ (b () riy +wi () ry_y) her + 71 () B, (14)

The parameters estimates of five-regimes (intra-day) of (ﬁgp ))t>1 and their RM SE according to
model (14) are reported in Tab. 4.

The plots of estimated volatilities and the squared returns associated to (Furo) are showed in
Fig. 5.

4.3. Comments

Tab. 3 and Tab. 4 display the (ﬁt)t>1 estimated by Standard BLTGARCH (1,1,1) and
Periodic BLTGARCH5 (1,1,1) models and reflect some characteristics of "spurious" GARCH
effects. In particular, the components of &, are close to zeros while the components of ¥ , are close
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Table 4. Parameters estimates and their RMSE of the volatilities (isz’ ))

days ‘ & a B, by ) ol ‘
Sunday 0.0001 0.0145 0.0032 0.0165 0.0520 1.1826
(0.0320) (0.0329) (0.0812) (0.0926) (0.1234) (0.1894)
Monday 0.0010 0.0082 0.0419 0.0685 0.0831 1.0009
(0.0206) (0.0563) (0.0588) (0.2913) (0.1429) (0.1326)
Tuesday 0.0001 0.0015 0.0376 0.1162 0.0318 0.8504
(0.0289) (0.0651) (0.0171) (0.0611) (0.0662) (0.1156)
Wednesday | 0.0025 0.0869 0.0648 0.0659 0.1768 0.7941
(0.0142)  (0.0322) (0.0345) (0.1136) (0.0951) (0.0955)
Thursday 0.0002 0.0082 0.0645 0.0909 0.0229 0.9803
(0.0160) (0.0799) (0.1260) (0.2751) (0.3544) (0.2810)
5 5r I
e 720
45} 2 45} 2
4 4+
3.5 3.5
3 3t

0
3000 0

0 1000 2000 1000 2000 3000

Fig. 5. Dark blue: squared returns, light red: volatilities estimates according to Standard
BLTGARCH(1,1,1) (left) and to Periodic BLTGARCH5(1,1,1) (right)

to ones with moderate RMSE. Fig. 5 represents the plots of the volatilities estimates (plots in
red) according to BLTGARCH (1,1,1) model (left) and PBLTGARCH5 (1,1,1) model (right)
and compared with the appropriate squared returns (plots in blue). It also demonstrates that a
large piece of returns (positive or negative) leads to a high volatility and a small piece of returns
leads to a low volatility, indicating volatility clustering. In particular, the period between 2000
and 2002 is characterized by low volatility levels compared to the period between 2009 and 2010
for both series. In addition, a high volatility cluster beginning in 2005 is observed and is mainly
due to the global financial crisis. After this period of uncertainty, a cluster of low volatility
is observed during 3 years. An other high volatility cluster is detected and could be related
to the devaluation of the Dinar. Finally, the conditional volatility seems to be more stable
after 2010. Our empirical results demonstrate that it is very difficult to distinguish between
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the volatilities (ﬁgs))@l and (E,E”))t>1 in Fig. 5, except perhaps, that the volatilities (i}?))t;l
is more fluctuated than (ﬁgs))t>1. This finding may indicate the presence of a certain (hidden)

periodicity in (izﬁp) i1

Conclusion

Beside the probabilistic structure and the conditions ensuring the existence of a SP.S solution,
this paper studies also the asymptotic properties of the quasi-maximum likelihood estimators
of PBLTGARCH (q,d,p) model. Indeed, for the first part, we have given the necessary and
sufficient conditions for the existence of a strictly periodically stationary solution based on the
negativity of the top-Lyapunov exponent. The paper presents for the second part, the theoretical
results, which are illustrated in the third part by a Monte Carlo experiment through some usual
innovations and an application to the exchange rate of the Algerian Dinar against the Euro
showing its performance and its efficiency.
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O nmepumoamvecKnX OMJIMHENHBIX ITOPOTOBBIX MOJIEISIX

GARCH

Banug Caumanm
Yuusepcurer Moxamena Xujiepa
07000 Buckpa, Amxup

NMuec Jlewied

Kadenpa maremaruku
Yuusepcurer Koncrantuna 1
25000 Koucranrun, Amxup
Myayn Ilepdayn
Kadenpa maremarukn
Yuuepcurer Buckpsr

07000 Buckpa, Amxup

Anavsorauusd. [leprnoguyeckrue 0600IIEHHBIE ABTOPEIPECCUOHHbBIE YCJIOBHO I'€T€POCKEIACTHIECKIE MOJIe-
aun (PGARCH) 6buin npencrasienst Bollerslev et Ghysels. 9Tu Mozesnu BbI3BAIN 3HAYUTEIbHBIH HHTE-
pec u MpOJOJIZKAIOT MPUBJIEKATh BHUMAaHUE WCCIemoBaTesieii. /JlaHHas cTaTbs MOCBSIEHA PACITHPEHUIO
cTaHIApTHOl GuimnHeitHoN noporosoii Mogenn GARCH (BLTGARCH) 1o MoJeu ¢ IEPUOANIECKH Me-
HSIIOIUMIECS BO BpeMenu koaddurmentamu (PBLTGARCH). B stoMm Kjacce Mofesell JOIyCKaeTcs
TIEPEKJTIOYEHNE TTaPAMETPOB MEXKIY PA3HBIMU peKMMaMu. Bojiee TOro, STu MOJIe/id TIO3BOJISIIOT WHTETPU-
poBaTh acuMMeTpUYIHbIE 3(DPEKTHI BOJATHIHLHOCTH. BO-TIEPBBIX, Mbl IPUBOJIUM HEOOXOIUMBIE M JIOCTa-
TOYHBIE YCJIOBUsI, OOECIIEUNBAIONITE CYIIECTBOBAHNE CTAIMOHADHBIX pelleHuil (B IEepHOANIECKOM CMBIC-
sie). Bo-BTrophix, pazpaboTan mOmIxo/] ONEHKH KBA3UMAKCUMAIBHOTO npasaonoaobus (QM L) nys oneHkn
vonenu PBLTGARCH. Tounee, cuibHasi COCTOATEILHOCTD U ACUMIITOTUYECKAS HOPMAJILHOCTD OLEHKHU
M3yYaroTCs IPU MSATKUX YCJIOBUSIX PEryJIIDHOCTH, TPEOYIOMINX CTPOrO#l CTAIMOHAPHOCTH U KOHEYHOCTH
MOMEHTOB HEKOTOPOTO Topsijika s wieHa omubku. CeoiictBa QM LE st KOHEYIHO! BBIOOPKHU HJLITIO-
crpupyiorca uccienosanuem Mounre-Kapiio. Hakoner, npejioskennass HaMu MOJEJIb TPUMEHSETCS JIJIst
MOJIETUPOBaHNsI OOMEHHBIX KYPCOB aJ?KUPCKOrO JIMHAPA MO OTHOIIEHHIO K €IMHOI eBPOTEHCKON BaIIOTe
(Euro).

KuroueBslie cioBa: nepuoguteckue ousmnHeiinbe noporoseie Mojeaun GARCH, crporo nepuoauaecku
CTaI[MOHAapHAsI, TayCCOBCKasl omeHka QM L.
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Introduction

The concept of a (structural) admissible inference rule was first introduced by Lorenzen [1]
in 1955. For arbitrary logic, admissible rules of inference are those that do not change the set
of provable theorems of a given logic. Any inferred rule is valid in the given logic; the reverse is
not true in the general case.

Directly from the definition we can conclude that the set of all inference rules admissible in
logic forms the largest class of inference rules with which we can expand the axiomatic system
of a given logic without changing the set of provable theorems. In addition, admissible rules
significantly strengthen the deductive system of a given logic. It is known that the derived
inference rules can replace a certain reduce the proof linearly. Admissible rules that are not
inferred by this logic can shorten the proof more significantly.

The beginning of the history of studying admissible rules can be dated back to 1975 since
the appearance of H. Friedman’s problem [2] on the existence of an algorithmic criterion for the
admissibility of rules in the intuitionistic logic Int. In classical logic, the question of admissibility
was resolved trivially — only deducible, provable rules are admissible. In the case of non-classical
logics, the examples of Harrop, Mintz, and Post showed that there are admissible, but not
provable rules of inference. In the mid-70s G.Mintz [3] obtained sufficient conditions for the
deductibility of rules of a special form. A positive solution to Friedman’s problem about the
existence of an algorithm that recognizes the admissibility of inference rules in the intuitionistic
logic Int was obtained by V. Rybakov in 1984 [4]. For a wide class of modal and superintuitionistic
logics, the criterion for the admissibility of inference rules was later formulated in [5].

Another way of describing all admissible rules of logic goes back to the problem of
A.Kuznetsov (1973) about the existence of a finite basis for admissible rules of inference of

*Gemmeny@rambler.ru
(© Siberian Federal University. All rights reserved
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logic Int. Having a basis for admissible rules, all others are derived from it as consequences.
The first positive result in the study of bases for admissible inference rules was obtained by
A. Tsitkin [6], who found a basis for all quasi-characteristic inference rules admissible in Int.

In general, Kuznetsov’s problem on the existence of a finite basis for admissible inference
rules was solved negatively not only for Int (Rybakov, [7] ), but also for most other basic logics.
V. Rybakov (Chapter 4, [5]) showed that the logics Int, KC, K4,54, Grz and many other basic,
individual logics do not have a finite basis for admissible rules from a finite number variables.
Therefore, the problem of an explicit description of an easily observable basis for all admissible
inference rules, at least for the main basic logics, becomes relevant.

One of the first results in this direction was obtained in 2000: in the paper [8] a recursive basis
was constructed for admissible rules of intuitionistic logic Int, consisting of rules in semi-reduced
form. Later, R.Iemhoff [9] obtained an explicit basis for the admissible rules of Int logic. In
the article [10] V.Rybakov constructed an exact basis for all admissible rules of logic S4. This
approach was further developed, for example, in [11,12].

In the case of temporal (multimodal) or intransitive modal logics, relatively few results are
known regarding admissible rules and their bases. The previously developed technique makes
significant use of the transitivity of the reachability relation. In this work we make an attempt to
fill the gap and explore the admissible rules of intransitive temporal logic Ly with the "tomorrow"
operators and its extensions.

1. Definitions, preliminary facts

It is assumed that the reader is familiar with algebraic and Kripke semantics for modal logics,
as well as some initial basic information about the rules of inference and their admissibility
(although we briefly recall all the necessary facts below).

As a source on the subject as a whole, we can recommend Rybakov [5] among modern
literature for a more developed technique for studying modal logics and rules of inference. In
accordance with the modern interpretation, by logic we understand the set of all theorems that
can be proven in a given axiomatic system.

In the definition, by propositional logic we mean algebraic propositional logic (see [5]), al-
though the reader may consider A to be modal logic, which is sufficient for our purposes.
Initial information and all necessary statements used further, can be found for example
in [5, ch.2.2-2.5; 4.1].

Frame F := (F,R) is a pair, where F' is a non-empty set and R is a binary relation on F.
The basic set and the frame itself will be further denoted by the same letter. A non-empty set
C C F is called a cluster if: 1) for any x,y from C, xRy holds; 2) for any € C and y inW,
((xRy&yRzr) = y € C) is true. A cluster is called proper if |C| > 1; otherwise singleton or
degenerate. For an element a € F, let C'(a) denote the cluster (i.e., the set of elements mutually
comparable with respect to R with a given element a) generated by the element a.

A sequence of elements {ag;a1;...;a,} of an intransitive frame is called a chain of length
n+ 1 if, for all i < n, element a;41 is R-achievable from element a; and there are no other frame
elements between them.

The depth of element = of the model (frame) F' is the maximum number of clusters in chains
of clusters starting with the cluster C'(z) containing . The set of all elements in the frame
(models) F of depth no more than n will be denoted by S<,, (F), and the set of elements of depth
n will be denoted by Sy, (F).

Inference rule

a1 (T1y oy ®n)y ey 0 (X1, o, Ty)

B(x1,...,Tn)
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is called admissible in logic A if for any formulas 61, ..., 6, from (Vj «;(d1,...,6,) € A) it follows
B(01,...,0,) € N).

The rule r is called a consequence of the rules R := {r1;...;7,} in logic A (notation R -y r), if
the conclusion r is deducible from the premises r using theorems, rules {rq;...;r;} and postulated
rules of inference of A. Inference rule r = {aq,...,ax/B} is true on the algebra 2 € Var(\) if
and only if for any value of the variables r on 2 as soon as V j 2 =y «;, then 2 =y 5. Rule r
is called a semantic consequence of the system of rules R in logic A (notation R = r), if for any
algebra 21 € Var(\), as soon as all rules from R and all postulated rules of logic are true on the
algebra 2A, then the rule r is also true on 2(. We say that modal logic is structurally complete if
any admissible in the inference rule is deducible in .

Theorem 1.1 (Th. 1.4.11 [5]). Let a set of inference rules R U {r} be given in the language
algebraic logic \. Then R b r <= R = r. In particular, if R [ r, then there is an algebra
A € Var(\), on which all the rules from R and all postulated rules of logic A are true, but A W= r.

For further presentation we will need n-characteristic Kripke models, with the help of which
we will describe free algebras of finite ranks from the variety Var(X). Kripke model (F, R, V),
where V : {p1,p2,...,pn} — 2F, is called n-characteristic for logic A if and only if for any formula
in variables p1,...,pn, a €A <= (F,R, V) E «.

Theorem 1.2 ([5]). For any finitely approzimable modal logic A, the inference rule r is admissible
in X if and only if v is true on the frame Cy,(X\) for any n and for any formulaic valuation of the
variables r.

2. Jlorukm Ly u L

In the article [13] a temporal nontransitive logic £y with the “tomorrow” operator was in-
troduced. Let £y = L(F ), where frame Fo = (N, R), N — set of natural numbers; and the
relation R is defined as follows: mRn <= n = m+1. This logic is convenient in that from each
element of the Ly-frame only one element is reachable with respect to the relation R, i.e. in this
logic the operator O coincides with the operator ¢. We also introduce the frame class F},. Let’s
define F,, = ({1,...,n},R), n€e Nyn >0, tme Vi € {1,...,n—1}(iRj < j=1i+1)A(nRn)

We also define a nontransitive reflexive temporal logic £". Let £" = L(FZL), where FL =
(N, R), N is the set of natural numbers, and the relation R is defined as follows: mRn <= n =
m~+1Vn = m. In this logic, from each element of the L"-frame, only one element different from the
given one is reachable. We also introduce the class of frames F| = ({1,...,n},R), n € N,n > 0,
where Vi, j € {1,...,n—1}(iRj < j=1i+1Vi=j)A(nRn). Let us define tabular extensions
of logics Lo and L". Let Lo u L". Let L, = L(F),), where F,, = ({1,...,n}, R). Analogically,
Ll = L(F}), where F} = ({1,...,n}, R).

Let a be a modal formula. The modal degree deg(«) of the formula « is determined
as follows: deg(p) = deg(T) = deg(L) = 0, deg(a A B) = deg(a — B) = deg(aV 8) =
max{deg(a),deg(8)}, deg(—a) = deg(a), deg(Oar) = deg(Ca) = deg(w) + 1.

It is easy to prove the following statement by induction on the length of the formula:

Theorem 2.1 ( [13]). Let deg(a) = n. Then the truth of the formula o on element x of

frame Fy, (FL) is uniquely determined by the values of all propositional variables included in

the formula on elements z; x + 1; x + n of frame Fy (FL).
This implies :

Theorem 2.2 ([13|). The frame class {F,|n € N}[{F}|n € N}| is characteristic of logic Ly [L7].
In particular, if deg(a)) =n, n > 0, and Foo = o, then Fy1 = o [similarly if deg(a) = n, n > 0,
and F, W~ a, then F} | W~ of.
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From the received statement 2.2 should also
Theorem 2.3 ([13]). Logics Lo and L are finitely approzimable and decidable.

Let us construct an n-characteristic model Ch.,(n) by slices as follows. The first slice of
the model consists of 2™ reflective elements, on which all possible valuations of propositional
variables p1,ps,...,pn. To construct the second slice of this model, on each element of the first
slice ¢; we hang from below 2™ — 1 irreflexive elements with all sorts of different valuations of the
propositional variables p1, pa, . . ., pn, different from the valuation of element ¢;. We will construct
the third slice of this model as follows. To each element of the second slice we assign from below
2" irreflexive elements with all possible different valuations of the variables p1,pa,...,p,. We
build all subsequent slices similarly to the third layer. Continuing the described process, as a
result of construction we obtain the model Chg(n).

The n-characteristic model Chy, (n) for tabular logic L£,, is constructed in a similar way,
with the only difference that the construction process continues until step (depth) m and ends at
this step m. The model Ch.r(n) of reflexive logic is constructed in a similar way, with the only
difference that at each construction step for each element ¢; we hang from below 2™ — 1 reflexive
elements with all possible different values of propositional variables p1, ps, ..., pn, different from
the valuation of element c;.

Note that the frame generated by an arbitrary element of a given n-characteristic model is
isomorphic to the frame Fj, for some k. In the tabular case, the n-characteristic model Ch._ (n)
is the p-morphic image of the direct union of a sufficient number of frames F,,.

Theorem 2.4. The model Chr,(n) (Che, (n), Chgr(n)) is n-characteristic for the logic Lo
(L, L") respectively.

Proof. In all three cases, the statement is proved in a similar way, so we will prove it only for
logic Ly. Let the formula « depend on n propositional variables. By construction, the frame of
the model £y is an Lo-frame. This means that if o € Ly, then it is true for all elements of this
model.

If formula o & Ly, then due to the finite approximability of logic, there is a finite Ly-frame
F,, such that F,, £y « for some valuation V' of the variables of the formula. Let’s consider all
possible cases:

1) All elements of F,, have different valuations of variables, i.e. an arbitrary element j and
its predecessor j — 1 are designated differently. In this case, the model is (F,,,V)is an open
submodel of the model Ch.,(n) (by construction of the latter). Therefore, Chz,(n) Fy a.

2) The reflexive element m and its R-predecessor (m — 1) have the same valuation for the
variables of the formula «. In this case, if the elements m, (m—1), (m—2), ..., (m—k), k<m
have the same variable valuation, then we glue them slice by slice with the element m. In the
resulting p-morphic image of the model, the reflexive element of the first slice and its predecessor
are designated differently, and therefore is an open submodel of the n-characteristic model, i.e.
Chey(n) Frv a is true.

For the model Chg,, (n) or Cher(n) the proof is similar. The statement has been proven. O

Since in all cases the various elements of the first slice of the m-characteristic model do
not have a common R-predecessor, this model is a direct union of component M,,i < 27, i.e.
Che(n) =uUM,;, L€ {Ly, L, L"}. Each component M; has the following structure: the first
slice consists of a single reflective element. The second slice consists of 2" —1 irreflexive (reflexive
in the case of logic Chgr(n)) elements, the valuation of which is different from the valuation of
the variables on the element of the first slice. Each element of the second and all subsequent
slices has 2™ irreflexive (2" — 1 reflexive in the case of logic Chzr(n)) immediate R-predecessor,
etc. It is easy to show that in the tabular case the model Ch,  (n) is a p-morphic image of a
finite direct union combining F,, frames. Accordingly, any L-frame, where £ € {Ly, L., L"},
is also a direct union of the components M.
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Lemma 2.5. Each element of the n-characteristic model Cher(n) is formulaic.

Proof. Let the model Chg-(n) have valuation V' variables pi,...,p,. According to the
construction of this model, any two different elements i,j € Chgr(n) : iRj have different
valuations of the variables. For each « € Chzr(n) of arbitrary depth m, we define the formulas:

a(z) == N{pj |z Ev pi} A N{pilz Ev pids

f(x) = a(x) A Ca(z) A Ca(z + 1) AO%a(z +2) A--- AO™ ta(m) A O™ 0a(m).

It is easy to see that z =y f(z). Let us assume that the formula f(z) is true on an element
i € Chgr(n) under valuation V', other than z, and consider all possible cases of the location of
this element.

1) If © <4 (4 is located above x), then after m —i < m — 1 steps in relation R, stabilization
occurs: a(m—1i) =a(m—i+1)=---=a(m—1) = a(m), which impossible, because according
to the construction of the model, a(m — 1) # a(m) should be fulfilled.

2) Let now x > 4 (i is located below z). Then, after m — 1 steps in relation R, stabilization
should occur. Due to i Fy O™ ta(m) A O™ 10a(m), elements reachable from element i in
m—1 and m steps in relation R must have the same valuation. But this is not possible according
to the construction of the model Chzr(n).

3) If & = 4, then after m steps with respect to R from both elements the same final element
m is reachable by R. Consequently, elements = and i belong to the same component M; of the
n-characteristic model. Reasoning in a similar way, we find that all elements that are reachable
from z and i are designated identically, i.e. according to the construction of the model, these
elements Chzr(n) elements coincide. |

This implies :

Lemma 2.6. Each element of the n-characteristic model Chy,, (n)(Chgr (n)) is formulaic.

3. About structural completeness

Theorem 3.1. Any finitely generated algebra generated by some L”-frame belongs to the quasi-
variety FE(L"). In particular, the variety Var(L") and the quasivariety F& (L") coincide.

Proof. Let A = G* be a finitely generated L"-algebra. Hence, A € HS[[F2(L"), i.e. this
algebra is a homomorphic image of a subalgebra of the direct product of a certain number of
free algebras of countable rank from the variety Var(L£"). Due to the local finiteness of the logic
L" (which is easy to verify), the algebra A is finite and generated by a certain finite £"-frame
G. Consequently, this frame is an open subframe of the p-morphic image of the direct union of
frames of the w-characteristic model Chzr(w) = UM,;. Since the frame G is finite, we can take a
direct union of a finite number of frames of the k-characteristic model Ch.r (k) = UM, for some
suitable k.

As previously noted, any finite £"-frame is a direct union of the components G;. Therefore,
the frame G = LI G, is an open subframe of the n-characteristic model frame Ch.-(n) = UM, for
some suitable n. In particular, for all j we can assume without loss of generality that G; & M.
Let us define a p-morphism g of a component M onto G; for an arbitrary j as follows.

(1) for all elements of components G, (G; T M), we define a p-morphism g as identical, i.e.
V x € G; g(z) := z. In particular, for the element x¢ € S1(G;) we define g(zo) = 0.

(2) Let us now define g by slices on the entire component M; C Ch,r(n) as follows. Let the
p-morphism not yet be defined on the elements y1,...,yx € S2(M;). Let’s choose an arbitrary
element x, € S2(G;) C S2(M;). By (1) on such an element the p-morphism is already defined as
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identical. Then we define g(y;) := x1, 1 < i < k. Thus, we define a p-morphism on the entire
second slice Sy(M}), preserving the depth of the elements.

