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Editorial
This issue is dedicated to Valter Alekseevich Ignatchenko, doctor of physical and mathemat-

ical sciences, professor, Honored Scientist of the Russian Federation, a distinguished specialist
in the physics of magnetic phenomena and a scientific lieder. A native of Odessa and a graduate
of Odessa University, Ignatchenko arrived in Krasnoyarsk in 1957 and began working at the
newly established Institute of Physics as part of the experimental laboratory. Heading a small
experimental group, he was the first in our country to conduct research on spin-wave resonance
in thin magnetic films. However, intrigued by the nature of this phenomenon, he became fasci-
nated with the theory of magnetism, became a theoretician, and organized a theoretical group,
which eventually grew into the theoretical department he heads, consisting of three laborato-
ries. Many graduates of Siberian Federal University, having trained in the theoretical depart-
ment, have become world-renowned scientists, pioneers of new fields in various fields of physics.
The distinguishing features of his scientific style were always innovation and a broad range
of scientific interests, a profound understanding of the phenomena being studied, physical in-
tuition, a desire to refine the results of theoretical calculations to a point where they could be
experimentally verified, and a critical approach to his own findings. His favorite sayings were:
"Regardless of whether a physicist is engaged in theory or experiment, he knows and understands
the nature of the phenomena being studied not only in the brain but also in the spinal cord"
and "If you see an effect, look for a defect". Ignatchenko’s fundamental work on the theory
of the domain structure of bulk ferromagnets and magnetic films, a series of studies on spin dy-
namics and magnetoelastic resonance in thin films, pioneering work on phenomena in the field
of the frequencies crossing of nuclear and electron magnetic resonances, his works on stochastic
magnetic structure, its influence on dynamic properties, the law of approaching magnetization
saturation, and the spectrum and attenuation of waves of various natures in superlattices with
inhomogeneities have become recognized classics in the field of physics of magnetic phenomena.
This issue contains contributions from students and successors of Valter Alekseevich’s research,
colleagues from various institutes who knew him and his work, and students of his students.

– 428 –



Journal of Siberian Federal University. Mathematics & Physics 2026, 19(4), 429–436

EDN: GDKZSV
УДК 538.9

The Nature of the Formation of the Pseudogap State
in HTSC Cuprates

Valerii I. Kuz’min∗

Kirensky Institute of Physics
Federal Research Center KSC SB RAS

Krasnoyarsk, Russian Federation
Sergey G. Ovchinnikov†

Kirensky Institute of Physics Federal Research Center KSC SB RAS
Krasnoyarsk, Russian Federation

Siberian Federal University
Krasnoyarsk, Russian Federation

Received 10.02.2026, received in revised form 11.03.2026, accepted 17.04.2026

Abstract. This paper discusses the current progress in studying the nature of the mysterious pseudogap
state in high-temperature superconductors based on cuprates of the La2−xSrxCuO4-type and other
similar quasi-two-dimensional compounds whose common structural elements are CuO2 layers.
Keywords: high-temperature cuprate superconductors, Hubbard model, cluster perturbation theory,
pseudogap.
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This article is intended for the special issue of the journal dedicated to the memory of Valter
Alekseevich Ignatchenko. His name is associated with the development of theoretical physics
in Krasnoyarsk. It was V. A. Ignatchenko who founded and for many years led the work of
the Theoretical Department of the L.V. Kirensky Institute of Physics. Seminars held at the
Theoretical Department presented a wide range of scientific fields, not only in the theory of
magnetism, which formed the basis of his scientific interests, but also in many other areas of
physics, mathematics, and biology. One of the authors of this article, S.G. Ovchinnikov, had the
opportunity to work in the Theoretical Department at the beginning of his professional career.
From the memoirs of S. G. Ovchinnikov: "For a third-year student, and that was the age at which
I began attending the Theoretical Department seminars, V. A. Ignatchenko’s concluding remarks
were especially valuable, helping me understand the content of the paper. It was at these seminars
that I learned about superconductors, which are a remarkable class of materials whose properties
are formed by quantum physics. Not only I, but also many of my other young colleagues from
the Theory Department, owe the breadth of our worldview to this scientific school founded by
V.A. Ignatchenko". Therefore, he deservedly was highly respected among his colleagues, not
only at the Institute of Physics in Krasnoyarsk but also among Soviet physicists in general. His
active work with young students after he reached his 90th birthday is also admirable. His last
paper was published in 2025 [1].