Now let the p-morphism on the element y € S3(M,;) not yet be defined and let yRz&y # =,
where z € S3(M;)). The image g(z) = e € S2(G;) is already defined. If e is R-maximal in
G;, i.e. is not reachable from elements of a strictly greater depth in G; , then for all elements
{t|Im € N tR™y} we define g(t) := e (i.e. the entire lower cone of the element y is p-morphically
compressed into the element e).

If a given element e has immediate R-predecessors {e1,...,ex} in the component G;, then
element y is compressible with one of the elements e;,¢ < k. For definiteness, we put g(y) := e;.
With this additional definition of p-morphism, the depth of the element is preserved.

By force of the arbitrariness of the choice of element y, we extend the p-morphism on the
entire third layer of the component S3(M;). For elements of depth 4 and all subsequent layers
of the component M; we define a p-morphism in exactly the same way as above. Thus, as a
result, the p-morphism ¢ will be defined on the entire component M; and g(M;) = G,.

(3) For all M; C Chgr(n) \ G we define g(M,) := o, where zy some fixed element of the
first slice of an arbitrary component G; C G.

Again, from the arbitrariness of the choice of j, we conclude that the required p-morphism g is
defined on the entire frame of the n-characteristic model Chzr(n) = UM,. By Theorem 3.3.8 [5],
the algebra generated by an arbitrary £"-frame G is a subalgebra of the free algebra 7, for some
q, and therefore belongs to the quasivariety F&(L").

A similar statement is also true for tabular irreflexive logic. It is easy to show in a similar
way that for an arbitrary L,,-frame there is a p-morphism from the frame of the n-characteristic
model Chg, (n) for a given frame. Taking into account the formulaicity and finiteness of this
model, the following theorem is valid:

Theorem 3.2. The algebra generated by an arbitrary finite L,,-frame belongs to the quasivariety
F9L,y,). In particular, the variety Var(Ly,) and the quasivariety I (L) coincide.

Next, suppose that the rule r := aq, ..., a, /8 not derivable in logic £,,. Then, by Theo-
rem 1.4.11 [5], this rule will be refuted on some finite £,,-algebra A. It follows from the theorem
that the rule will also be refuted on a free algebra of countable rank §,,(£,,). Therefore, rule r
is not admissible in logic £,,. Because any derived rule is also admissible, then the statement is
proven:

Theorem 3.3. The inference rule v is admissible in the logic L,, <= this rule is derivable
in the logic L,,. In particular, the logic L, is structurally complete.

By virtue of Theorem 3.1, we can prove in exactly the same way

Theorem 3.4. The inference rule r is admissible in the logic L <= this rule is derivable in
the logic L. In particular, the logic L{ is structurally complete.

Note that due to Ly C L,,, for all natural numbers n;m is executed Chz, (n) C Chey(n).
Directly from the definition of logics we conclude Lo = () L;,. This implies:

Theorem 3.5. If for all natural numbers m the inference rule r is admissible in the logic L.y,
then the rule r is admissible in the logic L.

Proof. Let the inference rule r := {aq, ..., a,/8} is not admissible in logic £y. Let us show
that this rule r is not admissible in some tabular logic L. In this case, the rule r is refuted
at some formulaic valuation V' on the frame of the n-characteristic model Ch.,(n) for some n:
the premise of the rule is true on Ch,,(n), but there is an element b € Ch,,(n), on which the
conclusion of the rule is refuted with a given valuation:
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Chey(n) Fv oy, 1<i<n; by B

Without loss of generality, we can assume that a given element b is R-maximal among all
such elements on which the conclusion of the rule is refuted and has depth k. Then frame

b= {2| 31 : bRz Rx;_y ... Rz},

generated by element b is isomorphic to frame F}j, where k is the depth of element b. Therefore
it is fulfilled

(Fe, V) v ag, 1<i<n; by B

Let us show that the rule r will be inadmissible in the logic £, = L(F}). Indeed, as noted earlier,
the frame of the k-characteristic model Chg, (n) is the p-morphic image of the direct union of a
sufficient (finite!) number of isomorphic copies of the frame Fj,. Consequently, transferring the
valuation V' from the model (Fj, V) with the help of this p-morphism to the model Ch., (n)
we obtain Chz, (n) Fv a;, 1 <i<mn; 3be Chg,(n) : by B. Therefore, the inference rule
r:={ai, ..., a,/B} is not admissible in the logic Ly. O

Theorem 3.6 ([14]). Logic Ly is not structurally complete.

Proof. Let’s define the inference rule

(pAB-p) VvV (-p A DOp)
T .
Recall that the first skice of the n-characteristic model contains only reflexive elements. On these
elements, for any value of the variable p, the premise of the rule R is not satisfied, which entails
its admissibility in logic Lo.
Let us now assume that this rule is derivable in £y. Then, by the deduction theorem, the
following is true for modal logics:

R =

Ing,...,ng ey O™ ((pAO=p)V (mpAOp)) A--- AO™((p AO=p) V (-p AOp)) — L.

At the same time, with the valuation V(p) = {2k |k € N}, the premise of the rule is true on
frame F,, and the conclusion is false, which entails the falsity of this formula, and therefore the
rule R on frame F,,. Therefore, rule R is not derivable in logic L. O

Thus, the question arises about the existence of a finite basis for the admissible rules of logic
Ly and its description, if it exists. Note that if an arbitrary Lo-frame does not contain infinitely
increasing chains of elements and R-maximal elements of finite depth (i.e. elements of finite
depth that are not reachable with respect to R from other elements), then similarly to how it
was done earlier, we can prove that the associated algebra belongs to the quasivariety 352, (Lo).
Consequently, as soon as on some Lyp-frame a rule admissible in the logic Lg is refuted, then a
given frame contains an infinitely increasing chain of elements, or a chain of irreflexive elements

of finite length. It is clear that in the first case on this frame Rule R is refuted.

The research was financially supported by the Russian Scientific Foundation (Project no. 23-
21-00213).
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JonycTuMmble IpaBUjia BPEMEHHON HETPAH3UTUBHON JIOTUKU
c oneparopom "3aBTpa"

Buranuii B. Pumankwnii

Ouabra B.T'anuyykoBa
Cubupckuii deIlepalibHbIi YHUBEPCUTET
Kpacnospck, Poccuiickass @eneparnus

Amnunoranusi. B crarbe ucciemnyercs HeTpaH3UTUBHAs BpPEeMEHHasl JIOTMKa ¢ omneparopom "szasrpa'. B
9TOi JIoruke omeparop "Heobxomumo" O coBmazaer ¢ omeparopoM "Bo3moxkHO" & (MM mOUTH COBIA-
naer B pediekcuBHOM ciaydae). [Tomumo 6a30BbIX CBOMCTB pedhyIeKCHBHON HETPAH3UTUBHON jorukm L
(paspemmmocTs, BUHUTHAS ANNPOKCAMHUPYEMOCTD) UCCJIELYIOTCs JIOMYyCTUMbIE MIPABUJIA ITOH JIOTHKH.
OCHOBHO pPe3y/IbTaT COCTOUT B JIOKA3ATEIBCTBE CTPYKTYPHOI MOJHOTHI JAHHOM JIOTUKHA U €€ TabJIUIHBIX
PacCIIupEeHnA.

KuroyeBbie ciioBa: MojajibHas JIOrUKa, peitm u mozaeab Kpurike, 0MycTuMOe MPaBUIO BBIBOA, IJIO-
6aJIbHO JIOILYCTUMBIE [IPABUJIA BBIBOJIA.
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Abstract. A new model of a Kirchhoff-Love plate which is in contact with a rigid obstacle of a certain
given configuration is proposed in the paper. The plate is in contact either on the side edge or on
the bottom surface. A corresponding variational problem is formulated as a minimization problem
for an energy functional over a non-convex set of admissible displacements subject to a non-penetration
condition. The inequality type non-penetration condition is given as a system of inequalities that describe
two cases of possible contacts of the plate and the rigid obstacle. Namely, these two cases correspond
to different types of contacts by the plate side edge and by the plate bottom. The solvability of the
problem is established. In particular case, when contact zone is known equivalent differential statement
is obtained under the assumption of additional regularity for the solution of the variational problem.
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Introduction

Contact problems for solids with inequality type constraints have attracted attention of scien-
tists since 1933s [1-3]. Problems of this kind are associated with the use of boundary conditions
that describe non-penetration constraints on the contact surfaces or curves. For this Signorini
problem it is assumed that some properties of displacements for points where a solid is in con-
tact with a rigid obstacle [4,5] or with another deformable body [6-9] are know in advance.
It was established with the use of the fictitious domain method that a certain class of contact
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problems are connected with crack problems subject to non-penetration conditions on crack
faces [10-12]. Point-wise contact problems were considered [13,14] where minimization problems
over non-convex sets were studied.

In contrast to previous studies (see [4,11]), a certain initial configuration of Kirchhoff-Love
plate and an obstacle with a given geometrical shape are considered. The plate is in contact
interaction with a rigid obstacle by its side edge or by its given front surface which is located
below with respect to the selected coordinate system. In this case two types of restrictions are
imposed. Namely, the first type is described by inequality for deflection functions (vertical dis-
placements). The second type is described by inequalities for deflection functions and horizontal
displacements. The main problem is formulated as a minimization of an energy functional over a
non-convex set of admissible displacements. The solvability of the non-linear equilibrium prob-
lem is established. In particular case, when types of contact zones are known in advance an
equivalent differential statement is obtained under the assumption of additional regularity for
the solution of the variational problem.

1. The variational problem

Let © C R? be a bounded with a smooth boundary I" which consists of two continuous curves
I' =Ty UTy, mes(I'g) > 0. For convenience, it is supposed that

Fl = {(.’El,l'g) € RQ “rl = ¢($2)a T2 € [avb}h

where 1 is a given function, a < b, a,b € R. Let us denote the unit normal vector to I' by
v = (v1,v2). For simplicity, suppose that plate has uniform thickness 2h. Let us assign three-
dimensional Cartesian space {x1,r2, 2} with the set {Q} x {0} C R? corresponding to the middle
plane of the plate.

Let us denote the displacement vector of the mid-surface points (z € Q) by x = x(z) =
(W, w), displacements in the plane {z1, 22} by W = (wy, ws) and displacements along the axis
z (deflections) by w. The strain and integrated stress tensors are denoted by €;; = €;;(W) and
oij = 0,;(W), respectively [5]:

1/0w; Ow; .
El]( ) 2(8%1 axj)7 UU( ) azgklEkl( )7 ,) =14

where {a;j } is the given elasticity tensor that is assumed to be symmetric and positive definite:
Qijkl = Qklij = Qjikl, 1,5, k, 1 =1,2, ikl € LOO(Q),
airibigéa = col€]? V€, &y =& i,§=1,2, ¢ = const > 0.

A summation convention over repeated indices is assumed. Bending moments are [5]

. 0%w
mlj(w) = _dijk)lkal7 )= 1727 (wak:l = 8xkal'l>

where tensor {d;;x;} has the same symmetry, boundedness, and positive definiteness character-
istics as tensor {a;jr}. Let B(-,-) be a bilinear form defined by the equality

B(x.x) = /Q{Uij(W) eij (W) — mij(w)w,q; }da, (1)
where y = (W, w), x = (W, w).
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Let us introduce Sobolev spaces

H%;O(Q) = {veHl(Q) ) v=0 on 1"0},

v
HXO(Q) = {UEHQ(Q) ‘ v=oo=0 onro},
H(Q) = Hyp) ()% x Hp (9).
It is well known that standard expression for potential energy functional of a Kirchhoff-Love
plate has the following representation

M(x) = %B(x,x)—/Qdex, x = (W,w),

where vector F' = (f1, f2, f3) € L2(2)® describes the body forces [5]. Note that the following
inequality providing coercivity of functional II(x)

B(x,x) = clxI* Vxe€HQ), (Ixll=lIxllue) 2)

with a constant ¢ > 0 that is independent of x holds for bilinear form B(,-) [5].
An obstacle is described by the following part of the cylindrical surface

{(z1,22,2)| (x1,22) €Ty, 2z € (—o00,—h]}.

It restricts displacements on the side edge of the plate. Deflections are restricted by the following
part of the plane
{(z1,22,2) | 1 < Y(x2), x2 € [a,b], z=—-h}.

It is assumed that for the initial state the elastic plate touches a rigid obstacle with a given shape
by its side edge corresponding to the points of curve I'; as shown in Fig. 1:

z X, 1_(;
(v,0)
i 0. ;
z=-h 2h F7 X,
© Q
a) b)

Fig. 1. a) cross section of the plate and the obstacle O; b) midsurface of the plate

At the part I'; of the boundary the condition describing non-penetration of the plate points into
the rigid obstacle is considered

w>0 on I'y orifthisis not the case w <0 and Wu+hg—w§0 on I'y. (3)
v

It is worth to mention that according to (3) function x = (W, w) satisfies either w > 0 on I'y or
two last inequalities (3). Now one can introduce the following set of admissible functions

K ={x=W,w) € H(Q) | x satisfies (3)}.

- 357 —



Nyurgun P. Lazarev... Equilibrium Problem for a Kirchhoff-Love Plate Contacting. . .

Note that K is not convex set since for some a > 0 one can construct functions y = (W, w) e K
and ¥ = (W, w) € K with properties

- Ow - oW
W< —a, B (T e <0, s> 0, Wr+h2l >a on vCTy, mes(y)>0.
2 v 2 v
1
Obviously, function ys = 5()2 + %), xs = (Ws,ws) does not belong to K because of
Ows
we <0 and W+ h 3 >0 on 7.
v

Let us formulate a variational statement of an equilibrium problem. It is required to find a
function ¢ = (U, u) € K such that

II(¢) = inf II(y). 4

(6) = inf TI(x) (4)

Theorem 1.1. Problem (4) has a solution.

Proof. The existence of a solution of the problem is established in accordance with the Weierstrass
theorem [15]. It is well known that energy functional has properties of coercivity and weak lower
semicontinuity on H () [16]. First, it is proved that set K is weakly closed. Let an arbitrary
sequence {x,} C K be given with the property x,, — x in space H(2). By virtue of embedding
theorems, this implies that there is a subsequence {x,}, still denoted in the same way, that
converges almost everywhere on I' to x. Let us prove that limit function x also belongs to K.
Indeed, there are the following relations for x,, = (W,,, w,)

ow,

w, 20 or w, <0 and W"V+hay

éO on Fl\B

That are satified for each point of I'1\B, mes(B) = 0 and for all n € N. Therefore, for every
fixed x € I'1\ B one can obtain that

wp(z) 20 or wy(zr) <0 and W,(x)r+ h@w#(x) <0.
There must exists either a subsequence {x,, } C x» for which
wn, () 2 0 (5)
or a subsequence {xy, } with the following property
wp, () <0 and W, (z)v+ hM <0. (6)

ov

In both cases one can take the limit in corresponding inequalities, namely, for {x,,} in (5), and
for {xn, } in (6). As a result, the following relations are obtained for limiting function

w(z) =0
for the case of subsequence {x,,} and

ow(x)

w(r) <0 and W(z)v+h E»

<0.
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for the case of subsequence {x,,}. Note that if both subsequences {xn,, } and {x,,} with the
mentioned properties exist then it means that

ow(x)
Ov
Since point « € I'1\B is arbitrary, condition (3) is fulfilled for limiting function y. Therefore,
set K is weakly closed in H(€2). Finally, for problem (4) conditions of the Weierstrass theorem
for both functional II(x) and set of admissible functions K are satisfied. Then problem (4) has

w(x)=0 and W(z)v+h <0.

at least one solution. The theorem is proved.

2. Differential statement for the case of known contact zones

In this section the case when types of contact zones are known is considered. Let us assume
that curve I'; consists of disjoint curves I'{ and I'}. Namely, it is supposed that inequalities

0
w<0 and WV—&—h—w <0 on TI¥%, (7)
ov !

describing a contact of the plate side edge are fulfilled on I'{. There is the following condition
on the rest part I'Y of curve I'y
w>0 on Fl{ (8)

which corresponds to a contact of the plate bottom with the rigid obstacle. A new set of
admissible functions is introduced as follows

Ky ={x=(W,w) € H(Q)| x satisfies (7), (8)}.

One can see that set K5 is convex and closed. The convexity of set Ko allow us to represent the
following minimization problem

II(¢) = inf T(y) (9)
XEK>2
as variational inequality [5]
€eka Blex—9> [ Fx-9ds Vxe ko (10)

Suppose that solution £ = (U,u) € K is sufficiently smooth. Next, let us apply the following
Green’s formulas for functions x = (W, w) € K [5]

/Q 04 (U) eij(W)dz = — /Q o1 (Uw; da: + /F <JV(U)WV + JT(U)WT) dr, (11)

myj(w)w,;; de = / mij.ij(u) wdzr + / (t”(u)w - mu(u)8w> dr, (12)
Q Q r ov
where

O’U(U) = O'Z'j(U)VZ‘l/j, ml,(u) = —Mm,;V;Vy,

a7 (U) = (0:(U), 02(U)) = (01;(U)v;,02;(U)v;) — 0, (U)v,
t(u) = —myj kTET;Vi — Myj Vi, T = (—V2,11),
Wv =wy, Wr=WHLW?, w=Wv)y+W: i=12.
Along with variational statement (9), one can deal with corresponding differential statement.
Namely, the following theorem holds.
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Theorem 2.1. Supposing that solution & = (U, u) is sufficiently smooth, variational problem (9)
1s equivalent to the following boundary value problem

—mijij(u) = fs in (13)
_Uij,j(U> = fi m Q, 1= 1,27 (14)
1
t"(u) <0, u<0, o,(U)<0, o,(U)- Eml,(u) =0 on TY, (15)
Ju
o-(U)=(0,0), Uv+ h% <0 on TY, (16)
o-(U)=1(0,0), 0,(U)=my(u)=0, t,(u)>0, u=0 on IY, (17)
o, (U)Uv —t"(u)u —i—m,,(u)% =0 on T§, t"(wu=0 on TY, (18)
ou
U:uzazo on Ty. (19)

Proof. Substituting ¥ = £ + ¥, where ¥ € C§°(Q)3, as a test function into (10), one can obtain
the following relation

)6 (9) = my )i o = [ Fida

, that is, equilibrium equations
—mijii(u) = fs in Q, (20)
—0i;(U)=fi in Q, i=12, (21)

hold in terms of distribution.
Applying Green’s formulas to (10) and using (20), (21), one can show that

/F <0V(U)(W Uy + o, (U)W - U)r—

ow Ou
—tY — _—— = > = .
tY (u)(w — u) + my (u) <81/ 8V>>dF/O Vx=(Ww)eK (22)
Since K is convex cone in H(£2), one can substitute y = A¢ in (22) and deduce
_ ou
/ (UV(U)UV+UT(U)UT—t”(u)u—i—m,,(u)&/) dl’ =0, (23)
r
ow

/ <0,,(U)WV + o, (U)Wt —t"(u)w + ml,(u)ay> dl’ > 0, (24)

r

for all y = (W, w) € K. Let us suppose that x = (W, w) € K and x = 0 on I'?. In this case one
can rewrite (24) as follows

J

Since W is not included in inequalities (7), due to arbitrariness of W7 on I'{ one can conclude
that

<UV(U)WV + o (U)W —t"(w)w + my(u)gﬁ}> dr > 0. (25)

e
1

o,(U)=0 on TY.
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Therefore, inequality (25) can be reduced to

J

0
By choosing functions x = (W, w) such that W = 0, a—w =0 on I'{, one can obtain in (26) that
v

(UZ,(U)WZ/ —t"(uw)w + my(u)?j) dl’ > 0. (26)

e
1

t“(u) 20 on TY.

ow
Now one can substitute test functions with properties w = 0, Wv + h— = 0 and obtain

ov
1
/ (a,,(U)WV - hm,,(u)Wu) dl’ > 0. (27)
Iy
Then )
o, (U) — Eml,(u) =0 on IY.
since the value of Wv can be arbitrary. The last equality allow us to represent (27) in the form
ow
o, (U) (W +hZ2) dr > o,
re¢ 81/

Then, it follows that
o,(U)<0 on TIY.

Let us assume that y € K, x = 0 on I'{. Then one can obtain on I'} that w > 0 and

/rl; (UU(U)WV+0_T(U)WT—tu(u)'LU"’_my(U)g’lj) dr’ > 0. (28)

ow
Due to arbitrariness of W, £ on I'Y there are following equalities
v

o, (U) = (0,0), o,(U)=m,(u)=0 on TC.

Now, it remains to deduce from the reduced inequality
—/ t’(u)wdl =0 (29)
ry

the following inequality
t(u) <0 on TP

Let us consider relation (23). Let us take into account that £ = (U,u) € K,

o, (U)<0, 0,(U)——my(u)=0, t"(u)>0 on TY,

1
h
and

o-(U)=(0,0), o,(U)=m,(u)=0, t“(u) <0 on TIY.

Then corresponding integrand of (23) is non-negative a.e. on I'. Therefore

%20 on T¢, t(uu=0 on TY.

o, (U)Uv — t¥(u)u + my, (u) oy
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Conversely, in order to obtain variational inequality (10) from (13)—(19) relation (13) is
multiplied by (u—w) and relations (14) are multiplied by (u; —w;), i = 1,2, where W = (wy, ws)
and w such that y = (W, w) € K. Then after integrating over Q and summing, one can obtain

—/(O'WJ(U)(U—W)-me’”(u)(’w—u))dl':/F(X—f)dl’
Q

Q

Now let us use the Green formulas and obtain
/Q (O'ZJ(U) Eij(W — U)d$ — mij (u)(w — u)ﬂ'j )da:—

- /F <UV(U)(WV —UV) + o, (U)(Wr — UT)) dl'+

# (P =0 - m G - 59) i = [ Foc-gan (30)

Taking into account that o,(U) =0 on I'1, £ = x = 0 on I'y, the sum of integrals over I in the
left side of (30) can be represented as follows

v —U—muaﬂ_@ -0 v— Uy
I:/Fl(t (W)(w —u) =my (u) (5~ 27) = o (U)(W U))dr. (31)

Then bearing in mind the equalities o (U) = (0,0), 0,,(U) = m, (u) = 0 on I'}, relation (31) can
be represented as the following sum

I= /F? t¥ (u)(w — u)dl'+

)

Finally, relation (32) can be transformed into

I= /F? £ (u)(w — u)dl’ +/F

)

Taking into account relations (15)—(18) and x € K, one can see that each term in the last sum is
non-positive. It remains to note that since I < 0 equality (30) yields variational inequality (10).
O

(t”(u)(w —u) — my(u)(g—ij - %) -0, U)(Wv — UV)) dr. (32)

e
1

(t”(u)w — o, (U)(Wr + h?j)) dl'—

<tV(u)u — 0, (U)Up —imy(u)gZ) dr.

e
1

The results of Section 1 were obtained with the support of the Ministry of Science and Higher
Education of the Russian Federation (Grant no. FSRG-2023-0025). The results of Section 2
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Higher Education of the Russian Federation (supplementary agreement no. 075-02-2023-947, 16
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3agada o paBHOBecum 1iactuabl Kupxroda-JIgaBa,

KOHTAKTHUPYIOIeii 60KOBOii KPOMKOI U JINIIEBOIt
MOBEPXHOCTBIO

Hropryn 1I. JIazapes

WNucruryT MareMaTUKu U UHMOPMATUKN

Cesepo-Bocrounbit dhenepasbHbIil yHUBEPCUTET

Axyrck, Poccuiickas Peiepariust

EBrenunit M. Pynoii

WNucruryr rugpopunavukn nmenn M.A.JlaBpentbeBa CO PAH
Hosocubupck, Poccniickas Penepariust

Hymnycran A. Hukudopos

Axyrckuit punmas PernoHabHOr0 HayYHO-00PA30BATEIBHOIO MaTEMATHIECKOTO IIEHTPA
«/lambHEBOCTOYHBIA HEHTD MATEMATHIECKUX UCCJIEIOBAHUN»
Axyrck, Poccuiickas Penepariyst

Awnnoranus. [Ipennoxena HoBast Mojenb mwractuabl Kupxroda—J/IsBa, KOTOpas MOXKeT COMPUKACATHCS
6o 110 GOKOBOI rpaHu, JuUOO [0 OIHOM M3 JIUIEBBIX MOBEPXHOCTEN C YKECTKHUM IIPENsITCTBUEM OIIpe-
nesieHHoM 33 aHHol KoHduryparmu. CooTBETCTBYIONAs BapUaIlHOHHAs 3a1a9a (hpOPMYITUPYETCsT B BUIE
337291 MUHAMU3AINN QYHKIIHOHAIA SHEPTUU HAJ| HEBBIMYKJIBIM MHOXKECTBOM JOMYCTUMBIX II€PEMEIIe-
HOW C yCJIOBHEM HEIPOHUKAHHUs. YCJIOBUE HEIIPOHUKAHUS IIPEJICTABIEHO B BHUJE CHUCTEMBI HEPABEHCTB,
OIUCBHIBAIOIIEN JIBa CIydasi BOSMOYKHOTO KOHTAKTa IIJIACTUHBI U YKECTKOTO MPENsITCTBUSA. A MMEHHO 3TH
IBa CJIydasl COOTBETCTBYIOT DPA3HBIM THUIIAM KOHTAKTOB: CO CTOPOHBI OOKOBOI KPOMKH IIJIACTHHBI M CO
CTOPOHBI €€ U3BECTHOI JINIEBOM ITOBEPXHOCTH. YCTAHOBJIEHA PA3PEIINMOCTD 33/a4r. B gacTHOM ciydae,
KOTJIa 30HBI KOHTAKTa 3apaHee MU3BECTHBI, Hal/IeHa SKBUBAJEHTHas auddepeHnaibHasl TOCTAaHOBKA B
MIPETIOJIOKEHNN TOTIOJIHUTEIBHON PETYISTPHOCTU PEeIleHns] BAPUAIMOHHON 3a/1a49M.

KiroueBble ciioBa: KOHTaKTHasi 3a/1ava, yCJIOBHE HEIIPOHUKaHHWsA, HEBLIIIYKJIOE MHOXKECTBO, Bapualu-
OHHaA 3aJa4a.
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Abstract. For any formal commutator R of a free group F', we constructively prove the existence of a
logical formula £r with the following properties. First, if we apply the collection process to a positive
word W of the group F, then the structure of £r is determined by R, and the logical values of £r
are determined by W and the arrangement of the collected commutators. Second, if the commutator
R was collected during the collection process, then its exponent is equal to the number of elements of
the set D(R) that satisfy £r, where D(R) is determined by R. We provide examples of Er for some
commutators R and, as a consequence, calculate their exponents for different positive words of F. In
particular, an explicit collection formula is obtained for the word (a1 ...a,)™, n,m > 1, in a group with
the Abelian commutator subgroup. Also, we consider the dependence of the exponent of a commutator
on the arrangement of the commutators collected during the collection process.
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Introduction

We continue our research [1] on the collection process, the concept of which was introduced
by P.Hall [2]. Let W be a positive word of the free group F = F(aq,...,a,), n = 2, i.e. W
does not contain inverses of as,...,a,. By rearranging step by step consecutive occurrences of
elements in W with use of commutators: QR = RQ[Q, R], Q,R € F, the collection process
transforms W into the following form:

W =qi...qTy, j=1, (1)
where ¢, ..., g; are commutators in aq, . .., a,, arranged in order of increasing weights, T); consists
of commutators of weights not less than w(q;) (the weight of g;), the exponents ey, ..., e; are
positive integers. Further we will not impose restrictions on the arrangement of ¢, ..., g;.

Research is developing in two directions. The first one is connected with divisibility properties
of the exponents e, ..., e; for some words W. In [2, Theorems 3.1 and 3.2| the application of
the collection process to the word W = (a1a2)™, m = 1, leads to the formula

(a1a2)™ =g ... q;}5)  (mod T's(F)), s>2, (2)

*v.m.leontiev@outlook.com
(© Siberian Federal University. All rights reserved
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where T'y(F) is the s-th term of the lower central series of F, which is defined as follows:
I'(F)=F,T(F)=[Tk—1(F), F], k > 2, and the exponents of the commutators are expressed
in the following form:

w(g;) m
ei(m) = c , 3
=3 () Q
where non-negative integers c¢; do not depend on m. This result is significant for the the-
ory of p-groups, since the expression e;(p®) is divisible by the prime power p® if w(g;) < p.
In [3, Theorem 12.3.1] the same result is obtained for the word (a; ...a,)™, n > 1. In [4, The-
orems 5.13A and 5.13B] a similar formula with divisibility properties of the exponents of the
commutators is proved for W™, where W is an arbitrary word (not necessarily positive), m > 1.
The work [5, Lemma 4] devoted to nilpotent products of cyclic groups and also the works [6, 7]
consider the word W = a{"*a5"® (with some restrictions on my,my > 1) for which some divisibil-
ity properties of the exponents of the commutators are obtained. The author’s work [1] proposes
an approach to studying the exponents e; in (1) and gives generalizations of the above results
using this approach.

The second direction is connected with an explicit form of the exponents e; in the P. Hall’s
collection formula (2) and, as a consequence, with explicit collection formulas (2) in groups with
some restrictions (solvable length, nilpotency class of the group, etc). For example, the explicit
formula

(araz)™ = af'ayaz, a,)(3)

is well known for a group G, where aq,as € G, [a2,a1] € Z(G). Formula (2) and the exponent
(2T1) of the commutator [ag, ;a1], ¢ > 1, have been used to prove the (p — 1)-th Engel con-
gruence [ag, p—1a1] = 1 (mod I'p41(G)) for a group G of prime exponent p, which was the key
to investigation of the restricted Burnside problem for groups of prime exponent p [3, p. 327].
With use of the exponents for more complex commutators, the 14-th Engel congruence has been
proved for groups of exponent 8 in [8,9]. Also, explicit collection formulas (2) for groups with
some restrictions are considered in the works [10-13]. The explicit formula (2) for a group where
any commutator with more than two occurrences of as is equal to 1 has been used to prove the
non-regularity of the Sylow p-subgroup of the general linear group GL,,(Z,=) for n > (p+2)/3
and m > 3, when (p + 2)/3 is an integer [14]. This has lead to partial solution to Wehrfritz’s
problem [15, Question 8.3|. The exponents for several series of the commutators in (2) have been
found in an explicit form in the author’s work [16].

In this paper, for any formal commutator R of the group F(as,...,a,), we constructively
prove the existence of a logical formula £r using which one can calculate the exponent of R
using information about the initial word W in the collection process and the arrangement of
the collected commutators ¢i,...,q; (Theorem 1). The formula g has the following properties.
First, its structure is determined by R, and its logical values are determined by the word W and
the arrangement of the collected commutators. Second, if R was collected during the collection
process, then its exponent is equal to the number of elements of the set D(R) that satisfy the
formula Er, where D(R) is determined by R. We provide examples of g for some commutators
R (Lemmas 1, 2) and, as a consequence, calculate their exponents for different positive words
(Theorem 2). In particular, an explicit collection formula is obtained for the word (a; ...a,)™,
n,m > 1, in a group with the Abelian commutator subgroup (Theorem 3). Also, we consider the
dependence of the exponent of a commutator on the arrangement of the collected commutators
qi,---,q; (Corollary 2).
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1. Basic notation

In this paper we use the concepts formally defined in Sections 2 and 3 of the article [1]. The
basic properties of the collection process and examples are also given there. In this section we
will briefly describe some important concepts.

The collection process is a construction of the sequence of words:
W()ET(), W1 EqilTl, W2 Eq?QSQTQ, ey Wj :qfl...qjjTj7 (4)

by the following rules. The initial word W is a positive word of the free group F' = F(ay, ..., an),
n > 2. All occurrences of the letters ay,...,a, (commutators of weight 1) have labels (integer
sequences) assigned to them, and different occurrences of the same letter have pairwise different
labels of the same length. Let ¢; be an arbitrary commutator from the uncollected part Tj_;.
The word W;, j > 1, is obtained from W;_; by moving step by step all the occurrences of g; to
the beginning of the word T;_; with use of commutators:

where A, A, is the concatenation of the labels A, and A,.

Denote by D(ay), k € 1,n, an arbitrary fixed set of integer sequences of the same length that
contains all labels of the occurrences of a; in W,. Assume that a commutator R arose during
the collection process (4), and the parenthesis-free notation of R is (ai,, ..., Qi R)). Then any
occurrence of R has a label that belongs to the Cartesian product D(R) = D(a;, )X+ -x D(a;,, . )-

Suppose that some uncollected part in (4) contains an occurrence of the commutator R. The
evistence condition of the commutator R is the predicate E%, A € D(R), that is equal to 1 iff
there exists a word in (4) such that its uncollected part contains the occurrence R(A).

Suppose that some uncollected part in (4) contains occurrences of the commutators R and
Q. The precedence condition for the commutators R and @ is the predicate Pé\}é\z, AN €
D(Q) x D(R), that is equal to 1 iff there exists a word in (4) such that, in its uncollected part,
Q(A1) precedes (is to the left of) R(As).

For the exponent e;, j > 1, in (4) we have
¢; = |{A € D(g) | B}, =1}]. (5)

Let Ry, Ry be formal commutators. The predicate Ry < Ry is equal to 1 iff there exist
commutators ¢;, g; in (4) such that ¢; = R1, ¢;j = R, i < j, i.e., the occurrences of Ry were
collected at an earlier stage than the occurrences of Ry in the variant of the collection process (4).

In [1, Theorem 4.6] the following recurrence relations for the existence and precedence con-
ditions were proved. We will use these relations further.

Suppose {W; = q* ... q;j T;};>0 is an arbitrary variant of the collection process. Then the
following recurrence relations hold (if the left-hand side of a relation is defined for {W;};>0):

u—1

Af. AL pAAL AjAG .

B k= Polr, RiR 0 w2 L (6)
k=1
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ALLALAZLAZ Lt
[Q1,uR1],[Qa,0 Ro] 18 CAUAL O

AL AL A2A2

E[Qol,uRl] [Q2, 0 Ra] 1fU+U 1 R1 RQ, Ql = QZ, (7&)
EAl AL g A2 DARAZ ifutv>1, R = Ro, Q1 F# Qo, (7h)
[Q1,uR] [Q2 R Q1@ u=0= w(Ql) =L v=0=>w(Q@) =1
AL AL A2 AL ALAZ . .
E[Ql,uRl]E[Qz,sz] [Q01,uR1],OQQ’ ifu,v 21, Ry < Ro; (7c)

ALAL AZLAZ ALAZ. A2 . .
E[Qol,uRl]E[vaRz]PQl,[szRQ]’ if u,v 21, Ry < R (7d)

where [Q1, R1] # Q2 for u > 1 and [Q2, ,R2] # Q1 for v >

Ay € D(Qy), A2 € D(Q2), Af,...,AL € D(Ry), A},...,A? € D(Ry),
Lo u min{u,v} k—1
F =Py V(A =A2)(( <u<v N\ A2 =44V \/ gl,’};g /\(AQ:A}L)>
k=1 h=1

2. Universal existence condition

Let us fix a variant of the collection process {W;};>0. In [1, Corollary 4.8] it was proved
that using relations (6)—(7) one can express the existence condition Er by a formula containing
at most the operations conjunction and disjunction, the predicates Fq,, Py, ; and the equality
relation on Z.

Assume that we did not use relations (7c¢) and (7d) during the process of expressing Er. If we
change the variant of the collection process {W;},>¢ (change the initial word or the arrangement
of the collected commutators), then the process of expressing Er will be exactly the same.
Therefore, the resulting formula (as a construction of symbols A, V, =, predicate symbols E,,,
Py, ;) is an invariant with respect to a variant of the collection process. More precisely, if R arose
during some collection process {W;};>0, then all predicate symbols Eq,, P,, 4, in the formula
are defined only by the initial word Wy, and the formula in its logical values coincides with the
existence condition Fr. Besides, since equality (5) holds, the exponent of R depends, perhaps,
on the choice of the initial word, but not on the arrangement of the collected commutators.

Our aim is to construct such invariant formula for any commutator R. We now allow the
formula to contain a symbol <. Let us replace relations (7c) and (7d) with

Ag-ALAZ A2 Ay...AL AZ.AZ A JALAZ A SAZ.AZ
[QlyuRl] [Q211/R2] E[C,;)lyuRl]E[Q2 vRQ] <(R1 = Rz) Q1 uRl] Q2 (R2 = Rl) Q1 [Q2,1JR2]> (8)

If we now use relations (6), (7a), (7b), (8) to express Er, then on each step our choice of the
desired relation does not depend on the arrangement of the collected commutators. However,
there is a problem: the predicate symbols Pq, r,],q. and Pg, (Q,,, r.] are not necessarily defined
simultaneously. For example, Ry was collected earlier than Ry (i.e. R; < Rs) during some
collection process, and we have come across the predicate Piq, . r,),[Q.,.r,) during the process of
expressing Er. Then relation (7c) holds, but the predicate Py, [q,,,r,) from (7d) is not defined
if there does not exist an uncollected part containing both occurrences of Q1 and [Q2, ,R2] (see
definition of the precedence condition). Thus, we can not continue the process of expressing Er.
To overcome this problem, we introduce the following definitions.
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Definition 1. For any commutators Ry, Ra, we call the interpretation of the predicate symbols
ERI’ PR1,R27 = (9)

the standard one with respect to a variant of the collection process {W;}i>o if they are defined
according to the definitions in Section 1 formulated for {W;};>o.

The predicate symbol < admits the standard interpretation with respect to any variant of
the collection process {W;};>o. The same can not be said about the symbols Egr,, Pr, r,. In
the first case, the occurrences of Ry might not have arisen during the collection process. In the
second case, the occurrences of R; and R might not have arisen in the same uncollected part.

Definition 2. Suppose A is a formula containing at most the symbols N, V, =, the predicate
symbols (9). We say that the standard interpretation of the formula A with respect to a variant
of the collection process {W;}i>o is given if the symbol = is interpreted as equality, all predicate
symbols in A that allow standard interpretation with respect to {W;}i>o are interpreted that
way, the rest symbols (they can be only Er, and Pg, r,) are interpreted as predicates defined
arbitrarily on the sets D(Ry) and D(R1) x D(Rz), respectively.

Theorem 1. Suppose R is a formal commutator of the free group F(aq,...,a,), n > 2. Then
there exists a formula Er with the following properties:

1. Eg contains at most the operations of conjunction, disjunction, and the following predicate
symbols:

Eai» Pai,ajv —<, :) Z?] 6 13”' (10)

2. If occurrences of R arose during some variant of the collection process, then, for the stan-
dard interpretation of Eg with respect to this variant of the collection process, the following
equality holds:

EA=FE),  AeD(R). (11)

Proof. Consider the system of recurrence relations (6), (7a), (7b), (8) as formal relations of
predicate symbols. Fix formal commutator R.

Let a formula A contain at most the operations of conjunction, disjunction, the symbol =,
the predicate symbols (9). We say that A has property (M) if, for any variant of the collection
process {W;}i>o during which R arose, the equality

AN=ES A€ D(R), (12)

holds for any standard interpretation of A% with respect to {W; }i>o.

Let us describe inductively the process of constructing the sequence of formulas {Z-A%}@g:
1) AN = E%; 2) the formula ;1A% is obtained from ;A% by replacing any predicate symbol of
type Er, or Pr, r,, where w(Ry), w(Ry) > 2, in ;A% with the corresponding formula according
to relations (6), (7a), (7b), (8). The sequence is finite and ends with the formula satisfying
statement 1 of the theorem. This fact follows from the proof of Corollary 4.8 [1].

We prove that the formulas Z—A% has property (M) by induction on ¢. For i = 0 the statement
is true, since oAg = Eﬁ and the predicate symbol Ezj}c is standardly interpreted with respect to
any variant of the collection process during which the commutator R arose. Assume that iA%
has property (M) and the formula ;41 A% is obtained by replacing a predicate symbol P in ;A%
with the corresponding formula.

Let {W;}i>0 be a variant of the collection process during which the commutator R arose,
and the symbol P does not allow the standard interpretation with respect to {W;};>0. It is

- 369 -



Vladimir M. Leontiev On the Collection Formulas for Positive Words

known that the equality ;A% = EI/;, A € D(R), is true for any standard interpretation of Z-A%
with respect to {W;}i>0, in particular, the equality holds for any interpretation of the predicate
symbol P. Therefore, P can be replaced with any formula at all, and we get Ezl}a = i+1A[1§ for
any standard interpretation of i+1A% with respect to {W;};>0.

Now let the symbol P allow the standard interpretation with respect to {W;};>0. For any
relation (6), (7a), (7b), if the left-hand side of the relation allows standard interpretation with
respect to {W;};>0, then each predicate symbol in the right-hand side has the same property.
Therefore, if P is replaced with the corresponding formula using one of these relations, then we
have E}% = it1 A‘}i for any standard interpretation of H_lA% with respect to {W;};>0. It remains
to consider the case when P is replaced using relation (8).

If the left-hand side of (8) allows the standard interpretation with respect to {W;}i>0, then
the same is true for the predicate symbols

E[QlyuR1]7 E[szRz]’ =

and at least for one of the symbols

Pigy,uR11,Q20 PQ1,[Q,0 R

in the right-hand side of (8). If Ry < Ra, then, first, the symbol P[gél"‘:ﬁil/]\)%Q
interpreted (according to (7c)) with respect to {W;};>0, second, the predicate Ry < R; is false.
Therefore, the equality EI{-} = i+1A[1§ is true for any interpretation of the symbol Py, q,,, R, at
all, hence, for any standard interpretation of i+1A/}\a with respect to {W;};>0. If Ry < Ry, the
reasoning is analogous.

Thus, it has been proved that the last element of the sequence {iA%}igo, which we denote
by 52, has property (M). Moreover, 51/% allows a single standard interpretation with respect

to {W;}iso0, since it contains at most the predicate symbols (10), which are always standardly

is standardly

interpreted. O

Definition 3. For any formal commutator R of the free group F(aq,...,a,), n > 2, we call the
formula £r from Theorem 1 the universal existence condition of the commutator R.

Corollary 1. If a commutator R was collected during some variant of the collection process
{W;}jo0, then its exponent is equal to

A
{A € D(R) | &g = 1},
where the universal existence condition £5 has standard interpretation with respect to {W;};>o.

Corollary 2. Suppose the universal existence condition Er does not contain the predicate sym-
bols <. Let {W;}j0, {V;}jz0 be two variants of the collection process with the same initial
word. If R was collected during both {W;},;>0 and {V;};>0, then its exponent is the same in both
cases.

3. Examples

In this section we find the universal existence condition £g for several series of commutators
using the proof of Theorem 1. Namely, we construct a sequence of formulas that satisfy property
(M). The sequence starts with Er and ends with a formula satisfying statement 1 of Theorem 1.
As a consequence, we get the exponents of these commutators in different collection formulas in
an explicit form.
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Lemma 1. For j,iy,...,is €{1,...,n} and uy,...,us > 1, where n,s > 1, we have
ghort AL A phoAt pARALL 13
[Qjsug Qg seersug i) /\ gy Qiy /\ /\ @ig s Qi - ( )
k=1 h=1

Proof. We use induction on s. For s =1 we have

1 Al
5A0A1"‘Au AoA /\ P Af Ly
l[aj,uai;] a],all 717‘171 ’

AoAl.. AL
which coincides with the result of applying relation (6) to the symbol E[ ’ o ’]”. Assume that
Ajruy ig
equality (13) is true for some s. Let us prove (13) for s + 1.
OAI Al As+1 .A5+1
Ug41

with the formula
[CL suq Qiq e 7u9+1a1§+1]

Using (6) replace E

Ust1—1
1 1 s 5 As+1 +1p4s+1
AoAl..AAul...Ai...A;SA1 /\ A5 Aib+1
[ajvulail1<~~vu5ais]7ais+1 Qigyq:Qigyy”
h=1

Now we use (7a) if a; = a;_, ,, otherwise we use (7b), and get the same result in both cases:

u+171

1 1 s as 1 1 s—1 as—1 pst1 Us S41 x5l
AoAT.AL AT, AT AoATLAL AT LAY A /\ AsTIAstY
[Qfsuq @igseeerug Gig] Figpy [aj7u1a11a~~~7u571ai571],ais+1 Qigq,Figyq”

h=1

Continuing this line of reasoning, after a finite number of steps we get the formula

—1
N 1 1 k. s+1 ap1 tetl s41 4841
/\ AOA LA, ..A “kEA PAOA /\ PA A (14)
a;yulail, ,1,ka1k] Gigpa @jrFigyq / igp1 Figyy”
k=1 =1

Let {W;};>0 be a variant of the collection process during which the commutator
(@, uy@iys ooy ugyr @iy, ] arose. Then all predicate symbols in (14) allow standard interpreta-
tion with respect to {W;};>0. For this standard interpretation, we have the following equalities
of predicates for any values of variables:

S

1 1 k k
ASFL L AGASHLAGASt! /\ AoAT AL, AP LAY AoALLAL LALLA
Gigyy ™ QjrQigpq = 5 AjrGig g0 [a],ulazl, ,ukaz‘k] [@5,uy Qiysensug Qi)
k=1
We apply this equalities to (14) and get

AoAL AL AS L AS st1 Us41—1 s+1 A s+1

oAy Ay AT AL D AGAS /\ A Ah+1

[@),uy @iy sesus@ig) @jr@igyq @igpy Figyy”

h=1

Since (14) has property (M) and the reasoning above is carried out for the arbitrary variant of

the collection process {W;};>0, then the obtained formula has propertly (]\14 ).

oAb AL LLASLLAS

Further we should start the process of expressing the symbol E oL _
l[aj 7u11 Qiqseesug a"rﬁ]

AL AL ASLAS

Ao 1 with standard

. However,

by definition of the universal existence condition, the formula &,
AoAT. AL AT LAY

[ajvul (141, U S‘lis]

[a],ulall, g ig)
interpretation is equal to the predicate F ®. Therefore, we can use the inductive

assumption and get the formula

. Ust+1— As+H
AwWAAw%I AP”m
Qg Qig, Qg s Qg J7a1 +1 Aigy1s@Figyy”
k=1 h=1
Collecting similar terms completes the proof. ]
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Lemma 2. For s,i,j € {1,...,n}, i # j, and u,v > 1, where n > 1, we have
ASAT L ALAZAZ A2 A z\kJrl A Ak+1 A SAZ 1 2
5[[“57uai];[asyvaj] - asyaz /\ Qg ,0; as,a] /\ Qg ,05 asvas \ (a’] = al)(AO = AO))

Proof. We construct the sequence of formulas according to the proof of Theorem 1 starting with

ALAT.LALAZAZ. A2

[[asyuai]a[asvvu‘j” ’

Use relation (6):
ALALLALAZAZ. A2
las,wail,[as,va;] :

Since 4 # j, use relation (8):

[ab)ua1]7a’é as7[asx'uaj]

ASAT.AL SAZAT.A2 ASAT..ALAZ ALAZAT.. A2
(a0, uai] [as, 0] (ai < aj)P Vv (aj < ai)P

Next we use (6) and (7a) twice:
v 1A2 1p2
/\ PN pishs /\ P n ((as < ag) PAATV (0 < as) (PRI v (A} = A2))).