When V.A. Ignatchenko was in his prime, his colleague V. A.Borisyuk was working on
problems of superconductivity in the Theoretical Department of the Institute of Physics.
E.V. Kuz’min’s group began working on the superconductivity of strongly correlated electrons
(I. S. Sandalov, S. G. Ovchinnikov). These studies became especially relevant after the discovery

∗kuz@iph.krasn.ru https://orcid.org/0000-0001-8744-2407
†sgo@iph.krasn.ru https://orcid.org/0000-0003-1209-545X

c⃝ Siberian Federal University. All rights reserved
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of high-temperature superconductivity. This article provides a brief overview of some aspects
of our current understanding of the achievements and unresolved problems in the field of high-
temperature superconductivity.

Introduction

One of the most important problems in modern physics is unraveling the nature of high-
temperature superconductivity in layered cuprates. Although their critical temperature rarely
exceeds 100 K and is inferior to current records in hydrides under pressures of approximately
300 GPa, where the critical temperature reaches room temperature, cuprates are already used
in wires with negligible resistance and other quantum electronic devices. However, from a fun-
damental standpoint, superconductivity in hydrides is of a fairly standard nature, whereas in
cuprates it has remained a mystery for almost 40 years. The reason is that they are a special
class of materials with so-called strong electron correlations. In ordinary metals, the role of the
Coulomb interaction was understood by L. D. Landau and described in his Fermi liquid theory.
A theory of such superconductors was proposed by Bardeen, Cooper, and Schrieffer (BCS the-
ory) [2]. In materials with strong electron correlations, the BCS theory does not work, since the
Coulomb interaction destroys the Fermi liquid state. Nevertheless, some progress in understand-
ing the properties and mechanisms of superconductivity in HTSC cuprates has been achieved to
date [3]. In this paper, we describe the current state of the problem. It has now been reliably
established that the electronic properties of the normal phase are determined by strong electronic
correlations within two-dimensional copper-oxygen layers. The mechanism of formation of the
superconducting phase is determined by the simultaneous action of two channels of Cooper pair
formation with dx2−y2-symmetry. The total parameter of superconducting pairing is formed by
the antiferromagnetic interaction of the pair of nearest neighboring electrons and the interaction
of these electrons with phonons [4]. This total mechanism allowed us not only to explain the high
values of the critical temperature, but also to understand the unusual type of isotope effect, which
is minimal precisely at the point of optimal doping concentration p = 0.15 [5]. Despite the signif-
icant progress in describing the superconducting phase in cuprates, the question of the formation
of the electronic properties of the normal phase remains open. Without an answer to this ques-
tion, the general phase diagram of cuprates on the hole concentration-temperature (p, T )-plane
remains unclear. The particular uncertainty is associated with the so-called pseudogap states
first discovered in experiments on nuclear magnetic resonance [6] and inelastic neutron scatter-
ing [7]. These states are most clearly manifested in the angle-resolved photoelectron (ARPES)
spectra, in which it is possible to measure not only the energy distribution of emitted electrons,
but also the their angle distribution [8]. This makes it possible to directly obtain information
on the spectral density of photoelectrons at a fixed energy and a wave vector. The magnitude of

the imaginary part of the electron Green’s function A (k,E) =
−1

π
G (k,E) is determined by the

number of emitted photoelectrons with an energy E and a given wave vector k.
For ordinary metals described by Fermi-liquid theory, this method reveals the electron dis-