Now we simplify the expression in brackets using logical transformations and the fact that the
expression (a; < a;) V (a; < a;) with standard interpretation is true for any variant of the
collection process during which the commutator [[as, ,a;], [as, va;]] arose. O

Theorem 2. Suppose a formal commutator R was collected during some variant of the collection
process {W;};>0 and its exponent is equal to e(R). The following statements hold.

1 IfWo=(a1...a,)™, n,m =1, and R = [aj, 4, @y, ..., u. .|, then

m—1
B Ao +1 Ao
=y I (7 1 ()
Ao=0k=1,...,s; k=1,...,s;
J<ik JjZik
2. IfWo=(ar...an)™, n,m 21, and R = [[as, wai], [as, va;]], © # j, then

er(S(aj <a;)

1
)‘(1) - 6(0!]‘ <a;) T 6(5<i) )\6 + 6(S< )
e(R) = Z ( u v+1 )

Aj=1
where 4 = 1 if the proposition A is true, otherwise §4 = 0.
3. IfWo=ai™...a', n,ma,...,my =1, and R = [aj, u, Qiys - - - 50, 0i,], then
m; m;
e(R) = (uﬁ1> kzll_[ ( u:)a
where w = wy if there exists iy = j, otherwise u = 0.

Proof. Consider a variant of the collection process with the initial word

Wo=a1(1)...a,(1)...a1(m)...an(m).
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We have

PO = (M < X)) V(A =X)(i <j), M,Ae{l,...,m}, i,jeTn
Assume that the commutator [a;, v, @i, ..., v, a;,] arose during the collection process. From
Lemma 1 is follows that

(CYIPTIRNG D S g

OSRAN

s S s up—
[0y ug @igseenrus @ig) ) /\ )\0<)\ (/\0— j<Z}C /\ /\

h+1
where Ao, AL, ..., AL,--- AL, ..., A5 € {1,...,m}. Then the exponent of this commutator is
equal to the number of solutions of the following system:
<Ao<
o < Ak<>\k A, <m, kels, j<ig
Ao < A < M\ < ...</\uk <m, kels, j>ip

Taking into account that the number of integer sequence (7,

., Tm) that satisfy the condition
1<z <... <2, <nisequal to (Z), we get the number of solutions:
Ao=1k=1,. ( k=1,....5; Ao=0 k=1,. k=15 \Uk
J<lk J2ik J<1k Jj2ik

Now assume that the commutator [[as, ,a:], [as, va;]] for u,v > 1, ¢ # j arose during the
collection process. Then by Lemma 2 we have

(Ao Ao AL NS AT A2

[laz walfa., va)] = (g <AD V(g =A)(s <1)) (A <AD) V(G =AD)(s < 1)) A
u—1 v—1
A AGE< ) AGE <) <Y (0 <a)0d =)
k=1 =

Therefore, the exponent of [[as,a:], [as, va;]] is equal to the number of solutions of the following
system:

7

//\ //\

Ao
A

//\ //\

075(%"«%) +1< )‘g;
A= Oaen F1<A <A <. <AL <m
N —0s<jy F1<AT < A3 < ...<)\% <m.
We get the following expression:

i i (m -5+ 5(s<i)> (m — A5+ 5(s<j)> _

U v
AG=1AF=X§—0(a; <a;)F1

1
m mf)‘0+6(aj <a)Hos<i)—

1
_ m—Ag+ 5(s<i)> <A3> _
o2

5 u v
A5=0(s<j)
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since 0 < 0(s<;) < 1 and v > 1, we change the lower limit of A2 to v and apply a well-known
summation formula:

m+5(aj <a;)

1
_ Z m — /\(1) + 5(s<i) m — )\(1) + 5(aj<ai) + 5(s<j) _
U v+1

Ag=1
change the order of summation:

m—1
-y Ao+ 0(a<iy ) (A0 + 0(a;=ar) + <)) _
U v+1

Ao=1=0(a;<a;)

m+5(aj <a;)

1
_ Z )\(:% - §(aj<a,¢) + 5(s<i) A(% + 6(5<j)
u v+ 1 .

=1
Now let us consider a variant of the collection process with the initial word

Wo=ai(l)...a1(my)...an(1)...an(my,).

We have
PO = (< M) =)V (i <j), A€ {l,...om}, ijeTm
Assume that the commutator [a;, u @i, -, u,@i,] arose during the collection process. From

Lemma 1 it follows that

(MosAL,. AL GATLLOAS

LSRN

(@5 0 @igseorug Gig)

s S Up—
ua) = A\ (Ao < M) = i)V (j < ir)) /\/\ (AF < AFL).
k=1 k=1 h=1
Then we get the following system:
)\0 m],
>\0<)\’f<>\’§ < Ay Ky, k€S, §=g;
1<)\’f<>\’2“<~~~<>\uk<mik, kels, j<ip.

The number of solutions of this system is equal to

mj

I I ()= 5 0 (), 1T ()

k=1,...,s; Ao=0 k=1,. k=1,...,s;

J=ik J<ip Jj= i J<ik
If none of the numbers i1, ..., i, is equal to j, then we get
ms
m 1 < )
U
k=1,...,s

If some 4; is equal to j (in this case 4; is unique), then the exponent is equal to

m; my,
(Ul +1> kzll_[ S(“k >
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Theorem 3. Suppose G is a group with the Abelian commutator subgroup, ai,...,a, € G,
n,m € N. Then the following formula holds:

n 1—[ ¢
(ay...ap)™ = . H H (@ uy @1y - -y, Q) ¥=0 5= U =i ,

u17 ) nm
where M3 . = {(u1,...,un) €{0,...,m}" [uy + -+ up > 0; the first u; >0 has i < j}.

Proof. Consider the word (ag .. .a,)™ of the free group F(a1,...,a,). Let us apply the collection
process to this word. First, we collect letters in the following order: a1, ..., a, and get the word

m m
al*...al H[aj,ulal, ey, On),

where the product is over some non-negative integers j,uq,...,u,. After that we collect the
commutators [a;, y, a1, . .., u, 0] in some fixed order. From Theorem 2 it follows that we get the
following formula in the group G:

(a1...apn)" =al*...a) H H [y uy 1y - - sy Q) ¥=0 °=1 U =i ,

TE€T (uy,cun)EMA

where it remains to find the sets J and MTJLm Note that the use of Theorem 2 in the case when
&) =1 for any a > 0.

Obviously, J C {2,...,n}, since a; was collected first. Further, the expression in the exponent
is equal to 0 when ug > m + 1, therefore, we have MJ ,, C {0,...,m}". At least one element of
the sequence (u1,...,u,) € M},
Moreover, the first u; > 0 has the index i < j, since the commutators were collected in the order

some ug; = 0 is correct, since (

is not equal to 0, since otherwise we get the commutator a;.

ai,...,a,. Thus, the following inclusions have been proved:

JC{2,...,n},
Mimg{(ul,...,un)6{0,...,m}"\u1+~o+un>0; the first w; > 0 has ¢ < j}.

To prove the reverse inclusions, we assume that the expression in the exponent of
(@), Q1,5 u,@n] s DOt equal to O for some sequence (j, u1,...,u). From the proof of Theo-
rem 2 it follows that there exist some values of the variables for which the formula

s Wip — X
/\ PN /\ Pat
k=1 h=1
is equal to 1, where 1 <43 < ... <14, < n and u;, > 0 for any k. Therefore, in the initial word
(ay...a,)™, there are u;, occurrences of a;,, u;, occurrences of a;,, etc to the right of a;(Ao).
Since the letters were collected in the order a;,,...,a;,, and j > 2, iy < j, the commutator
(@ s, @iy yus, @iy = (@ uy @1, - -+ 5w, Gn] arose during the collection process. O

This work is supported by Russian Science Foundation, project no. 22-21-00733.
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O cobuparenabHbBIX oOpMyJIaxX JIJIsd MOJIOXKUTEJIbHBIX CJI0OB

Baagumup M. JleonTheB
Cubupckuii deiepajbHbIl YHUBEPCUTET
Kpacnosipck, Poccuiickas Peeparims

Awunorarusi. s sro6oro dpopmaabHOro KommyraTropa R cBobomHOM rpymnibl F' MBI KOHCTPYKTUBHO
JIOKa3bIBAEM CYIIECTBOBAHME JIOTUIECKON popMynbl Er CO CAEAYIOMMMHA CBOWCTBAMU. Bo-mepBBIX, ee
CTPOEHME ONPEeJIEJISIeTCs CTPYKTYPOoil R, a Jjlornyeckue 3HAYEHUs ONPEJIEISIOTCH ITOJIO0KUTEIbHBIM CJIO-
BOM rpymmbl F; K KOTOPOMY IPHUMEHSIETCSI COOMPATEIbHBIN IIPOIEece, U MOPIIKOM cO0pa KOMMYTATOPOB.
Bo-Broprix, ecaum B xome cobupaTreabHOro mporecca 6bL1 cobpaH KOMMyTaTop R, TO ero mokasaresb
CTENEHN PaBeH KOJIMYECTBY dJeMeHTOB MHOxkecTBa D(R), ynosnersopsmomumx Er, rae D(R) onpenens-
ercs crpykrypoit R. B pabore npuseieHbl npuMepbl TaKOi (pOPMYJIBL [IJIsI PA3HBIX KOMMYTATOPOB, KaK
CJIEJICTBUE, BBIYMCIEHBI X MOKA3ATENN CTEMeHel st Pa3HbIX MOJIOKUTEIbHBIX cyioB F'. B wactHOCTH,
[IOJIyYeHa B SIBHOM BHJIE cobupaTesbHas popMysta s cioBa (a1 ... an)™, n,m > 1 B rpynue ¢ abeeBbIM
KOMMYTaHTOM. PaccMoTpeH BoIpoc 0 3aBUCHMOCTH IIOKA3aTe sl CTEIIEHH KOMMYTaTOPa, OT Mopsijika cbopa
KOMMYTaTOPOB B XOJ[e COOMPATEIHLHOIO IPOIECCA.

Kuro4yeBbie cjioBa: KOMMYTaTOpP, COOMpATEIbHBIN IIPOIece, CBOOOIHAs IPYIIIA.
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Abstract. In this paper, a method is obtained for calculating the bipolar type of endomorphism of
an arbitrary groupoid. For groupoids with pairwise distinct left translations of elements, the described
method for calculating the bipolar type of an endomorphism leads to a criterion for the fixed point of
a given endomorphism. In particular, such groupoids include groupoids with a right neutral element,
monoids, loops and groups. It turned out that the bipolar type of endomorphisms of a groupoid with
pairwise distinct left translations ones contains all the information about the fixed points of endomor-
phisms of this type. A basic set of endomorphisms of a group is established, containing all regular
automorphisms. A method is found for calculating the bipolar type of an inner automorphism of a
monoid. We obtain upper bounds for the order of the monoid of all endomorphisms (and the group of
all automorphisms) of an algebraic system with finite support that has a binary algebraic operation.
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Introduction

The work is devoted to the study of the properties of a groupoid that follow directly from the
bipolar classification of endomorphisms of an arbitrary groupoid, introduced in [1] (the bipolar
classification of antiendomorphisms is considered in [2]). The introduction of this classification of
endomorphisms was due to the interest of various researchers in the following general problems.

Problem 1. For a fized groupoid G, list the elements of the monoid of all endomorphisms
of this groupoid.

Problem 2. For a fized groupoid G, list the elements describing the group of all automor-
phisms of this groupoid.

Problem 3. For a fized groupoid G, give qualitative properties of all endomorphisms and all
automorphisms.

An element-by-element description of endomorphisms is a description of the elements of the
monoid of all endomorphisms (similarly to the group of automorphisms) as transformations of
the support set of the groupoid. The papers aimed at solving problems 1 and 2 include the
papers [3-6], in which endomorphisms of matrix semigroups of a special form are studied; papers
[7,8], which describe the group of all automorphisms of unipotent subgroups of Chevalley groups
(see also works [9-13]). In [14], automorphisms of finitely presented quasigroups are studied.

*anmll@rambler.ru  https://orcid.org/0000-0001-6285-0201
© Siberian Federal University. All rights reserved
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Endomorphisms of commutative (but generally not associative) finite groupoids associated with
a multilayer neural network of forward signal propagation were studied in [15,16]. Problem 1
remains open for some groupoids from [15] (see Problem 2 from [15]). Thus, Problems 1 and 2
are studied for various groupoids, semigroups, quasigroups, and groups.

By a qualitative description of endomorphisms we mean finding the properties that endo-
morphisms (or automorphisms) of various groupoids have. The results of such studies may be
useful for solving Problems 1 and 2, or be of independent value. Examples of such studies can be
found in [17,18]. There are many examples of studies closely related to endomorphisms (in par-
ticular, automorphisms) of various groupoids. For example, the investigations [19,20] in which
finite groupoids are classified that have automorphism groups of a special form. Automorphism
groups of finite groupoids are studied in [21]. Endomorphism semigroups for some semigroups
of a special kind are studied in [22]. The concept of endomorphism (the ring of endomorphisms
of an Abelian group) is intensively used in the study of Abelian groups. This extensive direction
is presented, for instance, in [23].

Main results of the paper include the Theorem 2.1. According to it, for any groupoid G,
any element g € G and any endomorphism ¢ of the groupoid G the following equivalences hold:

Ly(9) =1 d(g) € My, Ty(g) =2« ¢(g9) € G\ My,

where M, := {m € G | hy, = hy}. This theorem leads to a method for calculating the bipolar
type of a fixed endomorphism of an arbitrary groupoid.

An important consequence of Theorem 2.1 is Theorem 2.2. This theorem for a groupoid G
with different left translations gives a criterion that g € G is a fixed point of an endomorphism ¢
of the groupoid G. For any g € G and ¢ € End(G) the equality I'y(g) = 1 holds iff the equality
#(g) = g holds. The results of this theorem extend to all groups, monoids, loops and groupoids
with a right neutral element. In particular, see Corollary 2.1 for monoids of all endomorphisms of
an arbitrary groupoid. On the other hand, the Theorem 2.2 gives a practical way to calculate the
bipolar type of a endomorphism of groupoid with pairwise distinct left translations. This method
extends to loops, monoids, and groups. The bipolar type of endomorphism of a groupoid with
different left translations is completely characterized by all fixed points of this endomorphism.

Theorem 2.3 describes the basic sets of endomorphisms of a monoid, consisting of endomor-
phisms of a monoid. An endomorphism of a monoid is an endomorphism of a groupoid such
that the neutral element of the monoid is a fixed point of this endomorphism. The Theorem 2.4
gives a description of the basic set of endomorphisms of the group, which contains all the regular
automorphisms of the group. For groups, such a base set is unique. The Theorem 2.5 gives a
way to calculate the bipolar type of a inner automorphism of a monoid.

Theorem 3.1 establishes upper bounds for the order of the group of all automorphisms and
the monoid of all endomorphisms of an algebraic system with finite support that has a binary
algebraic operation. The resulting estimates are called conservative estimates of the order of the
monoid of all endomorphisms and the order of the group of all automorphisms. This theorem
can be used to study endomorphisms and automorphisms of such algebraic objects as rings and
semifields (see [24]). The Theorem 3.1 can be used to investigate the question (D) from [25].

1. Basic concepts and definitions

The symmetric semigroup of all transformations of the set G will be denoted by Z(G). The
composition of transformations aj,as from Z(G) will be denoted by (-) and defined by the
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equality
(o1 - a2)(g) = ai(az(g)) (9 €G).

Endomorphisms and their compositions will be considered in the notation of a symmetric semi-
group. For an arbitrary groupoid G = (G, *) the inner left translation of an element x € G will
be denoted by h, (for any z,y € G the equality h,(y) = x * y holds).

Below is Definition 1 from [1].

Definition 1.1. By Bte(G) we denote the set of all possible mappings of the set G into the set
{1,2}. Mappings from this set will be called bipolar types of endomorphism of the groupoid G
(or simply types). If v € Bte(G) and y(g) = 1 for any g € G (similarly, v(g) = 2), then the
mapping v will be called first type (similarly, second type). In this paper, the first type will be
denoted by A, and the second type by Q. If the mapping v € Bte(G) is not constant on elements
of G, then v will be called mized type.

The centralizer of the transformation « in the symmetric semigroup Z(G) will be denoted by
the symbols

Clo) ={BelX)|a-B=0 a}.

Definition 2 of [1] for each ¢ € G introduces the sets L(Y)(g) and L) (g) (further, type-
generating sets). Definition 3 of [1] for any type v € Bte(G) introduces the set D(v), which is
called the base set of endomorphisms of type v of the groupoid G. We present the sets L(l)(g),
L®)(g) and D(7) below:

LW (g) == {a € C(hy) | hagg) = hg}; LP(g) :=={a € Z(G) | ha(y) # hg» @ hg = hay - a};

D)= [V LOD(s); D(A):= (LW (s), D(Q):= ] LP(s).

seG seG seG

We present Theorem 1 from [1].
Theorem 1.1. For any groupoid G the equality holds
End@) = |J D(y). M
vEBte(G)

Moreover, if T and w are two different types from Bte(G), then the intersection of D(7) and
D(w) is empty.

An endomorphism ¢ has bipolar type 7 from Bte(G) if ¢ € D(7y) (see Definition 5 from [1]).
In particular, the following terminology applies:
1) an endomorphism ¢ has the first type if ¢ € D(A);
2) an endomorphism ¢ has second type if ¢ € D(Q);
3) an endomorphism ¢ is of mized type in other cases.

The above assignment of types to endomorphisms of a groupoid leads to a bipolar classification
of endomorphisms.

2. Bipolar types of groupoid endomorphisms

For any element g of the groupoid G we define the set My := {m € G | h,,, = hy}. The
bipolar type of the endomorphism ¢ will be denoted by I'y. For any endomorphism ¢ of the
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groupoid G the following alternative holds: either I'y(g) = 1 or I'4(g) = 2. This is deduced from
the definition of bipolar type and Theorem 1.1. There is an equivalence

Ty(g)=ieoeLW(g) (g€G, ¢€EndG), ic{l,2}), (2)

which establishes a connection between T'y(g) and type-generating sets L") (g), L(®(g). This
equivalence follows from Theorem 1.1, the definition of the basic set of endomorphisms, and
the definition of the type of endomorphism. Note that for any ¢ € G the intersection of the
sets LW (g) and L(®(g) is empty. That’s why for any endomorphism ¢ of the groupoid G the
following alternative holds: either ¢ € L) (g) or ¢ € L(?)(g).

Theorem 2.1. Let G be an arbitrary groupoid. Then for an arbitrary g € G and every endo-
morphism ¢ of the groupoid G the following equivalences hold:

Is(9) =1 & d(g) € My, Ty(9) =2 d(g) € G\ M, ®3)

Proof. Let us show that the first equivalence holds. Let the first condition of the first equivalence
be satisfied for some g € G. Then the endomorphism ¢ belongs to the type-generating set L) (g).
Hence hy(g) = hy. Then, by the definition of the set My, we obtain that the element ¢(g) belongs
to the set M,.

On the other hand, suppose that the condition ¢(g) € M, is satisfied. In this case, we have
the equality hgy) = hy. Therefore, ¢ cannot belong to L®)(g) (due to the definition of type-
generating sets). Since ¢ is an endomorphism, then for any g € G there is an alternative: either
¢ € LM (g) or ¢ € L (g). Consequently, the set L) (g) contains the endomorphism ¢, hence
we have the equality I';(g) = 1. The first equivalence is shown.

Since for any element g € G and endomorphism ¢ the alternative hold either ¢ € L(1)(g)
or ¢ € L) (g) and the first equivalence from (3) is proved, then we get the truth of the second
equivalent from (3). The theorem is proved. O

We say that G is a groupoid with pairwise distinct left translations if for any x,y € G the
following equivalence holds: h, = hy &z =y.

Theorem 2.2. Let G be a groupoid with pairwise distinct left translations. Then for an arbitrary
g € G and every endomorphism ¢ of the groupoid G the following equivalences hold:

Ly(9) =1 ¢(9) =9, Ty(g) =2 é(g9) #g. (4)

Proof. If all left translations of the elements of the groupoid G are pairwise distinct, then for
any g € G the equality of the sets M, = {g} holds. Therefore, equivalency (4) follows from (3).
The theorem is proved. O

The theorem above covers all groupoids satisfying the monoid, loop, and group axioms. In
addition, groupoids with pairwise distinct left translations include groupoids with a right neutral
element.

The conjunction will be denoted by the symbol (A). Because the End(G) is a monoid for any
groupoid G, then

Corollary 2.1. Let G be an arbitrary groupoid and ¥ an arbitrary endomorphism from
End(End(G)) then for any ¢ from End(QG) the following equivalences hold:

Ly(9) =1 ¥(p) =0, Tw(d) =2 ¥(9)# 9.

Moreover, if G is a groupoid with pairwise distinct left translations, then for any g € G the
following implication holds:

Tu () =1 A ([Ts(g) = 1) = [¥()l(9) = g-
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In the last implication, [¥(¢)](g) denotes the image of the element g under the endomorphism
U(¢), which is the image of ¢ under the action of U.

Next, we formulate results on endomorphisms of a monoid, the bipolar type of a regular
automorphism of a group, and the inner automorphism of a monoid with invertible elements.

Monoid endomorphisms. Let M be a monoid with a neutral element e (at the same time
M is a groupoid satisfying the monoid axioms). Then, in terms of universal algebra, M is an
algebra with one binary operation and one nullary operation (the distinguished element is the
neutral element). Therefore, an endomorphism of the monoid M is any endomorphism ¢ of
the groupoid M such that the identity ¢(e) = e holds. As usual, End(M) is the monoid of all
endomorphisms of the groupoid M and Endy; (M) is the monoid of all endomorphisms of the
monoid M.

In the set of all bipolar types Bte(M) of an arbitrary monoid M, select the set MBte(M) of
bipolar types v such that y(e) = 1.

Theorem 2.3. If M is a monoid, then the sets are equal:

Endy(M)= |J D).
yEMBte(M)

Proof. Indeed, by the theorem 2.2 the endomorphism ¢ of the groupoid M satisfies the condition
¢(e) = e iff I'y(e) = 1. Therefore, the endomorphism ¢ of the monoid M belongs to the base set
D(v), where «y belongs to set MBte(M). The theorem is proved. O

Regular automorphisms of a group. An automorphism ¢ of a group G with a neutral
element e will be called a reqular automorphism if for any g € G different from e the condition
@(g) # g holds. The set of all regular automorphisms is denoted by RAut(G) (the identity auto-
morphism is not contained in the constructed set). The automorphism group H of the group G
will be called the group of regular automorphisms if H consists of regular automorphisms (that is,
automorphisms occurring in RAut(G)) and the identity automorphism. Identity automorphism
we denote by €.

In the set of all bipolar types Bte(G) of an arbitrary group G with neutral element e, we fix
a bipolar type A such that
1, g=e

2, g#e

Theorem 2.4. Let G be a group. Then the set RAut(G) is a subset of the base set of endomor-
phisms D(A). Moreover, if H is the group of regular automorphisms of the group G, then the
inclusion H C D(A) U D(A) holds.

Proof. By Theorem 2.2 and the definition of the set RAut(G), every regular automorphism has
a bipolar type v such that v(e) = 1 and v(g9) = 2 for any g € G different from e. Therefore
~v = A, hence the inclusion RAut(G) C D(A) hold. The group of regular automorphisms contains
the identity automorphism e, which by virtue of the Theorem 2.2 belongs to D(A), hence the
inclusion H C D(A) U D(A) holds. The theorem is proved. m

The inclusion of the element ¢ in the set D(A) was given in Remark 1 of [1].

Inner automorphisms of a monoid. Let G = (G,*) be a monoid with the set of all
invertible elements G*. For each g € G*, the permutation

¢g(m):g_1*m*g (m € Q)
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we will call the inner automorphism of the monoid G. For any element g € G*, the permutation
¢g4 is an automorphism of the monoid G (the proof of automorphism is similar to the proof for
the case of groups). If G* = G, then G is a group and the above definition coincides with the
definition of an inner automorphism of a group.

Theorem 2.5. Let G be a monoid. Then for any g € G* and any d € G the following equiva-
lences hold:

Py, (d)=1&gxd=dxg, Ty (d)=2cg*xd#dxg.
Proof. Consider the first equivalence. Let I'y (d) = 1. Since G is a monoid, by virtue of the
Theorem 2.2 we have the relation Ty (d) = 1 & ¢4(d) = d. In this case, ¢4(d) = g~'*d*g. Since
g is an invertible element of the monoid, we obtain that the equality I'y, (d) = 1 is equivalent to
the condition g xd = d % g. The first equivalence is proved. The second equivalence is derived
from the truth of the first equivalence and the alternative: either I'y (d) =1 or I'y_(d) = 2. The
theorem is proved. O

3. Conservative estimates for the monoid order
of all endomorphisms

As usual, | X]| is the cardinality of the set X and S(X) is the symmetric permutation group
of X. An algebraic system will be denoted by V = (V| F, P), where F is the set of operations
of the system and P is the set of relations. The definition of a homomorphism of an algebraic
system into an algebraic system of the same type can be found in [26] (see p. 49). The concept of
endomorphism of an algebraic system V can be formulated as a homomorphism of an algebraic
system V into itself. From the definition of an endomorphism it follows

Proposition 3.1. Let V = (V, F, P) be an algebraic system and the set F' contains the binary
algebraic operation (x). Then the inclusions hold

End(V) C End(V(,)), Aut(V) C Aut(V,),

where End(V(,)) and Aut(V(,)) are the set of all endomorphisms and the set of all automorphisms
of the groupoid Vi, := (V, ), respectively.

Theorem 3.1. Let V = (V, F, P) be an algebraic system with finite support V. If the system of
operations F' contains a binary algebraic operation (x), then the inequalities hold

[End (V)| < min(|L(2) @)] + [2()(9)]), (5)
[Aut(V)] < min(|L() (9) N S(V)| + |L(Z) (9) N S(V)]), (6)

where LEB (9) and ng (9) are type-generating sets of the groupoid Vi, := (V, ).
Proof. For each fixed g € V we introduce the notation

Ji(g) :={v € Bte(V) | v(9) = 1}; Jo(g) :={y € Bte(V) | 7(9) = 2}.

For any g € V, the equality J1(g) U J2(g) = Bte(V) and the condition Ji(g) N J2(g) = @ holds.
By virtue of Theorem 1.1, we have the equalities

End(Vi)= |J p=| U p»|U| U pm|. (7)

v€Bte(V) v€J1(9) v€J2(9)
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Conditions are met
L (g) € {LI (s) | s €V, ye Do)}, L) (9) € {LY () | s €V, 7 € alg)}-

In this case, the relations hold
(v(s)) (1) (7 ( S)) 2
U b= U NLy7ecline. U po= U NL57 L
YE€J1(9) YEJ1(g) sEV YEJ2(9) vEJ2(g) €V

Aut(Vi,y) = End(Vi,)) N S(V).

—~~

These relations, together with the equalities (7), give inclusions
End (Vi) € L (9) ULE) (9), Aut(Viy) € (L) (9) N S(V) UL (9)NS(V).  (8)
The type-generating sets Lgig( ) and LE*;( ) have an empty intersection for any s € V' (follows
trivially from the definition of these sets). By virtue of the Proposition 3.1, the relations (8) and

the arbitrariness of g in the reasoning above, we obtain that for any g € G the inequalities are
satisfied

[End(V)| < [L3) ()] + 1LE) ()], [Aut(V)] < [LG)(9) N S(V)|+ |LE) (9) 0 S(V)].

Therefore, the inequalities (5) and (6) are satisfied. a

The estimates (5) and (6) will be called conservative estimates of the order of the monoid of all
endomorphisms and the group of all automorphisms of the algebraic system V. Particular cases
of the algebraic system V from the 3.1 theorem are such algebras as groupoids (|F| = 1, |P| = 0),
rings, quasifields, semifields, etc. Note that inclusions (8) hold for non-finitary algebraic systems
with a binary algebraic operation.

Proposition 3.2. There are finite groupoids for which the estimates (5) and (6) are achievable.

Indeed, such groupoids include finite groupoids in which all left translations are pairwise equal
(as transformations). Let G = (G, %) be a finite groupoid with pairwise equal left translations.
Then, by definition, the type-generating set L(2) (g9) is an empty set for any g € G and the type
generating sets L) (g9) pairwise coincide. Therefore, by virtue of the Theorem 1.1, we obtain the
equalities of the sets

End(G) = () LW(9) = LW(g"), Aut(G) = D(A)nS(G) = LW (g*) N S(G),
geG
which hold for any ¢* € G.
Consider examples of constructing estimates (5) for specific finite groupoids. These examples
will show that there exist finite groupoids G for which the estimates (5) are better than the
natural upper bound which is expressed the order of the symmetric semigroup Z(G).

Example 3.1. Let G = (G, ) be a groupoid with support G = {1,2, 3,4} and multiplication
(*) defined by the Cayley table:

W N | %
N DN = ==
NN N NN
W W W wlw
N N S
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In this case |Z(G)| = 4* = 256. With any transformation o € Z(G) we will associate the
notation:

o= ( e ) — (a1, a2, 03, a4) = (a(1),a(2), a(3), a(4)).

Left translations have the form: hy = (1,2,3,4), he = (1,2,3,4), hs = (2,2, 3,4), hy = (2,2, 3.4).
Let us introduce the notation Est, =: |L(Y)(g)| +|L(?)(g)| associated with estimates (5) for the
groupoid G. Computer calculations based on the enumeration principle show that the following
relations hold: |End(G)| = 38, Est; = 182, Esty = 182, Ests = 56, Esty = 56.

These relations show that for any g € G the estimates (5) are better than the natural estimate

IZ(G)]-
Example 3.2. Consider the cyclic group C5 of order 5 given by the system of left translations:
hi =(1,2,3,4,5), ha =(2,3,4,5,1), hg =(3,4,5,1,2), hy = (4,5,1,2,3), hs = (5,1,2,3,4).
In this case |Z(G)| = 3125. And computer calculations give the ratios:
|End(G)| =5, Esty =625, Esty = Esty = Esty = Ests =5.

In this case, the results of conservative estimates (5) are better than in the previous example,
except for the estimate Est; = 5%.

Example 3.3. Consider the Klein four-group given by the set of left translations:
h1 =(1,2,3,4), ha = (2,1,4,3), h3 =(3,4,1,2), hs = (4,3,2,1).
In this case |Z(G)| = 256, and computer calculations give the ratios:
|End(G)| = 16, Esty = 64, Esty = Est3 = FEsty = Ests = 16.
The situation is similar to the previous case.

In the context of the examples above, the following is interesting question.

Question 1. When the inequality (5) turns into equality? What the conditions must a finite
groupoid G satisfy for exactness of conservative estimates?

The existence of groupoids from question 1 follows from examples 3.2 and 3.3.

This work is supported by the Krasnoyarsk Mathematical Center and financed by the Ministry
of Science and Higher Education of the Russian Federation (Agreement no. 075-02-2023-936).
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O dunoagpHOil KiiaccupuKalmm 3, 10MOPPU3MOB TPYIIION 1A

Anppeii B. JInutaBpun
Cubupckuii deiepajbHbIl YHUBEPCATET
Kpacnosipck, Poccuiickaa Pemepariust

Awnnoranusi. B pa6ore nosryden cnocod BeIYUCIEHNsT OUIIOISIPHOTO TUTIA, SHIOMOPMU3MA TPOU3BOIHLHOTO
rpyunona. IJist PPYIIIONI0B ¢ HOMAPHO PA3IMYHBIMU JIEBBIMHA CABUIAMU JIEMEHTOB (B 4aCTHOCTH, IPYII-
[IOUJIOB C MPABBIM HEATPAJIBHBIM 3JIEMEHTOM, MOHOUIOB, JIYI U TPYIIII) OMUCAHHBIA CIIOCOO BBIYHUCIEHUSI
OGUIIOJITPHOIO TUIA SHAOMOPMU3MA TPUBOIUT K KPUTEPHUIO HEMOBUXKHOM TOYKU JIAHHOTO SHIOMOPQMU3-
Ma. BBISICHMIIOCH, 9TO OGUIIOJISIPHBINA THI 9HAOMOPGMU3MOB I'DYIIION/A C IONAPHO PA3JINYHBIMU JIEBBIMHI
CIBUTAMHU COJIEPKUT BCIO MHMOPMAIINIO O HEMOABUKHBIX TOYKAX YHIOMOPGMU3MOB 3TOrO THUMA. YCTa-
HOBJICHO 0a30BO€ MHOYKECTBO HJIOMOPMU3MOB I'DYIIIIBI, COJIEPXKAIIEE BCE PErYJISAPHBIE ABTOMOP(MU3MBI.
Haitzen crioco6 Beraucsienust GUIIOISIPHOIO TUIIA BHYTPEHHEro aBroMopdusma Mononia. [losyyensr Bepx-
HUE OIEHKH TIOPSIKA MOHOH/IA BCEX IHAOMOPMU3MOB (M IPYIIIBI BCEX aBTOMOPGhU3MOB) anrebpandeckoit
CHCTEMbBI C KOHEYHBIM HOCUTEJIEM, KOTOpas obJiajaeT OMHAPHON ajredpandeckoi omepaimei.

KuroueBrsle ciioBa: rpynmnous, S510MopdU3M I'PYIIIONIa, aBTOMOPMU3M I'PYIIIONIA, OUIIOISIPHBINA THII
3HJ[OMOP(dU3Ma I'PYIIION 1A, OUIIOJISIPHBIR TUI PErYJISPHOIO aBTOMOpGdU3Ma, OUIIOJSIPHBINA THUII BHY TPDEH-
HEro aBTOMOpP(dU3Ma, KOHCEPBATHBHLIE OICHKU.
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Abstract. The paper considers the process of heat and mass transfer during the flow of moist air
and formation of frost in the inter-fin space of an air heat exchanger at temperature below 0°C. The
mathematical model is based on a system of stationary equations of gas dynamics that describes the
flow of moist air in a channel of variable cross section and on a non-stationary system of equations for
determining frost deposition on a flat surface. The results of computational modelling of the formation
of layer of frost on a surface of a fin with given temperature distribution are presented. It is shown that
temperature distribution of the fin surface has a significant influence on frost formation.

Keywords: frost formation, air heat exchanger, heat transfer coefficient, computational modelling.
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Introduction

Frost formation is observed on low-temperature surfaces of refrigeration units in contact with
moist air. The layer of frost on the working surfaces of air heat exchangers is one of the key factors
affecting efficiency of their work. Frost deposition negatively affects the efficiency of refrigeration
equipment due to appearance of additional thermal resistance and due to an increase in the
hydraulic resistance of the heat exchanger to the air flow when the flow section of the cooled
air flow is blocked by frost [1]. Accounting for the processes of frost formation is necessary
to choose the design and geometric parameters of finned-plate heat exchangers. Simulation of
growth process of the layer of frost allows one to set the optimal operation of the heat exchanger
without preventive defrosting.

The design of a thermoelectric cooling unit for ship refrigeration units and results of the study
of its characteristics were presented in [2]. The design of an air fin-plate heat exchanger of a
thermoelectric cooling unit and results of the study of heat and mass transfer in the exchanger
were presented in [3, 4]. Calculation of the temperature field and the heat transfer coeflicient
of the fin was carried out [3]. It was shown that thermal resistance of the air heat exchanger
exerts primary control over cooling capacity and coefficient of performance of the thermoelectric
unit. The process of frost formation on the surface of the fins was experimentally studied in
[4]. It was established that frost formation has significant effect on heat transfer characteristics.
The purpose of this work is to analyse and to model heat and mass transfer processes during
formation of frost layer on a flat surface of an air heat exchanger fin.

*ven@icm.krasn.ru  https://orcid.org/0000-0003-0689-2962
© Siberian Federal University. All rights reserved
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1. Computational model of the process of heat and mass
transfer in the inter-fin channel

Let us consider the process of heat and mass transfer in the case of a longitudinal flow of
moist air around the surface of heat exchanger fins with a temperature below 0°C. The space
region is a slit channel with constant cross section, and distance between the fin plates is 2d,
(Fig. 1). At the initial moment of time the channel is free of frost so the air flows over its entire
cross section. When moist air flows on the surface of fins a layer of frost with thickness d; is
formed. It reduces the height of the passage section of the channel 2§ = 2§y —2d;. The thickness
of the frost layer varies both in time and along the length of the channel. The computational
domain is highlighted in the figure by a dashed contour. The computational domain includes
zones of the air flow and the frost layer which have movable interface. Let us define systems of
equations that describe parameters of the medium in these zones.

X

Fig. 1. General view of heat exchanger fins (1) with frost layer (2) and computational domain
of the problem (highlighted by a dotted line); the arrow shows the direction of air flow

To describe the flow of moist air consider the system of one-dimensional gas dynamics equa-
tions for a channel of variable cross section [5, 6]

0(pS) | 9(pus)

ot or (1)
ApuS)  A(pu*S) = . Op _
ot + ox + Sax =0, 2)
I(peS) | O(pueS) = O(puS) _
o T Tar T Tar WY (3)

where ¢ — time, p, p, e, u — density, pressure, internal energy and air velocity, S — cross-
sectional area of the channel. The volumetric capacity of the heat sink gy is determined by the
heat exchange of the air flow with the surface of the frost layer. Equations (1)—(3) are used for
gas flows in flat or axisymmetric channels with a slightly changing profile.

Equations (1)—(3) are supplemented with the water vapour mass conservation equation

A(puS) + I(pvuS)
ot Oz

where p,, is the vapour density, j is the mass of vapour condensed for 1 s on the surface and recal-

= 7.7‘57 (4)

culated per unit volume of air flow. The effect of vapour in momentum and energy conservation
equations is not taken into account because of its negligible contribution (p, < p).

The speed of sound c¢ for the temperature conditions of the refrigerating chamber exceeds
300 m/s and the air flow velocity in the channel v < 3 m/s. Therefore, the air is considered in
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this problem as incompressible medium (u < ¢) [7]. In addition, the change in the thickness of
the frost layer is the slowest process in the channel. Therefore, the gas-dynamic flow at each
moment of time is steady (quasi-stationary) since it quickly adapts to the current profile of the
frost layer. Thus, system of equations (1)—(4) is rewritten in the form of a system of ordinary
differential equations

e o
d(puzn? +2) g, (©)
d(cpT(;;;u2/2) _ %’ -

where ¢p,, T' are isobaric heat capacity and air temperature. The boundary conditions for equa-
tions (5)—(8) are values of air velocity, pressure and temperature as well as the vapour density
in the inlet section of the channel.

The simulation of frost deposition on a flat surface was carried out using a frost growth model
based on analytical and empirical relationships [8, 9, 10]

. dmy o(w —wys)
T T T p ’ (9)
4/6.34- 1078 (w — wys)t2(Tys — T)p)
5y = : , (10)
¢p lo(w —wps) + 26p(T — Tys)]
Tyo =T, + AB [1+0.53 (0.0196A+ ﬁcfpf)], (11)
2¢cpA
a(T—TfS)\/i L(w — wys)
A " (T —=Tys))’ 12
m
f
\ 0.0131 [exp(0.0196Tf5 + 273) — eXp(0.0196Tp + 273)] (1 + 0.0134pf) (14)

Trs — T ’

where my is the specific mass of frost per unit surface of the fin (kg/m?), « is the heat transfer
coefficient of the frost surface (W/(m?K)), w, wss — moisture content of air and saturated air
at the surface temperature of the frost layer (kg/kg), T}, Tys — temperature of the fin plate
and the surface of the frost layer (°C ), p; — frost density (kg/m?®), B=0;/v/t — frost layer
growth factor (m/s%®) | L — latent heat of sublimation (J/kg). Equations (9)—(14) allow one
to calculate the values of my, oy, Ty, for a certain point in time and the current coordinate x
for given parameters a, w, wys, T, and T. The values w = p,/p and T are calculated from the
solution of equations (5)—(8). The value gy =a(Tys —T)/é in (7) is recalculated through surface
heat exchange with the layer of frost. The value j=ni;/d in equation (8) is determined similarly.
System of equations (1)—(14) is solved numerically, and distributions of gas-dynamic parameters
along the channel are calculated for each time step.
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2. Discussion of calculation results

The simulation of heat and mass transfer was carried out for a fin plate length of 0.15 m.
Temperature, velocity, and air pressure at the inlet are Tp = —10°C, ug = 3 m/s, pg = 101 kPa.
The air humidity at the inlet wg = 1.6-1073 kg/kg is corresponded to the moisture content of
saturated air at temperature Ty. Specified values of parameters approximately correspond to the
parameters of the experimental study of frost formation [4]. The temperature distribution along
the rib (along the x coordinate) can be uniform or have given profile. The temperature distri-
bution over the fin area can be measured or obtained with the use of computational simulation
3, 11].

One of the most important parameters that affects the process of heat and mass transfer is
the heat transfer coefficient of the frost surface a. This parameter is directly present in relations
(9), (10), (12), and it implicitly affects the value of gy on the right side of equation (7). Moreover,
the intensity of vapour condensation mis is directly proportional to . In the initial state, the
channel has a constant flow area along the length and the distance between fins is 26g. With the
growth of the layer of frost the flow area decreases non-uniformly along the length of the fin, and
velocity distribution also becomes non-uniform. The value of the heat transfer coefficient of the
frost surface o depends heavily on D=2§, flow velocity and thermophysical properties of the air.
Calculation of the heat transfer coefficient for smooth fins of plate heat exchanger with similar
process parameters was carried out in [3]. Using the same technique, the relationships between
heat transfer coeflicient of the surface and inter-fin spacing were obtained for various values of
the flow velocity. They are shown in Fig. 2., the curves show the speeds in m/s.

70

a, W/(m’K)

0 0.5 1 1.5 2 2.5 3 35 4
D, mm

Fig. 2. Relationships between heat transfer coefficient of the surface and inter-fin distance for
various values of the flow velocity (values are shown in the graph in m/s

Function «(D,w) is approximated using interpolation polynomials for use in the computa-
tional model. In addition, it is known that heat transfer coefficient of the frost surface differs
significantly from the value that corresponds to the smooth surface of the fin. During the forma-
tion of frost, the value of heat transfer coefficient o of the surface is affected by the roughness of
the frost layer. It was found that in the first hours of frost formation the heat transfer coefficient
increases by 1.6-1.8 times in comparison with its value for a smooth metal plate due to surface
roughness, and it is 20-25% over its value for a surface without frost in the steady state [12]. To
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take this into account in modelling, the value of the heat transfer coefficient of the frost surface
was increased by a factor of 1.5 with respect to (D, u).

The frost formation rate is characterized by the layer thickness d;(x) on the fin surface at
different moments of times. The layer thickness as a function of z is shown in Fig. 3 for §p=1.5
mm and uniform temperature distribution along the fin T),(xz) = —20°C. Curves correspond to
the following moments of time: 1 — 30 min, 2 — 60 min, 3 — 90 min, 4 — 120 min, 5 — 150
min. The most rapid growth of the frost layer occurs near the inlet section where the air flow
has a maximum moisture content. As the distance from the inlet section increases the thickness
of the frost layer decreases monotonically because vapour content in the flow decreases due to
its continuous condensation. Over time, the growth of the frost layer in the downstream part
of the channel slows down significantly. This is primarily due to two factors. First, a decrease
in the inlet gap 26 = 25y — 204 due to an increase in the thickness of the frost layer J¢ leads
to a proportional decrease in the total mass of steam entering the inter-fin channel. Secondly,
faster growth of the frost layer at the inlet leads to a decrease in the downstream flow velocity
according to (5) and a corresponding decrease in the heat transfer coeflicient which also leads
to slowdown in steam condensation. In the inlet part of the channel the heat transfer coefficient
increases with an increase in ;. This contributes to intense steam condensation. As a result
of the combined action of these factors the inhomogeneity of the thickness of the frost layer on
the fin increases with time. At time ¢ = 150 min, 93% of the cross-section of the channel at the
entrance is already blocked by the layer of frost, and only 20% of the output section is blocked.
In this inter-fin space an expanding channel is formed in which the air flow velocity decreases
from the initial 3 m/s to 0.26 m/s at the outlet.