tribution over wave vectors, i.e. the Fermi surface, where each state with a wave vector on the
Fermi surface corresponds to two states, one spin up and one spin down. The unusual nature
of the ARPES results in cuprates lies in the fractional number of electrons on the Fermi surface
for different wave vectors, varying from zero to two depending on the temperature and hole
concentration. As a result, for some wave vectors, the states with a Lorentzian-like spectral line
shape typical of Fermi systems, peaking at the Fermi level, are retained on the Fermi surface.
For other states, a dip appears at the Fermi level, and the number of states is suppressed. In
other words, in such a case an electron statistics atypical for usual Fermi systems exists, with the
number of states depending on the momentum, temperature and hole concentration. The entire
body of experiments on the detection of pseudogap states below the pseudogap temperature’s
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T ∗(p)-line has led to the identification of an unknown region of the pseudogap state in the phase
diagram of cuprates, with the critical T ∗(p)-lines differing among different authors. Two main
types of diagrams are known. For the first type, the T ∗(p)-line rests on the superconducting
phase boundary at a hole concentration pc ∼ 0.15 corresponding to the optimal doping point.
For the second type, the T ∗(p) line rests on the T = 0 axis in the region of overdoped hole concen-
trations pc2 ∼ 0.25 at the boundary of the superconducting and normal metallic phases. Thus,
the presence of a mysterious pseudogap state has been established below the T ∗(p)-boundary in
the phase diagram.

However, even above this limit, things are not so simple. In a normal metal at high tem-
peratures in the non-superconducting state, a linear dependence of resistance on temperature
is expected. Instead, over the most of the phase diagram, resistance measurements show a
quadratic dependence, and only for highly overdoped compositions with a hole concentration
p > pc2 ∼ 0.25 does the linear dependence typical of metals occur. Thus, pseudogap states rep-
resent terra incognita in the modern physics of high-temperature superconductivity. A detailed
discussion of pseudogap states can be found in a recent review [9].

1. The pseudogap within cluster perturbation theory

The main focus of our research is on the electronic properties in the presence of strong electron
correlations. The existence of such correlations is evident already when examining the properties
of the undoped cuprate La2CuO4, which, when doped with holes by replacing the trivalent La3+
ion with Sr2+ in La2−xSrxCuO4, gives rise to a superconducting phase with a maximum Tc at
p = pc1 ∼ 0.15 (the optimal doping point). We generalized the methods known for describing
the region of strong electron correlations in the Hubbard model (when the energy of Coulomb
interaction U is much greater than the kinetic energy of free electrons W ) to describe their
electronic properties in the so-called generalized tight-binding (GTB) method [10]. Within the
framework of this approach, the insulating state in the undoped La2CuO4 is reproduced, and the
electronic structure changes upon doping with holes. There are two Lifschitz electron transitions
with a change in the Fermi surface topology at the points p = pc1 and p = pc2 [11]. Moreover,
we were able to describe not only the superconducting phase with the correct dx2−y2 -type gap
symmetry, taking into account the magnetic and phonon pairing mechanisms, with a maximum of
the critical temperature Tc at the optimal doping concentration pc1 , but also the isotopic shift of
Tc upon substitution of O16 isotopes by O18, with a minimum of Tc at the optimal doping point,
in complete agreement with the isotopic substitution experiments [5]. However, our version of
the theory [10] was unable to reproduce the shapes of the Fermi surfaces with the pseudogap
states known from the ARPES experiments.

In constructing the version of the theory [10], we proceeded from the so-called Hubbard-1 ap-
proximation, although not in the standard Hubbard model, but taking into account the real oxy-
gen and copper electron states in cuprates. In this approximation, strong intra-atomic Coulomb
interactions of copper d-electrons are accurately taken into account. This turned out to be suffi-
cient to describe the main features of the phase diagram of cuprates, namely: the insulating state
of the undoped cuprate La2CuO4, the evolution of the electronic properties upon doping with
two Lifschitz electronic transitions including the changes in the topology of the Fermi surfaces
at pc1 and pc2 . To describe less trivial properties, such as the pseudogap state, an accurate
consideration of only local correlations within Hubbard-1 turned out to be insufficient. For this
purpose, we generalized our theory to take into account strong electron correlations within the
framework of cluster perturbation theory (CPT). The essence of this method is to account for
nonlocal electronic and magnetic correlations while accurately accounting for all local Coulomb
interactions. The idea is to partition a square lattice into periodically repeating clusters. The
smallest such cluster is a 2× 2 square unit of four Cu2+ ions.
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In the first stage of CPT, the exact diagonalization is performed within the unit cell and
all eigenstates |p⟩ with the number of holes 0, 1, 2, 3, 4 are found. Based on these eigenstates,
the Hubbard cluster operators Xpq = |p⟩ ⟨q| are defined the same way as local operators in the
standard Hubbard model. The difference is in the dimension of the eigenstate space and in the
Hubbard operator matrices. For the standard definition of the local Hubbard operators, there
are four single-site intra-atomic states |p⟩ = |0⟩ , |↑⟩ , |↓⟩ , |↑↓⟩. For 2 × 2 clusters in the cluster,
the number of eigenstates is 44. Therefore, the dimension of the Hilbert space increases sharply.
Next, all intercluster interatomic electron hoppingss between nearest neighbors are taken into
account using the cluster generalization of the Hubbard-1 approximation. Thus, a perturbation
theory similar to the Hubbard-1 approximation is constructed, but with precise consideration
of short-range order within the cluster [12]. For a 2 × 2 cluster, correlations for the first and
second neighbors are accurately taken into account. This approach taught us to consider nonlocal
correlations, but the correlation radius up to the second neighbors turned out to be too small
for significant progress in the problem of the pseudogap formation. Real progress was achieved
within the framework of CPT with 4× 4 clusters, where interatomic correlations up to the ninth
neighbors can be taken into account [13].