1.5

dt’ mm

Fig. 3. Frost layer thickness versus x-coordinate at different moments of time: 1 — 30 min,
2 — 60 min, 3 — 90 min, 4 — 120 min, 5 — 150 min

Frost layer thickness d; monotonically decreases with x as as shown in Fig. 3. This is due
to the condensation of steam which leads to steady drop in the moisture content of the air as it
moves along the fin. Air humidity w(z) as a function of  is shown in Fig. 4 at different moments
of time: 1 — 30 min, 2 — 60 min, 3 — 90 min, 4 — 120 min, 5 — 150 min. A decrease in the value
of w leads to a corresponding decrease in the value of the difference w — w¢s which, according to
relations (9) and (10), determines the intensity of steam condensation and the thickness of the
frost layer. The moisture content of saturated air wys depends on the surface temperature of
the frost. It is equal to 6.3-10~% kg/kg at T = —20°C. Curve 5 asymptotically approaches this
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value on the chart. Such a sharp decrease in humidity as the inlet section of the inter-fin space is
closed is caused by a corresponding decrease in the air flow rate and the mass of steam entering
the channel. This small mass of steam is intensively condensed already at the initial section of
the fin. Therefore, the air humidity drops significantly over time when approaching the outlet
section, and increase in the thickness of the frost layer is insignificant.

w, 10 kg/kg

0.6 :
0 0.05 0.1 0.15

X, m

Fig. 4. Air humidity versus x-coordinate at different moments of time: I — 30 min, 2 — 60 min,
3 — 90 min, 4 — 120 min, 5 — 150 min

The rate of air cooling in the inter-fin channel of the heat exchanger depends on the difference
T(xz) — Tys(x). Air temperature as a function of z is shown in Fig. 5. The pattern of T'(x) is
similar to w(z) graphs shown in Fig. 4. This similarity is due to the similar form of relation (9)
which describes the process of steam condensation, and the expression for the value of the heat
flux coming from the air flow to the frost surface ¢ = a(Tts — T') which determines the value
of the air temperature T. As the inlet section of the channel is blocked the outlet temperature
approaches the value of the fin temperature.

-10

_12 L

0.05 0.1 0.15
X, m

Fig. 5. Air temperature versus x-coordinate at different moments of time: 1 — 30 min, 2 —
60 min, 3 — 90 min, 4— 120 min, 5 — 150 min

Temperature T¢s(x) is determined by the balance of convective heat exchange between the
frost surface and the air flow and thermal interaction with the fin surface through the frost layer.
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The frost surface temperature as a function of z is shown in Fig. 6 at different moments of time:
1 — 30 min, 2 — 60 min, 3 — 90 min, 4 — 120 min, 5 — 150 min. At the beginning of the
process when the thickness of the frost layer is small, the frost surface temperature varies slowly
with x, and the value of Ty, is close to the temperature of the fin surface. Then, the increase
of Ty, primarily occurs at the inlet section of the channel due to improved heat exchange with
the air flow and decrease in heat flow through the rapidly growing frost layer. Downstream, on
the contrary, temperature T, decreases over time to values close to the temperature of the fin
T, = —20°C since the air temperature here also has minimum values.

Fig. 6. Frost surface temperature versus x-coordinate at different moments of time: 1 — 30 min,
2 — 60 min, 3 — 90 min, 4 — 120 min, 5 — 150 min

The simulation results for a uniform temperature distribution along the fin showed that the
overlap time of the inter-fin gap is determined by the rate of frost deposition on the inlet section.
Let us consider the possibility of reducing the intensity of frost formation at the inlet section
by changing the temperature profile along the fin. Influence of the temperature distribution of
the fin surface on the rate of frost formation was established in experimental study [4]. Thus,
in experiments with the orientation of the heat exchanger layout which provides increased tem-
peratures at the initial section of the fin the time of overlapping the inter-fin gap with a layer
of frost has significantly increased. To determine the influence of the inhomogeneity of the tem-
perature distribution along the length of the fin T),(z) calculations were carried out with some
model temperature profile. At the same time, the temperature profile in the first third of the
channel changes linearly from —16°C at the inlet to —20°C at = = 0.05 m, and constant value
T, = —20°C is set for the rest of the fin. The thickness of the frost layer d¢(z) is shown in
Fig. 7 at moments of time: 1 — 60 min, 2 — 120 min, 3 — 180 min, 4 — 240 min. Comparing
Fig. 3 and Fig. 7, one can see significant effect of the temperature profile of the fin on the rate of
the frost layer formation. The inlet section with an increased temperature makes it possible to
significantly increase uniformity of the frost deposition along the length of the fin and to reduce
the intensity of the frost growth at the inlet. With this temperature distribution, the time for
which the channel is almost completely blocked increased from 150 min to 240 min. A similar
ratio was observed in experiments [4]. The analysis of §;(z) in Fig. 7 shows that there is still a
certain reserve for increasing this time by choosing the optimal temperature profile of the fin.

The efficiency of a heat exchanger is characterized by its ability to remove heat from the air
stream. The heat power removed from the air per unit fin width for the two profiles of the fin

-394 -



Evgeniy N.Vasil’ev Simulation of the process of frost formation. ..

df, mm

0 0.05 0.1 0.15
X, m

Fig. 7. Frost layer thickness versus x-coordinate at different moments of time with non-uniform
temperature distribution: 1 — 60 min, 2 — 120 min, 3 — 180 min, 4 — 240 min

surface temperature considered above is shown in Fig. 8. A fin with a uniform temperature
distribution has a slight advantage only for the first 30 minutes then a fin with a non-uniform
temperature distribution shows a higher efficiency. It takes 81 minutes to achieve efficiency of at
least 70% from the initial heat power for homogeneous profile and 136 minutes for a non-uniform
distribution. Thus, setting the temperature distribution of the fin with increased values near the
inlet part changes the rate of frost layer formation. It makes deposition of frost more uniform
along the length of the fin. As a result, this makes it possible to increase the duration of the
effective operation of a heat exchanger and to carry out preventive defrosting procedures less
often to remove frost from the surface of fins.

35

0 50 100 150 200 250
t, min

Fig. 8. Thermal power supplied from the air flow to the surface of the frost versus time for
uniform (1) and non-uniform (2) temperature distributions along the fin

Conclusion

A computational model is presented to describe the process of frost formation on the surface
of an air heat exchanger fin. Frost layer thickness, air temperature and humidity, frost surface
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temperature as functions of distance along the fin are obtained. A significant influence of the
temperature profile on the rate of frost layer formation and the efficiency of heat exchange
between the air flow and the fin surface was revealed. This generally corresponds to patterns
identified in the experimental study of the process. Taking into account technical conditions and
given operating mode, the proposed computational model can be used to optimize the design of
heat exchangers in refrigeration units.
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MoaenupoBaHue mpoliecca nHeeoOpa30BaHUS
Ha MOBEPXHOCTH pedpa TenjIo00MeHHUKAa

Esrenunii H. Bacuinen
WNucruryT Borauciauresbuoro mozgenuposanns CO PAH
Kpacnosipck, Poccuiickas ®eneparust

AnHoTaiuga. B pabore paccMOTpeH IpOIEce TerioMaccooOMeHa IpU TeYEHUHN BJIayKHOIO BO3/yXa U 00-
pa3oBaHUM WHEsI B MEKPEOEPHOM MPOMEXKYTKE BO3JIYIITHOIO TEIJIOOOMEHHUKA, UMEIOIIETO TEMIIEPATYPY
mmke 0°C. MaremaTnyeckass MOJEIb OCHOBAHA HA CUCTEME CTAIMOHADHBIX yPABHEHUN Ta30JMHAMUKHU
JIJIsI ONUCAHUS TEYEHUsl BJIAYKHOIO BO3/yXa B KaHaJje IEePEeMEHHOIO CeYeHUsl U HEeCTAI[MOHAPHON CHCTe-
Me ypaBHEHUI JIJIsl ONpeJIeJIeHNs] IMHAMUKN OCazKJIeHUs] UHes Ha IIJIOCKOH moBepxHOCTH. lIpeicraBiieHbr
PEe3yJIbTATHI BBIYUCIUTEILHOTO MOJEIUPOBAHUS TpoIecca (pOPMUPOBAHUsS CJIOsT WHEsT HA TMOBEPXHOCTH
pebpa, UMEIOIIEro 3aJlaHHoe pacipeieieHre TeMieparypbl. [loka3aHo cymecTBeHHOe BIUSHUE TeMIIepa-
TYPHOI'O pacupeesieHus IIOBEpXHOCTH pebpa Ha JUHAMUKY MHeeoOpa30BaHUSI.

KuroueBrbie ciioBa: nHeeoOpa30BaHUe, BO3IYIIHBIN TEMIOOOMEHHUK, KOI(PMUIINEHT TEIIOOTIAYH, BbI-

YUCJIUTEJIbHOE MOAEJINPOBaHHUE.
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Abstract. The inverse problems on finding the unknown lower coefficient in linear and nonlinear second-
order elliptic equations with integral overdetermination conditions are considered. The conditions of
overdetermination are given on the boundary of the domain. The continuous dependence of the strong
solution on the input data of the inverse problem for the linear equation is proved in the case of the mixed
boundary condition. As to the nonlinear equation, the continuous dependence of the strong solution on
the overdetermination data is established for the inverse problem with the Dirichlet boundary condition.

Keywords: inverse problem, elliptic equation, integral overdetermination, continuous dependence on
input data.

Citation: A.V. Velisevich, A.Sh. Lyubanova, On the Stability of the Solutions of Inverse

Problems for Elliptic Equations, J. Sib. Fed. Univ. Math. Phys., 2024, 17(3), 398-407.
EDN: VUWGFQ.

Introduction

In this paper the stability of the solutions of two inverse problems for second order elliptic
equations are considered.
Problem 1. For given functions f(x), 8(z), h(z), a(z) and a constant p find the pair of functions
u and constant k, satisfying the equation

—diviM(z)Vu) + m(z)u + ku = f, (1)
the boundary condition

<§;‘[ n a(x)u> ’aﬂ — B(), 2)

and the condition of overdetermination
/ uh(z)ds = p. (3)
o0

Problem 2. For given functions f(z),8(z), h(x) and a constant p find the pair of funtcions u
and constant k satisfying the equation

—diviM(x)Vu) + m(z)u + kr(u) = f, (4)

*velisevich94@mail.ru
flubanova@mail.ru
© Siberian Federal University. All rights reserved
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the boundary condition
uloq = B(z), (5)
and the condition of overdetermination
/6 ) %h(m)ds — (6)
Here 2 NR" is a bounded domain with a boundary 9Q € C?, M(z) = m;;(z) is a matrix
of functions m;;,4,7 = 1,2,...,n, m(z) is a scalar funtcion, oA (M(z)V,n),n is the unit
vector of the outward normal to the boundary 0f2.

A main goal of this paper is to establish stability (in the sense of continuous dependence
on the source data) of strong generalized solutions of Problems 1 and 2. The conditions of the
solvability and uniqueness of solutions to Problems 1 and 2 were established in [1,2]. The proof of
the existence and uniqueness of the solutions follows the method developed by A.Sh. Lyubanova
and A.Tani in [3,4] where inverse problems with integral overdetermination conditions were also
considered. The method is based on the idea of reducing the inverse problem to an operator
equation of the second kind for the unknown coefficient [5].

Practical interest in such inverse problems is due to many applications in the theory of
diffusion and filtration [6] as well as the fact that filtration processes tend to stabilize over
time [7]. The steady fluid flow in a fissured medium is described by a stationary equation in
which the pressure u, coefficients and the right-hand side are independent of ¢. In general, the
stationary equation of the compressible fluid filtration has the form

—div(k(z,u)Vip(u)) +y(z,u) = f, r €1, (7)

where k(z,u) is a matrix of functions, ¥ (u) u v(z,u) are scalar functions, ! C R™ is a bounded
domain with the boundary 992. An example of a diffusion model is the problem of finding the
concentration of a pollutant in the environment [8]

—AAu+ vVu + ku = f, uloo = B,

where k is a value characterizing the breakdown of a pollutant due to chemical reactions, A is
the diffusion coefficient, f is the bulk source density, v is the velocity vector.

The study of the inverse problems for the elliptic equations goes back to fundamental works
of M.M. Lavrentiev [9-11]. Various issues related to coefficient inverse problems for the linear
and nonlinear equations (7) were discussed in [11-22]. Problems of finding highest coefficients
of (7) from additional boundary data on 9 or on some part of 9 are of particular interest.
In [15,16,20] this problem is considered in the case of ¥(u) = u, v(z,u) = 0, k(z,u) = kE,
E is the identity matrix, and function & is unknown. It is assumed that k = k(z) [15,16], or

k = k(u) [20]. The overdetermination condition is kg—z ba v(z) for the Dirichlet boundary

problem and ulgg = v(x) for the Neumann boundary problem. The pioneering work in this
line is Calderon’s one [16] where the inverse problem of finding the unknown k(x,u) = k(x)
with such overdetermination condition was first discussed and an approximate representation
was suggested for the unknown coefficient close to a constant.

Problems of recovering unknown lowest coefficients in elliptic equations have been considered
by many authors. The works of [8,12,21-23] should be noted here. In these works, unknown
coeflicients are recovered from information on the values of some integral operator over the whole
domain or the solution trace on some surface inside the domain in which the problem is solved.
Integral conditions on the boundary were not considered in such problems.
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1. The preliminaries

We use the following notations: || - ||r, (-,-)g — the norm and the inner product in R™; || - ||,
(-,-) — the norm and the inner product in L*(2); || - [|;, (-,-), — the norm in W3 (Q), j = 1,2,

and the duality relation between W3 () and W5 '(Q), respectively, || - ||;41 /2 — the norm in

Wit2(00), s =0, 1.
Let us introduce the linear operator M : W} (Q) — (W3 (Q))* of the form

M = —diviM(z)V) + m(z)I,
where [ is the identity operator. We use the notation

<M’U1,U2>M = /Q((M(x)Vvl,va)R + m(z)vivg)dz

for any vy, vy € W4(£), and reason that the following assumptions of the operator M are fulfilled.

I my(x), Omy; /0 ,4,5,0 =1,2,...,n, and m(z) are bounded in Q. Operator M is strongly
elliptic, that is, there exist positive constants mg and m; such that for all v € W3 ()

mollvllf < (Mv,v),, <mallolf.

II. M is self-adjoint, that is m;;(z) = mj;(z) for i, =1,...,n.
We also impose restrictions on function r(p).

ITII. The function r(p) is continuous and strictly monotone (—oo, +00), that is for all p;, py €
(_007 +OO)7 P1 7& P2,
(r(p1) = r(p2))(pr = p2) > 0,
and r(0) = 0.

IV. For all p € (—o0, +00)
Ir(p)| < CrlpP~. (8)

Here C, > 0, p — constants, p > 0 when n < 2 and 0 < p < n/(n — 2) when n > 2.

V. For any number R > 0 and funtcions vy, v2 € W3 (£2) such that [vill L2o-1 () S Ry i = 1,2,
the inequality
[r(v1) = r(v2)]| < e(R)l[or = vallx

is valid where constant ¢(R) > 0 depends on R.

By the solution of Problem 1 is meant the pair, consisting of a function v € W2(Q) and a
constant k > 0 which satisfies the equation (1), the boundary condition (2) and the overdeter-
mination condition (3). By the solution of Problem 2 is meant the pair involving a function
u € W2(Q) and a constant k > 0 which satisfies the equation (4), the boundary condition (5)
and the overdetermination condition (6).

We define the auxiliary funtcions a,a?,b,d,d” and g as a solutions of the problems

Ma = f(a) (;V " a(x)a) = Ba )
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Ma® +0a® = f, (ZC]L\; + a(m)ag> . = B(); (10)
Mb =0, (;}Iz] + a(x)b) ” = h(x); (11)

Md = f(z), dlaa = B(z); (12)

Md" +7r(a”) = f(z), d"|aq = B(z); (13)

Here ¢ > 0, 7 > 0 — real numbers.
Existence and uniqueness theorems for strong solutions of the inverse Problems 1 and 2 were
proven earlier in [1,2]. For the sake of convenience, we give their formulations.

Theorem 1 ([1]). Let 92 € C? and assumptions I and II be fulfilled. Suppose also that
() f(2) € LX(Q), Bla), h(x) € W,*(09), alz) € C(OQ);

(ii) f(z) >0 almost everywhere in Q; B(z) >0, a(z) = 0, h(z) > 0 for almost all x € IQ and
there is a smooth piece T' of the boundary 02 and a constant § > 0 such that 8 > 6 and
h > 9§ almost everywhere in L.

Then Problem 1 has a solution {u,k}, if

mO(aa b)2
0<p—d< D02
lall[lol
where ® = [ ahds, and the estimates
o
o <u<a, 0<k<o, |uls<Clo+1)al+ als, (15)
holds for some o > 0, constant C depends on mesS), o, mg and my. Moreover, if
mo(a,b)?
o<puy—"d< ———— (16)
[lalllloll

then the solution of Problem 1 is unique.

Theorem 2 ([2]). Let assumptions I-V be fulfilled. Suppose also that
(i) f(2) € L2(Q), Bla), h(z) € Wy'*(99);

(ii) f(z) = 0 almost everywhere in ; B(x) = 0,h(z) = 0 for almost all x € ON and there is
a smooth piece T' of the boundary 92 and a constant § > 0 such that § > 6 and h(zx) > ¢
almost everywhere in T.

If
my (T’(d),g)2
468 Cf/(p—l) \I/’
where ¥ = c(||d|| L2o-2(0)) |1 ||lgll1; co — embedding constant W3 (S2) in LP(Q), then the problem
(4)-(6) has a solution {u,k}, and estimates

0<k<7, & <u<d,  Julla <C(r G |[dIf™" + |ldll) + 1 dll2- (17)

holds for some ™ > 0, with a constant Cyy, depends on mg, T and mes{). Moreover, if

ma (r(d), g)°

OgQE(fag)7<Mdag>l+u<Wa

then the solution is unique.
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2. Stability of the solutions of inverse problems

The main results of the work are theorems on the continuous dependence of strong solutions
on the input data of the above inverse problems.
Let us consider Problem 1.

Theorem 3. Let assumptions of Theorem 1 be fulfilled and a pair {u;, k;} be the unique solution
of Problem 1, where f = f;,8 = Bj,h = h;, and = p;,5 = 1,2. Then the estimate

ur — uzll2 + k1 — k2| < K(lp1 — p2| + 1 f1 = foll + |81 — Ballzj2 + |1 — halli/2) (18)
holds with a constant K > 0.

Proof. Let a;,a%,b; are solutions of problems (9), (10), (11), where f = f;,8 = B;,h = h;,
J = 1,2. It was shown in [1] that k; is the solution of the operator equation k; = A;k;, where
Ajk; is determined as

ti —
Ak, =% 1
ik (uj,bj) 19)

where ®; = [ a;jh;ds, and o is given by the relation
o0

Vvmo((aj,b5) — /D)
Nasllbs] (20)

0 =

with

A — D) as b
D; = (a]‘,bj)2 _ (15 JT,)JGJHHZ)]” >0,
V10

Estimating the right side of the difference

Dy — Py + p1 — 2

(ug —u1,b1) — (u1,by — b2)

k1 — ko = A1ky — Agky = +/€2[

(u1,b1) (u1,b1)
in absolute value with (15) and the relation [1]
o
(u1,b1) > (af,b1) = (a1, b1) = (a1 — af,b1) > (a1,b1) — —=|la [[[|ba]| > 0,

NG
we come to the inequality

Fa/mol|ba [|[|ur — uall
Vmo(a, by) = o fla[[|ba]|”

where positive constant K depends on mg, mesQ, u;, ®;, ||a;l1, |bjll1, j = 1,2.

On the other hand, difference u = uy; — uy satisfies the relations (1)—(2), where k = kq,
f = (ka—ki)uz + f1 — fo and 8 = B1 — Ba. Using (15) and (19), for u;, k; when a = a; and
o =o0j, j=1,2, and also estimate [24]

k1 — k| < Ki(Jp1 — pa2| + |1 — Po| + [[by — b2||1) +

(21)

[oll2 < Car (| Mo]| + [Jo]]), (22)

valid for all v € W2 (Q) (N W2(€2), we obtain

1
lur — uall1 < mf(m\lcu — az|| + k1 — ka|l|as]]) + lla1 — az2||1,
0
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(o1llar — az|| + [k1 — kalllas]]) + [[a1 — az|l2- (23)

llur — usllz < Cum(mo +1)
m

Without loss of geberality, it may be suggested that k; > ko. Then (15), (16), (20) for j = 1 and
(21) lead to inequality

k1 — ko| < K> [|M1 — p2| +[P1 — Pof + [|b1 — b2||1}7 (24)
where K5 depends on Ky, mg, o1, ||a1]|. For a; — as and by — by, we have [25, Chapter 2]

lar — azll; < Ca(llfr = foll + 1181 = Ballj—1/2), 7=1,2, (25)
b1 — b2|l1 < Cillhy — hall1/2, (26)

where constants C; > 0, i = 1,2, depend on n, mg, m; and mes§2. Taking into account definition
of ®;, j =1,2, and relations (23)—(26), we come to the estimate (18). Theorem is proved. O

Let us turn our attention to the theorem on stability of the strong solution of Problem 2.

Theorem 4. Let the assumptions of Theorem 2 be fulfilled and a pair {u;,k;} be a solution of
Problem 2 where p = pj;,j =1,2. Then the estimate

llur — wallz + k1 — k| < Hlpa — po (27)
holds with a constant H > 0.

Proof. Let d] be the solution of (13) with 7 = 7;, j = 1,2, where

d — /G- TI]/(pfl)
= WDD VLI G, (), 92— a0, F B,
QQj OTI?/(P ) CIS i} mo

and
Qj = (f,9) — (Md, g} + p;.

As was shown in 2], k; is a solution of the operator equation

hy = By = —4 (28)

(r(u;),9)

For the sake of convenience, we denote by {1, k} the difference of solutions {uy, k1 } and {uz, ko }.
k is a solution of the equation

%o = Byky — Boky — Qi Qe _ (Q1 — Q2)(r(u1),9) — Q1(r(ur) — 7‘(“2)’9)’

(T(u1>7g) (T(UZ)ag) (T(ul)vg)(r('uﬂ)vg)
or, by the defenition of @); and (28),

Q1 —

(’I‘ U‘Q)vg) (T(U‘Q)vg) (T(u2)7g) (r(ug),g)

Let us estimate the last term of the right side of the resulting relation by absolute value, taking
into account (8), (17), (28), assumption V and the inequality [2]

Q2 ki(r(u) —r(uz)g) _ m—p2 kalr(u) —r(us),9) (29)

];:

p/(p—1)
g

(r(u2),9) = (r(d), g) + (r(d3) —r(d), 9) > (r(d), ) — 7 ldllzo-2) 117~ g1
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Without loss of generality one may suggest that k; < ko. We have

Ba(r(u) = r(ua),0) | l(r(wn) = r(ua),9)
) =P e S

mo(r(d),g)* c(ldl| p2v—2) lur — a1 gl
4CE/ D B ((r(d), g) — 72CP P By =te(||d]| o2 () )5 lg]1)?

mO(T(d)a 9)2

= - - lua = welfr. (30)
CH Vel (r(d). 9) + VC)?
On the other hand, difference {1, k} satisfies the equation
Ma+ ky(r(uy) —r(ug)) = (k2 — k1)r(ug) (31)
and the boundary condition
ﬂ|aQ =0. (32)

Then multiplying (31) by % in terms of the inner product in L?(Q) and integrating by parts in
the first term with regard to (32) give

(Mu,w)y + ki (r(u1) — r(uz),u) = (k2 — k1) (r(u2), @). (33)
We estimate the right-hand side of (33) by the absolute value using the embedding theorem
WH(Q) in LP(Q) and (8).
|(ka = k) (r(ug), @) < CF/ P |ky — ka|[Jua|7, (o 1] Lo () <

021”/(1” 1) 217
2my
By the assumptions I — V, the equalty (33) and the last relation lead us to the inequality

_ 1 my .,
< PO [y — bl s < ks — kP2 + 2 a2

Cp/(p 1)Cp
[[FIES T"Ildllp kg — - (34)

Combining (29), (30) and (33) we obtain the estimate

-l (r(d),9)°
S 9+ vE T ((d).g) + VCa

31kl

which implies that

|];:| < (T(d)7g) + \/G72 |M1 o
T VG(2(r(d), g) + VGo)

Inequalities (34) and (35) give us an estimates

P LD VG
m VG 2(r(d), g) + VG T

all, <

and in view of IV
[r(u1) — r(u)|l < e(||d]| L2r—2(0))llur —u2| <

(r(d),g) + VG2

C’p/(l) 1)Cp )
VGa(2(r(d), )+W)|ﬂl pa| = Cslpr — pa.

< T\Idllp Yol d] pe-2(0)
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We

We now multiply (31) by M@ in terms of inner product in Lo.
[Ma))?* = (ks — k) (r(uz), M) — ki (r(ur) — r(uz), Ma).

estimate the right hand side of the last relation taking into account (35). This gives

| (kg = k1)(r(ug), M) — ki (r(ur) — r(uz), Mu)| < %(Tlcs\m — 2| + [kl (u2)])* + %IIMﬂH2 <

r(d),9) +v/Cs >2| ol
VG (2(r(d), g) + VG /) TR

1
< 5 (7'103 +

whence, due to the inequality (22), we obtain the estimate

i (r(d),g) +VGo  CP/P Ve (r(d),g) + VG
Il <G (TlC” V@), v T e @<2<r<d>,g>+\/@> i =l
Theorem is proved. g

This work is supported by the Russian Science Foundation, the administration of the Kras-

noyarsk krai, and the Krasnoyarsk Regional Science Foundation (grant no. 22-21-20028).
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OO0 ycroifumBOCTH pellleHnii HEKOTOPhIX OOpaTHBIX 3a1a4
JJISI JUINITUYECKUX YPaBHEHUII

Anekcanap B. BeinceBuu
Awnna I11. JIro6banoBa

Cubupckuii desepabHbIil YHUBEPCUTET
Kpacnosipck, Poccuiickas Pereparimst

Amnnoranus. B pabore paccmarpuBaroTcst 00paTHbIE 334291 OTHICKAHIS HEU3BECTHOI'O MJIAIIIErO KO3(h-
durmenTa B JIMHEHHOM U HEJIMHEWHOM JITUIITHIECKUX YPABHEHUSX BTOPOTO MOPSI/IKA C MHTETPAJTHHBIMA
YCJIOBUSIMU II€PEOIIPEIe/ICHISI Ha TPAHUIIE UCCiienyeMoit obsactu. s auHefiHOro ypaBHEHHUs J0Ka3aHa
HEIIPEPBIBHAS 3aBUCHMOCTD CUJILHOTO PENIEeHMsI 0OPATHON 3a/1a41 OT €€ UCXOQHBIX JAHHBIX B CIIydae CMe-
MTAHHOTO TPAHUIHOTO ycaoBusi. [IjIs HeTMHERHOTO ypaBHEHUS YCTAHOBJIEHA HEPEPBHIBHAS 3aBUCHMOCTD
CIJIBHOTO DellleHus 0OpaTHON 33/1a4i C TPAHUYHBIM YCJIOBHEM IIEPBOIO POJa OT JAHHBIX II€PeoIpesee-
HUS.

KuroueBrbie cioBa: obpaTHas 3a/1ad9a, SJIUINTHIECKOE yYDPABHEHUE, WHTEIPAJIBLHOE TIEPEOIpPe/Ie/IeHue,

HEIIpepbIBHAA 3aBUCUMOCTD OT BXOIHBIX JaHHBIX.

- 407 -



Journal of Siberian Federal University. Mathematics & Physics 2024, 17(3), 408414

EDN: UVEYUR
VIIK 517.10

Collatz Hypothesis and Planck’s Black Body Radiation

Nicola Fabiano*
Nikola Mirkov'

"Vinéa" Institute of Nuclear Sciences — National Institute of the Republic of Serbia
University of Belgrade
Belgrade, Serbia

Stojan Radenovié¢!
Faculty of Mechanical Engineering
University of Belgrade

Beograd, Serbia

Received 10.02.2023, received in revised form 13.01.2024, accepted 01.03.2024

Abstract. The Collatz conjecture is considered and the density of values is compared to Planck’s black
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1. The Collatz conjecture

The Collatz conjecture starts from a very simple function. For N € N define C(N) as

N .
C(N) =] 2 if N even, (1)
3N +1 if N odd.

This function applied recursively creates a sequence. Translating C(N) to a sequence {a; }ien,
applying recursively the operation starting from a positive integer N one could write a; as follows:

N fori=0
a; = . (2)
C(ai_l) fori >0,

so that a; = [C(N)]".
For instance, starting from N = 7, the obtained sequence is

7,22,11,34,17,52, 26,13, 40, 20, 10, 5,16, 8,4,2,1 |
while starting from N = 1236 the sequence is

1236, 618, 309, 928, 464, 232, 116, 58, 29, 88, 44, 22, 11, 34, 17, 52, 26, 13, 40,
20,10,5,16,8,4,2,1 .
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The sequence is concluded when it reaches the number 1. For the examples above, for 7 the
sequence is concluded after 17 steps, while 27 steps are needed for 1236. Clearly, for a number of
the type N = 2F, k € N, 1 is reached after k steps. The number of steps necessary for reaching
1 is called total stopping time.

The conjecture of Collatz (1937) [1] states that function (1) starting from any natural number
has a finite stopping time. Until today the conjecture has not been neither proved nor disproved.

There is plenty of literature on the subject, see for instance [2-6].

We are here concerned with the problem of total stopping times and its distribution. In Fig. 1
we have shown total stopping times for different starting values of V.
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Fig. 1. Total stopping times for different starting N

A different kind of plot for total stopping times is shown in Fig. 2. For fixed NV, total stopping
times are shown with respect to frequencies. The latter results suggest a parallel to a well-known
problem in physics.

2. Planck’s radiation

Suppose to have electromagnetic radiation (that is, photons) at equilibrium inside a cavity of
volume V' at a temperature 7. This system is known as "blackbody cavity". As is well-known, the
free electromagnetic field can be written as a sum of harmonic oscillators at a fixed frequency v.
From the quantum theory each oscillator, that is each photon of frequency v can only have
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Fig. 2. Histograms for N = 10 of total stopping times with respect to frequencies for different
bin widths

1
energies (n’ + i)hlj’ for n’ € N. The partition function of this system at the temperature T,
B =1/kpT can be written as

“+o0
1
7= —Bhwn') = ——
,;oexp( Bhn') = T (3)
The average energy for a photon of frequency v is given by
d hv exp(—phv) hv hv

E = —71 Z = = = . 4
(B) = =352 = T o)~ exp(Bhe) =1 explhw[(hpT)] = 1 )

The photon of frequency v has a momentum 5= (h/27)k, and k = |k| = (27 /c)v. For a volume
V' the number of momenta between k and k + dk is given by

v
2. oV 2
(277)387rk dk 78%031/ dv .

The internal energy U of the system is given by
+oo hu3

Vo[tee ) 1%
U=8r— Eyvedy = 8n— d
7r03 /0 (B dv 7Tc3 0 explhv/(kpT)] — 1 Y

so that the internal energy per unit volume is

U Hoo
V= /0 u(v, T)dv , (5)

with 5
h v

u(v, T)=8n | — , 6
(v T) = 8 <c3> explhv/(kpT)] — 1 (6)
this is famous Planck’s radiation law of photon energy density at frequency v [7]. Performing
integral (5) one observes that U/V increases with temperature as 7%, obtaining the Stefan—
Boltzmann law for the power radiated from a black body.

Planck’s function (6) has, remarkably, the same behaviour as the total stopping times with
respect to frequencies shown in Fig. 2.

In Tab. 1 we have shown the equivalence between Collatz distribution of total stopping times
and Planck’s radiation density.
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Table 1. Translation table Collatz—Planck

Collatz — Planck
Frequency — Photon frequency
Total stopping time <+— Black body radiation density

The results of the comparison of total stopping times and Planck’s radiation density are
shown in Fig. 3 for different values of starting V.

One could observe that the agreement between the two functions increases with increasing
N, and also that Planck’s radiation overestimates a little the decrease of stopping times with
respect to N.
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Fig. 3. Histograms: Total stopping times with respect to frequencies; Functions: Planck’s black
body radiation density with respect to photon frequency

From those results, formula (6), and with the aid of Tab. 1 we could infer that total stopping
time goes to zero with increasing photon frequency v at least as

Total stopping time ~ v exp(—v) . (7)

Fig. 4 show the scaling of total stopping times with respect to the logarithm of starting N,
n = log(N)(~ 2.31In(N)), and the scaling of temperature T of Planck’s radiation density with
respect to n, respectively. The temperature is related to the longest stopping time, that is the
peak of graphs in Fig. 3. Fig. 4a shows a fairly linear scaling of total stopping times with the
logarithm of starting IV, that is

Total stopping times ~ log(N) . (8)
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Fig. 4b shows an almost perfect linear scaling for temperatures, or maximum values of total
stopping times with the logarithm of starting N:

Temperatures ~ log(N) . (9)

From Stefan-Boltzmann’s law we could also deduce that the sum of total stopping times
scales with the fourth power of log(N):

Z (Total stopping times) ~ (log(N))* . (10)

All these results, although they are not proofs, show that for a finite N total stoppings times
are finite, and their sum is finite as well, thus supporting Collatz’s conjecture.
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9 35 | n
g 1 e
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2 ]
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= £ 25t 4
2 2
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(a) Total stopping times (b) Temperatures

Fig. 4. (a): Scaling of total stopping times with respect to starting value of n, n = log(N);
(b): Scaling of temperatures with respect to starting value of n, n = log(N)

3. Collatz generalisation

Define the generalisation of Collatz C'(¢, N) as
N

Clg,N)=<{ 2 if N even, a1)
gN +1 if N odd.
wich has fixed points x = 0 and = —1/(q — 1) respectively. For even N behaves as usual, so
we have to focus only on odd N. Let g be even, ¢ = 25. For odd N = 2m + 1 one has
2j2m+1)+1=2[j(2m+1)]+1
which is again odd and grows without bounds. Therefore, ¢ has to be odd, ¢ = 2j + 1.
For N = 2m + 1 we obtain
2/ +1)2m+1)+1=2[(2j+1)m+ (j +1)] (12)

which is even. Using the notation — as "transforms to" we obtain Tab. 2. Actually the original
Collatz function loops on the sequence 4, 2,1 for any N, so one could say that the conjecture is
verified when any N € N enters this loop.
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For g > 3 the situation is different, probably due to the fact that observing Tab. (2), and (12),

the ratio .
27 +1

Jj+1

is larger than 3/2 so the sequence reaches fewer odd numbers with respect to even numbers.

Table 2. Transformation table for Collatz generalisation

i aqa (@m+1)—
1 3 2B3m+2)
2 5 205m+3)
3 7 20Tm+4)
49 209m+5)

In the case ¢ = 5 we have various different loops than the usual 4,2, 1.
For N =5:
5,26,13,66,33,166, 83,416, 208,104, 52,26, 13, . ..

For N = 13:
13,66, 33, 166, 83, 416, 208, 104, 52, 26, 13, 66, . . .
For N = 15:
15,76, 38,19,96,48,24,12,6, 3,16, 8,4,2,1,6, 3,16, 8,4, ...
For N =17:

17,86,43, 216, 108, 54, 27, 136, 68, 34, 17, 86, . . .

While for other values C(g, N) diverges, like N =7,9,11,14,18,... .

For ¢ > 5 the situation worsens drastically, and C(q, N) diverges already for N =5, C(q,5),
for values of ¢ =9,11,13,15,17,19,21,...,211,... .

One could conjecture that only the Collatz case ¢ = 3 has no divergencies and an unique
loop, 4,2,1, while for ¢ > 3 there exist more loops separated by some divergent points.
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Abstract. Bilayer convective flows of liquid and gas-vapour mixture in an inclined channel are mod-
elled when heat and mass transfer at the thermocapillary interface is taken into account. Mathematical
modelling is based on the exact solutions of special type of the Navier-Stokes equations in the Oberbeck-
Boussinesq approximation with the Soret and Dufour effects in the gas-vapour layer. Inclined or horizon-
tal position of a channel and direction of the boundary thermal load determine a form of exact solution
and algorithm of its construction. Examples of velocity profiles, temperature and vapour concentration
distributions in the «ethanol — nitrogen» system are presented. Results of comparative analysis of the
two-layer flow in the system positioned horizontally and by small inclination from the horizontal level are
also presented. The influence of the thermal load intensity on the flow and mass transfer characteristics
is studied.
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Introduction

Convective flows of liquids are often observed in the natural and technological processes. One
of the main mechanisms that determines the character of such flows is the heat and mass transfer.
In addition, the reciprocal effects of the diffusive thermal conductivity and influence of thermod-
iffusion on fluid flows induced both by temperature and concentration inhomogeneities [1].

The interest in construction of exact solutions describing convective flows with interfaces is
motivated by possibility to analyse the influence of various parameters of the problem on the
processe. This allows one to identify the dominant mechanisms that influence the flow topology,
to improve experimental techniques, and to predict the results of experimental study of dynamics
of liquids and co-current gases [2]. Because problems of convective heat and mass transfer are
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generally non-linear construction of their exact solutions can be rather interesting problem from
the mathematical point of view.

Nowadays, there are quite many works devoted to the construction of exact solutions that
describe flows of thermally conductive fluids. Special solutions for one-directional flows were
proposed [3, 4]. The group nature of solutions obtained in [4] was revealed in [5]. Generalization
of the proposed solutions for the non-stationary case in a plane layer and in rotating tube was
proposed [6]. The example of exact solution describing flow of one-directional binary fluid was
proposed in [7].

Due to non-linearity of the system of the Oberbeck-Bussinesq equations, the introduction
of additional effects or parameters complicates the process of problem solving. Construction of
exact solutions in such case is connected with generalization of known solutions. Construction
of exact solutions describing the two-layer flows in a «liquid-liquid» system subject to mass
transfer in a horizontal channel was presented [8]. The process of liquid vaporization into the
gas-vapour layer under closed flow conditions was considered in [9]. Modelling of the bilayer flows
in relation to given gas flow rate in the upper layer was carried out in [10]. The diffusive thermal
conductivity effect in the gas-vapour layer and thermodiffusion process were taken into account
in [11]. The stability issues of the presented exact solutions were studied [12, 13]. Comparison
of analytical results concerning liquid evaporation into gas-vapour layer with experimental data
was presented in [11].

In addition, geometry of a flow domain complicates construction of exact solutions of the
Navier-Stokes equations in the Oberbeck—Boussinesq approximation. Mathematical modelling
in horizontal, vertical and inclined layers was carried out [14]. A variant of such solution was
proposed for the problem of fluid flow in an inclined channel with moving solid boundaries
on which longitudinal temperature gradient is given [15]. Bilayer «liquid-gas» systems with
evaporation at the thermocapillary interface and given inclination angle of the channel were
considered [16]. Here, it was assumed that condition of total vapour absorption is satisfied on
the upper channel wall.

This paper presents exact solutions of special type of the Navier—Stokes equations in the
Boussinesq approximation. They describe flows in an inclined channel filled by liquid and gas-
vapour mixture. It is assumed that thermocapillary interface is non-deformable (see [12, 17]).
The Soret and Dufour effects are taken into account in the upper layer of the system, and the
gas flow rate is given. The condition of zero vapour flux is chosen on the upper channel wall.
The obtained solution is compared with the solution for the horizontal layer [11, 18]. The impact
of physical and geometrical parameters of the problem on the flow patterns is studied.

1. Problem statement of convection in an inclined channel
in the case of non-deformable interface

1.1. Governing equations

The stationary flow in «liquid—gas» system in an inclined layer with solid impermeable walls
is studied. A viscous incompressible liquid and a bi-component mixture of gas and vapour occupy
an infinite channel. The thicknesses of the layers are fixed and equal to [ and h, respectively
(see Fig. 1). The Cartesian coordinate system is positioned in such a way that interface which
remains non-deformable is determined by the equation y = 0. The mass force vector g is directed
at the angle ¢ with respect to the substrate (g = (gcos ¢, —gsin ¢)). Note that inclination angle
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from the horizontal plane is defined as (7/2 — ). Vapour is a passive impurity in the gas phase,
i.e., it does not affect the properties of the gas.

Fig. 1. Flow area geometry

Mathematical modelling of the liquid and gas-vapour mixture flows is carried out by using the
Navier—Stokes equations in the Oberbeck—Boussinesq approximation. The vapour concentration
function ® satisfies the diffusion equation. The Soret and Dufour effects are taken into account
in the upper layer.

The exact solutions of the governing equations are constructed in the special Ostroumov-
Birikh form [3, 4] (see [8]):

where u; and v; are projections of the velocity vector on the Cartesian coordinate system axes,
p; is modified pressure or deviation from the hydrostatic pressure (p; = p; — p; g - X, x = (2,y),
p; — pressure, p; — density), T; — temperature, & — vapour concentration in the gas, A, B —
parameters defining longitudinal gradients of temperature and vapour concentration, ¥;, ¢ —
terms included in the definition of functions T; and ®, and they depend only on the longitudinal
coordinate. Hereinafter, ¢ defines the number of the system layer: functions and parameters
describing the fluid flow are marked by i = 1, gas-vapour mixture by ¢ = 2. It should be
noted that Birikh solution which is a special case of solution (1) has experimental and numerical
confirmation (see, for example, [19]). In addition, the results obtained using solution (1) are
confirmed by experimental data in [2, 11].

The system of equations describing flows in the lower layer filled with one-component fluid is
written as follows (1):

1 1 .

p*pll e = V1Ulyy — gcos pPiTh, ;Pﬁ y = gsinppi T, u1The = X111 yy- (2)
1 1

In the upper layer containing gas and vapour mixture the system of governing equations

should be supplemented by the diffusion equation for the vapour concentration function:

1 1 .
—Phy = Vallayy — gcos p(BoTy +7®), ;péy = gsinp(BoT2 +7®), 3)
2

P2
UQTgw = X2T2 Yy + X25q)yya UQ(I)I = Dq)yy + OéDTg Yy
In equations (2), (3) the following notations are used: v; — kinematic viscosity coefficients,
B; — thermal expansion coefficients, y; — heat diffusivity coefficients, v — concentration density

coeflicient, D — vapour diffusion coefficient in the gas, coefficients o and § characterize the Soret
and Dufour effects, respectively.
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1.2. Boundary conditions

Let us formulate the conditions on the boundaries of the system. The no-slip condition for
velocity should be fulfilled on solid walls of the channel:

urly=—1 =0, uzly=p =0. (4)
The linear thermal regime is set on channel walls:
Tily——r = Az +97, Taly—p = Az + 9T, (5)

Here 9~ and 9+ are some fixed constants.
Vapour concentration function ® satisfies the condition of zero vapour flux at the boundary
y=h:
(®y + aToy)|y=n = 0. (6)

Conditions of continuity of the velocity and temperature functions are satisfied at the ther-
mocapillary interface y = 0:

Utly—o0 = u2ly—0, Tily—0 = To|y—o0- (7)

The kinematic condition (v; = 0 and v = 0) is satisfied automatically by virtue of exact
solution (1). The projection of the dynamic condition onto the tangent vector to the interface is
written as follows

p1viIULy = palalizy + o711 4 ]y—o0, (8)

where o is the temperature coefficient of surface tension o. The linear relationship between
surface tension and temperature is assumed: o = o¢ + o7 (T - Tp), oo — surface tension at some
reference temperature Ty, o = const, o < 0. The dynamic condition expresses the tangential
stress balance at the interface.

Taking into account the diffusion mass flux of vaporizing liquid at the interface M and the
diffusive thermal conductivity effect, the heat flux balance takes the form [10, 11, 20]

K',lle — HQTQy — 5K2¢y|y:0 = —LM, M = _Dp2(¢y|y:O + aT2y|y:0)- (9)

Here the following notations are accepted: L is the latent heat of evaporation, M is the mass
velocity of liquid evaporating from a unit surface area per unit time (M = const), k1 and ks are
thermal conductivity coefficients of liquid and gas-vapour mixture, respectively.

The saturated vapour concentration at the interface is determined according to the following
relation (see [11])

(I)|y:0 = ‘I)*(1+5(T2|y:0 —Tv)), (10)

where ¢ is a parameter depending on the characteristic temperature and physical and chemical
properties of the medium, ®, is the concentration of saturated vapour at Tp = Tj.
The problem is solved under the condition of given liquid flow rate )1 and gas flow rate Q5.