For such clusters, the Fermi surface at low doping (see Fig. 1(a) and (b)) is not closed and
has the shape of arcs of finite length with the maximum spectral weight in the diagonal (nodal)
direction of the Brillouin zone. In the off-diagonal (antinodal) direction, the spectral weight is
close to zero — this is exactly what is observed in the ARPES spectra as a pseudogap. With an
increase in the doping concentration to 0.1875 (Fig. 1(c)), the Fermi surface becomes continuous,
but the spectral weight is still distributed non-uniformly along the Fermi contour. And only at a
hole concentration of 0.25, where in the experiment the superconducting phase already ends and
a normal Fermi liquid is observed, does the Fermi surface in Fig. 1(d) have a simple shape, in
agreement with the ARPES data. The results of [13] made it possible to compare the changes in
the Fermi surface and the spin correlation functions. Without doping, the correlation functions
at zero temperature exhibited alternating signs, characteristic of the antiferromagnetic phase.
With increasing doping at T=0 and at zero doping, the long-range antiferromagnetic order is

Fig. 1. The Fermi surface in the framework of CPT with 4 × 4 clusters at T = 0 for doping
concentration (a) 0.0625, (b) 0.125, (c) 0.1875, (d) 0.25. Adapted from the paper [13]
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disrupted with increasing temperature, manifested by a change in the sign of the correlation
functions for the third and more distant neighbors. Figure 2 complements the above picture,
showing the spectral intensity ratios (a) and the spectral line shapes in the antinodal direction
at different doping concentrations (b). These figures demonstrate that Fermi-liquid properties
appear only for heavily doped compounds with p = 0.25.

Fig. 2. (a) The dependence of the antinodal to nodal spectral weight ratio at the Fermi surface
on doping p and (b) the changes in the antinodal spectral intensity from the Fermi-liquid-like at
= 0.25 through the weak pseudogap at = 0.18 with a small drop around ω = 0 to the strong
pseudogap at = 0.125. Adapted from the paper [13]

CPT also allowed us to trace the evolution of electronic properties with increasing tempera-
ture (Figs. 3 and 4) from the pseudogap at low temperatures to a Fermi-liquid-like state at high
temperatures. Note that the spectral weight ratio in Fig. 3 allows us to distinguish three regions:
R << 1, R ∼ 1, and the transition region from small ratios to R∼ 1. We called the R << 1
region "the strong pseudogap", the R ∼ 1 region corresponds to the normal Fermi liquid, and
the intermediate region corresponds the "weak pseudogap". Thus, if we trace the changes from

Fig. 3. The temperature evolution of the Fermi surface at p = 0.167 for different inverse tem-
peratures β = 1/kT in units of the hopping integral: (a) β = 100, (b) β = 24, (c) β = 12, (d)
β = 8, (e) β = 6, (f) β = 4. Adapted from the paper [13]
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high to low temperatures in the phase diagram for a fixed hole concentration, we first encounter
the Fermi-liquid state, then a smooth transition to a weak pseudogap state, and at low tem-
peratures we arrive at the strong pseudogap state. A similar evolution occurs with increasing
hole concentration for a fixed temperature: at low doping there is the strong pseudogap, then in
the intermediate doping range there is the weak pseudogap, and finally the Fermi-liquid state at
high doping. Similar conclusions about three regions for hole doping were obtained in [14] within
the framework of the dynamic mean-field cluster theory. At the same time, for electron-doped
cuprates, the authors of [14] obtained only two regions.