0 h
Q1 :[lplul(y)dy, QzZ/O pauz(y)dy. (11)
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2. Constructing exact solution of a special type

The exact solution of the problem is constructed by substituting (1) into differential equations
(2), (3). Functions p, are eliminated by cross differentiation of the first two relations in (2),
(3). Performing further subsequent differentiation of the obtained expressions with respect to
variable y, one can obtain u + Aup = 0 and u + Xaus = 0. The solutions of obtained
equations are functions uy and ug which determine the longitudinal velocities in each layer of
the system. Coefficients A\; and Ao depend on geometric, physical and chemical parameters of
the media. They have the following form: Ay = —AgcospfB1/(x1v1), A2 = —Agcos pE, where
E =[D(B2 — ay) — x2Cxe(6B2 — )]/ [x2v2D(1 — ad)]. Function ¥, is found by integration from
the heat transfer equation (see the third expression in (2)). Similarly, functions ¥o and v are
recovered from the heat transfer and diffusion equations (see the third and fourth expressions
in (3)). The inequalities Ay < 0 and Ay > 0 when A > 0, and A\; > 0, A2 < 0 when A < 0
are true for systems of «ethanol — nitrogen» type. Parameter A determines the longitudinal
temperature gradient. In the first case, the desired functions are represented as the following
analytic expressions [22] (see also [21]):

= Cysin(k1y) + Co cos(k1y) + Cssh(kry) + Cy ch(kry),
uy = O sin(myy) sh(myy) + Cq cos(myy) sh(myy) + Cssin(myy) ch(myy)+
+ Cy cos(myy) ch(myy),

)
)
Ti(z,y) = Ax+?( C1 sin(kry) — Co cos(k1y) + Cs sh(kry) + Cy ch( kly)+C5y+Cﬁ,

Fy — =
To(x,y) = Ax + 52 ( — C1 cos(myy) ch(mqy) + Casin(myy) ch(myy)— (12)
1

— C3 cos(mqy) sh(myy) + Cysin(myy) Sh(m1y)) + Csy + Cé,

O(z,y) = —Bx + ( — Cj cos(myy) ch(myy) + Cq sin(myy) ch(myy)—

2m?
my
— O3 cos(myy) sh(myy) + Cysin(myy) sh(mly)> + Cry + Cs.

When A < 0, functions describing the flow patterns take the form [22]

u1(y) = C1 sin(kay) sh(kay) + Co cos(kay) sh(kay)+
+ Cssin(kay) ch(kaoy) + Cy cos(kay) ch(kay),
us(y) = C1 sin(may) + Cq cos(may) + Cssh(may) + Cy ch(may),

Fy .
Ti(y) = Av+ 55 (= Crcos(ag) ch(lay) + Casin(hay) chlhoy)—
— C3 cos(kay) sh(kay) + Cy sin(kay) sh(k@y)) + Csy + Cé, (13)

Ty(z,y) = Ax + :é ( — Cy sin(may) — Cy cos(may) + C3sh(may) + Cy ch(mgy)> +
+ Csy + Co,

®(z,y) = —Bx + WCL%( — Cy sin(may) — Ca cos(may) + C3sh(may) + Cy ch(mgy)> +
+ Cry + Cs.
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Coefficients kg, mg, Fl, F5,G are calculated in terms of problem parameters: k;
= \/Ag cos pB1/(x1v1), ko = /—Agcos B /(4x111), mi =/ AgcospE/4, my = \‘VW
= A/x1, F» = A(D— 6X20 e)/[xeD(1 —ad)], G = A(aD — x2Cye)/[x2D(ad — 1)]. The index
s deﬁnes solutions for A > 0 (s = 1) and A < 0 (s = 2). Coefficients C; and C; (i = 1,...,8)
are different integration constants for each system (12), (13). These constants satisfy the system

of algebraic equations resulting from conditions on the solid walls and interface (4)—(10) and
expressions (11) that determine the gas and liquid flow rates (see [22]). The resulting system is
non-closed. For closure, constants C and Cg which are included as free terms in the temperature
function can be assumed, for instance, to be zero. The pressure functions p) are recovered by
their partial derivatives from the first two equations of systems (2), (3). Note that expression
defining the saturated vapour concentration at the interface (10) defines the condition of compat-
ibility of the problem parameters defining the longitudinal gradients of temperature and vapour
concentration: B = —®,cA.

Let us consider a special case when ¢ = 90°, i.e., the channel position becomes horizontal (see
Fig. 1). Then components of the mass force vector are (0, -g). Exact solutions of special type
were proposed [10, 11, 18|, where temperature and vapour concentration functions are written
as T; = (A+ Ay)z +9;(y), ® = —(B + By)x + ¥(y). Taking into account (1) with A = B =0,
solutions given in [10, 11, 18] are written in the following simplified form

2 2
v — 961y Vas Yoty 4 yes + s, uzfii(52A+yB)+glyf + oy + 3,
v 6 2 6 2
v 9hi(A)?  yrtad | Ped ol
T, = Az —t5
+120 -~ +24 » 6 v + 2 + ycq + c5,
y° g(éi ) A+nB 7(&,(@)7
190, (B2A+~ )+24 5)at
3, A 2, A
+yi(7_5 >2+y—<——5 )CS+yE4+E5a (14)
6 \x2 2 \x2
® = Bz +———(BA+ 1B)+ Sy pat A R
1205 D2 24D1 6D2 g pe Vet

where ¢;, ¢; are integration constants determined by conditions at the boundaries of the system.
The first relation (7) entails the equality c¢3 = ¢5. The relationship between constants co and ¢
is determined from dynamic condition (8): ca = (pa12)/(p1v1) + (07 A)/(p1v1). Unknowns ¢y, ¢,
Ca, C3 are found using the system of linear algebraic equations that follows from (4), (11). The
equality of constants cs, ¢ follows from the second relation in (7). The expression ¢; = P, +
®,e(¢s —Tp) is obtained using condition (10). The mass of liquid evaporating from the interface
is calculated using the relation M = —Dp2(Gs + a€4) (see mass balance equation (9)). Constant
¢4 is determined from condition (9) as follows ¢y = (LDpa/K1 + 0k2)C6 + (LDpaa/ k1 + Ko /K1)Cy.
Unknowns ¢4, ¢5, ¢g are found using the system of linear algebraic equations that follows from
conditions (5) and (6).

3. Examples of flows

Let us consider ethanol as the liquid filling the lower layer and nitrogen as the gas. Chemical
parameters of the medium are given in the order {ethanol, nitrogen} (or only ethanol) according
to [23]: p = {7.89-10%, 1.2} kg/m?; v = {2:1075, 0.15-107*} m?/s; B = {1.079-1073, 3.67-1073}
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K1 x = {89-107% 0.3-107*} m?/s; k = {0.1705, 0.02717} W/(m-K); o = —0.8 - 1072
N/(m-K); D =1.02-107* m?/s; L = 217 W-s/kg; ®. = 0.1 (corresponding to the equilibrium
temperature Ty = 293.15 K); v = —0.62; ¢, = 0.06 K~!. The thicknesses of liquid and gas-
vapour layers are assumed to be 5 mm. The value of gas flow rate in the upper layer of the
system is 3.6 - 1075 kg/(m-s). The Soret and Dufour coefficients are assumed to be 107% K~}
and 10~ K, respectively. The value ; that determines the liquid flow rate in the lower layer
is assumed to be equal to zero. This corresponds to the condition of the closed flow in the lower
layer which is physically correct for small values of the inclination angle (7/2 — ¢) relative to the
horizontal position of the channel.

3.1. The impact of channel inclination angle on the flow patterns

]

-0,5
-1 0 1
L (®
Fig. 2. Velocity profiles (a, d, g), temperature (b, e, h) and vapour concentration (c) dis-
tributions in the system: A = 10 K/m, 9= = 24 °C, 9+ = 17 °C, a = 107* K1,
§=10"*K, g =9.81 m/s?: (a,b,c) — ¢ =80° M = 2.124-1076 kg/(m?-c), (d,e,f) — ¢ = 85°
M =2.124-107° kg/(m?-c), (g,h) — ¢ =90° M = 2.124 - 1076 kg/(m?-c)

(@)

Let us consider the impact of angle ¢ on the character of flow in the system as well as on the
intensity of the liquid evaporation into the gas-vapour layer under conditions of normal gravity.
Profiles of longitudinal velocity (a, d), temperature distribution (b, ), and vapour concentration
(c, f) are presented in Fig. 2. Here, solutions (12) are used as a calculation model. For the case
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of horizontal layer the flow characteristics are based on formulas (14) (g, h, k). As the value
of angle ¢ increases from 80° to 90° which corresponds to a decrease in the channel inclination
angle with respect to the horizontal plane the intensity of the return flow near the interface
decreases. Temperature distributions change both qualitatively and quantitatively. In the case
when ¢ is 80° the formation of a thermocline near the interface is observed. When angle (7/2—¢)
decreases zone of the highest temperature moves to the lower wall of the channel. This is caused
by its additional heating (¥~ = 24 °C'). The vapour concentration distribution for various values
of parameter ¢ qualitatively remains constant but there are some quantitative changes. As ¢
increases function ® decreases. Note that liquid evaporation intensity does not depend on the
channel inclination angle.

0,5

-0,5 i
- 0 1
gx @ ®) ©

Fig. 3. Velocity profile (a), temperature (b) and vapour concentration (c) distributions in the
system: A =10 K/m, 9~ =24 °C, 9t =17°C, g = 9.81-1072 m/s?: (a,b,c) — o =80° M =
2.124- 1077 kg/(m?-c)

Functions characterizing liquid and gas flows are weakly dependent on the channel inclination
angle under microgravity conditions. The flow patterns both qualitatively and quantitatively
remain close to those obtained using formulas (14) (see Fig. 3 and Fig. 2 (g, h, k)) when velocity
profiles, temperature and vapour concentration distributions are obtained using exact solutions
(12) that describe flows in the inclined layer. However, the mass flow rate of evaporation also
decreases in the case of decreasing gravity.

3.2. The impact of thermal load on flow patterns

Figs. 4 and 5 show the results illustrating the impact of the longitudinal temperature gradient
on velocity profiles, temperature and vapour concentration distributions and on the processes
of liquid evaporation and condensation in an inclined channel. The angle ¢ here is 70°. Let us
consider the case when A > 0 (Fig. 4). The growth of parameter A has only quantitative effect
on the longitudinal velocity in the system while the qualitative character of the flow remains
unchanged (Fig. 4 (a, d, g)). The temperature distribution changes significantly both qualita-
tively and quantitatively. In the case of small values of the longitudinal gradient A the highest
values of temperature are observed at the lower wall of the channel. This is is a consequence of
its heating. As parameter A increases the value ¥~ = 27 °C has less influence on the character
of temperature distributions. The highest values of temperature are observed near the interface.
This effect is accompanied by more intensive evaporation of the lower liquid and by increasing
of vapour concentration. The character of distribution of ® function remains unchanged.

In the case when longitudinal temperature gradient have negative value (the heater is located
on the right side, see Fig. 5) some qualitative changes in the velocity profile appear. The intensity
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Fig. 4. Velocity profiles (a,d,g), temperature (b,e,h) and vapour concentration (c) distribu-
tions in the system: 9~ = 27 °C, 97 = 20 °C, g = 9.81 m/s?, (ab,c) — A = 1 K/m,
M =0.212-107°% kg/(m?-c), (d,e,f) — A = 2.5 K/m, M = 0.531 - 1076 kg/(m?ss), (g,h) —
A=5K/m, M =1.062-107% kg/(m?-s))

of return current near the interface decreases with increasing modulus of A. The quantitative
characteristics of the temperature distribution is changed insignificantly but the character of
the function itself is changed. The highest values of temperature are observed near the lower
wall of the channel for all A but the influence of heater increases. The distribution of vapour
concentration is also changed qualitatively with respect to the case when A > 0. As the value of
|A] increases the drop in the value of function ® also increases. Note that there is a process of
condensation of liquid (M < 0) in this case.

Conclusions

The work presents exact solutions of a special type of Navier—-Stokes equations in the Boussi-
nesq approximation. Mathematical model of stationary bilayer convective flows subject to heat
and mass transfer at a non-deformable thermocapillary interface is presented. The effects of
thermodiffusion and diffusive thermal conductivity are considered in the gas-vapour layer. The
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Fig. 5. Velocity profiles (a,d,g), temperature (b,e,h) and vapour concentration (c) distributions in
the system: 9~ = 27 °C, 9+ =20°C, g = 9.81 m/s?, (a,b,c) — A= -1 K/m, M = —0.212-1076
kg/(m?-c), (de,f) — A = —2.5 K/m, M = —0.531 - 107% kg/(m?-c), (g,h) — A = —5 K/m,
M = —1.062 - 1075 kg/(m?-c)

condition of zero vapour flux is set on the upper wall of the channel. Flows are considered in both
inclined and horizontal channels. It is shown that in the case of an inclined layer the location of
the heater on the system boundaries (the sign of the longitudinal temperature gradient) affects
the type of the exact solution.

Examples of longitudinal velocity profiles, distributions of temperature and vapour concen-
tration for the «ethanol — nitrogen» system are given. Comparison of results obtained by means
of exact solutions describing the flow in inclined and horizontal layers is presented. The impact
of the channel inclination angle, gravitation level and thermal load on the character of flows has
been studied. It is shown that in the case of normal gravity an increase in the inclination angle
of the system significantly changes the character of the flow while in conditions of microgravity
such effect is not observed.

The work was supported by the Russian Science Foundation (project no. 22-11-00243,
https://rscf.ru/project/22-11-00243/).
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BausHue yriia HakKJIOHA W TeIJIOBOII HAarpy3KM Ha XapaKTep
TeuyeHusd B JIByXCJIOMHOM CUCTeMe C y4eTOM MacCOIlepeHOoca

Exarepuna B. JlackoBers

Esrennii E. Makapos

MNucruryT Bhraucinresnsaoro mogenuposanns CO PAH
Kpacnosipck, Poccuiickass @eneparnys

Autraiicknii TOCyIapCTBEHHBIN YHUBEPCUTET

Bapnays, Poccuiickas @eneparus

Awnnoranusi. Vsygarorcst AByXC/IONHBIE KOHBEKTUBHbBIE TEUEHUS KUIKOCTU U MAPOra30BONH CMECH B Ha-
KJIOHHOM KaHaJje C y4eTOM TEIJIO- U MAaCCOIEPEHOCa Ha TePMOKAIMLIAPHON IpaHuie pasuena. Mare-
MaTHU4YIeCKOe MO/IeJIMPpOBaHNEe IIPOBOJAUTCA Ha OCHOBE TOYHBIX peIHeHI/Iﬁ CIIelI1aJIBHOI'O BHJIQ ypaBHeHI/Iﬁ
Hasre—Crokca B mpubmmkennun Obepbeka-Byccunecka ¢ yaerom adpdexkros Cope u Hodypa B rasoma-
poBowMm cjioe. HakJioHHOE M/ rOPU30HTAJILHOE TOJIOYKEHNE KaHAJIA, a TAKKe HAIIPABJIEHUE TPDAHUIHON Tell-
JIOBOM Harpy3kKHu OlIpeIesisdAloT BUJI TOYHOI'O pEelIeHus U aJI'OPUTM €ro IIOCTPOCHUA. HpI/IBe‘I[eHI)I IIpuMepbI
mpodueil CKOPOCTH, PACIIPEE/ICHIs TEMIEPATYPhI U KOHIIEHTPAIINN TTapa B CHCTEME «ITAHOJ — a30T».
IIpecraBienbl pe3yabTaThbl CPABHUTEIHLHOIO AHAJIU3A JIBYXCJAOMHBIX TEUYEHUN B CHCTEME, PaCIIOJIOXKEH-
HOI TOPpU30OHTAJIBHO U II0] He60.HI)H_II/IM HaKJIOHOM OTHOCUTEJIbHO 'OPU30HTAJILHOI'O IIOJIO2KEHU A . I/I3y‘{eH0
BJINAHNE NTHTE€HCUBHOCTH TEIIJIOBOM Hany3KI/I Ha XapaKTep T€YCHNA U MaCCOIIEPEHOC Ha I'PAHUIIE pa3aesaa.

KuroueBbie ciioBa: TOYHOe pelleHne, NBYXCJIOMHOe TeYeHHe, TEPMOKAINIISPHAsS I'DAHANA DPa3/esa,
KOHBEKI[UsI, MACCOIIEPEHOC, HAKJIOHHBIN KaHAJI.

— 426 —



Journal of Siberian Federal University. Mathematics & Physics 2024, 17(3), 427-430

EDN: YBTFJT
VIIK 517.5

Finding Power Sums of Zeros of an Entire Function of Finite
Order of Growth

Davlatbay Djumabaev*
University of Exact and Social Sciences
Tashkent, Uzbekistan

Received 10.11.2023, received in revised form 30.12.2023, accepted 04.03.2024

Abstract. Formulas are given for finding power sums of zeros to a negative power for entire functions
of finite order of growth.
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Let the function f(z)

f2) =1+ bez¥, bo=1,
k=1

be an entire function of finite growth order and having zeros at ay, as, ...,an,,... (each root is
counted as many times as its multiplicity). There can be a finite or infinite number of zeros. We
will arrange them in ascending order of modules 0 < |ag| < |ag| < ... < af, < ...

Let us recall the Hadamard expansion for such functions (see, for example, [1, Chapter 8,
Theorem 8.2.4], [2, Chapter 7]).

Theorem 1. If f(z) is an entire function of finite order p, then

2P

flz)= 25eR) H <1 — Z) eﬁjL?Zai%Jr"'erﬁ’ (1)
(79
n=1

where Q(z) is a polynomial whose degree q is not higher than p, s is the multiplicity of zero of f
at the point 0, and p < p.

The infinite product in (1) converges absolutely and uniformly in C. (Recall that a sequence
of holomorphic functions converges uniformly in the open set U, if it converges uniformly on
every compact set in U.)

In what follows we assume that f(0) = 1. We will write the polynomial Q(z) in the form

Q=) = Z dj.
j=1

Here dy = 0, since f(0) = 1.
The expression

*djumabaevd@mail.ru
(© Siberian Federal University. All rights reserved
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is called the canonical product, and the number p is the genus of the canonical product

genus of the entire function f(z) is the number max{q,p}. If we denote by p’ the order of the

canonical product (2), then p = max{q, p'}

1
(3)

Consider the series

‘anh.

ANl

The infimum of positive numbers + for which the series (3) converges is called the index of
convergence of zeros of the canonical product ®(z)

It is well known (see, for example, [1, Chapter 8, paragraph 8.2.5], [2, Chapter 7]) that the
index of convergence of zeros of a canonical product is equal to its order p’ .

Therefore power sums of zeros to a negative power

=1
27
n=1 an

'—1<p<y

are absolutely convergent series for k > p’, i.e. and for k > p. It is also known that p

(see, for example, [1]).
In what follows, we will consider power sums with positive integer exponents k
For polynomials, the recurrent formulas of Newton and Waring are well known, connecting

i

the usual power sums of the roots of a polynomial and its coefficients (see, for example, [3-5])
Now we will connect the integrals in the formula

(4)

and power sums of zeros o;. Here
2| =r},r >0},

v ={z:
Let us express this integral in terms of power sums of zeros using Hadamard’s formula. Let us
1

restrict ourselves to the case when s =0
In a sufficiently small neighborhood of the origin we have (by Hadamard’s formula (1))

In f(z )+ Zln {(1 - ) eP"(z)] ,

p(z) =

2 P
where P,(z) = — + 2—2 +...+ vt
The series for cp( ) converges uniformly and absolutely in a sufficiently small neighborhood
of the origin, since the zeros of «; are separated from the origin.
Let us find the integrals in (4) for each term. Obviously,
1 1 kdp, wpm 1<k<yq,
G / — dQ(z) = ST
TSy, 2 0 mpu k>gq.
Let us transform the expression
[e7%)
dln {(1 - ) eP"(f“')} = e 5 =
Qn (1 — az )ei 2“%+ +pﬂn
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2 P 2 P
L2 A2 E 4 E 2 2 P
_ _Z an ' 2a2 ab _ Z an ' 2a2 b Z Z_ e Z
d(l an)e n P +<1 an)e n p d(an +2a%;,+ + p)

pan

Z = Qp Qp % n
2P 1
dz 1 (a - ) p dz (2P —ab)dz 2Pdz
= —_— z = =
Z— (z B ) z—an  ab N z—a)  on(z—an)
an

Then

5 z +o +Z”
1 & d{(l%)e 2 } 2P~k
2771'2/ z 27rzz/

zp _
S w () E (=au)
0, ecm k<p
o0

Thus, the equality is true if ¢ < p, then

)

k = —0og, ecm k> p.

kd for k <gq,
=4¢0 for g<k<p,
—o for k>p.

1 1df

2ri 2k f

Yr

Let ¢ > p, then

kdy for k <p,
1 1df
- —— = kdp,—or for p<k<gq
Yr

27i .zkfi
—o for k>q.

Thu,s we obtain the statement

Theorem 2. For q < p the following equalities are true:

kd k<gq,

AR for ks<gq

— =40 for q<k<p,
.

2mi 2k f
—oy  for k>np.

For g > p the following equalities are true:

kd k<p,

1 Ldf K for P

— = kdp —or for p<k<gq
¥r

2mi P
—or  for k>q.

This theorem generalizes Proposition 1.4.1 from [6].
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Corollary 1. The equality is true

1 1df .
27’(’i[/r2kf__0k7 if k>p.

Corollary 2. The formulas are valid

b1 bo 0 ... 0
-1 k—1
o = f% 22 b bo for k> p. (5)
kb br—1 bg—2 ... by

To prove it, it is enough to multiply the second column in the formula (5) by b1, the third by
ba, etc., then add them to the first column.

These formulas relate the power sums o, and the Taylor coefficients of the function f.

Example 1. Consider the function

f(z) =cosz-e”.

This is a function of the first order of growth (p = 1). Then

3
f(z):cosz~e'z:1+z+%+....

Then from (5) we obtain o3 = 1, which corresponds to the known equalities.
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HaxoxkageHne cTelleHHbIX CyMM HYyJIeil 1eJIbix OyHKITIiA
KOHEYHOI'o Iops/IKa POCTa

Hasiarb6aii /I>xymabaeB
yHI/IBepCI/ITeT TOYHBIX U CONUAJIBHBIX HBYK
Tarmkenrt, ¥Y36ekucran

Awnnoranusi. [losrygenbr hopMysIbI 1715l HAXOXK/IEHUST CTETIEHHBIX CYMM HYyJIEl B OTPUIATETHLHOMN CTermeHn
1eIbIX PYHKIMH KOHETHOTO TOPSIIKA POCTA.

KiroueBble ciioBa: crelneHHbIE CYMMBI Hy.IIefI, meJsiad (byHKLII/ISI KOHEYHOI'O ITOpsAJIKa poCTa.
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