Fig. 4. (a) The dependence of the antinodal to nodal spectral weight ratio at the Fermi surface
on doping and (b) the changes in the antinodal spectral intensity from the Fermi-liquid-like at
= 0.25 through the weak pseudogap at = 0.18 with a small drop around ω = 0 to the strong
pseudogap at = 0.125. Adapted from the paper [13]

Conclusions
Here, we have shown that taking into account non-local spin correlations is important to

obtain the doping and temperature evolution of the Fermi arcs and the pseudogap, and demon-
strated it with an example of 4 × 4 CPT. Note that, due to the large size of the basis of eigen-
states for a 4 × 4 cluster, the volume of numerical calculations is quite large. Note also that
the conclusion regarding two possible pseudogap formation temperatures was not made in the
experimental studies on the pseudogap using neutron magnetic resonance. However, the two
characteristic Fermi arc temperatures were detected using ARPES [15]. In addition, in a recent
inelastic neutron scattering study, the authors noted two different regions of the pseudogap state
in their phase diagram [16].

This work was carried out within the framework of the state assignment of the Kirensky
Institute of Physics of the Russian Academy of Sciences, project FWES-2024-0002.
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Аннотация. В настоящей статье обсуждается современный прогресс в исследовании природы за-
гадочного псевдощелевого состояния в высокотемпературных сверхпроводниках на основе купра-
тов типа La2−xSrxCuO4 и других им подобных квазидвумерных соединений, общим структурным
элементом которых являются слои CuO2.
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Abstract. The correlation length of the magnetization is theoretically calculated in the model of a
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Introduction

Modern functional materials, promising for use in new generation devices for various pur-
poses, have a complex structure that provides them with unusual physical properties. The most
interesting and sought-after structures are heterogeneous in chemical composition, physical prop-
erties, etc.

At the same time, there are factors that are still difficult to control: defects in the crystal
lattice, large (polyatomic) random structural inhomogeneities, etc.

In any case, there is a need to develop theoretical methods for studying the magnetic proper-
ties of structurally inhomogeneous objects. Structures with random defects are the most difficult
to analytically describe. Such systems, due to their stochastic magnetic structure (SMS), they
have unusual magnetic properties that can be both useful and harmful in the context of obtaining
samples with predefined parameters.

Theoretical methods for describing the properties of randomly and regularly inhomogeneous
magnets have a long history. Spectral methods of SMS research are actively developing, starting
with the thorough pioneering work of the Krasnoyarsk School of Physics [1–3], the results of which
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are successfully used to interpret experimental data on static and dynamic magnetic properties
(see, for example, [4–9]). Methods for describing the magnetic properties of regular structures
with a controlled distribution of inhomogeneities over the volume of samples are also reflected in
the developed theory [10,11].

Somewhat later, methods for describing the properties of SMS using the correlation function
of inhomogeneities of magnetic parameters and the correlation function of magnetization [12–16]
arose and were developed. This approach has been successfully applied to interpret the observed
mechanisms of orientation transitions in low dimensional structures [17–19], experimental and
numerical investigation of the properties of stochastic magnetic domains [7, 20–23] and their
effective parameters [24–27].

Despite the thoroughness and depth of developed theoretical approaches both in our country
and abroad (see reviews of [28,29]), well-known and emerging new problems of an applied nature
remain, the solution of which can contribute to more meaningful actions in the development of
systems with predefined magnetic properties.

As is known, in structures with random directions of the local axis of magnetic anisotropy,
the homogeneous state of magnetization is not stable — ripples occur in the distribution of mag-
netization with a division into magnetic blocks. or stochastic magnetic domains (SMD). When
such a sample is remagnetized, individual magnetic blocks are reoriented, almost independently
of neighboring ones. Unlike the traditional domain structure, SMDs can have a significant vari-
ation in their parameters: dimensions, directions of the axes of the effective axes of anisotropy,
effective constants of anisotropy, etc. This complicates the analytical description of effective
macroscopic properties. At the same time, some properties of magnetic blocks are amenable to
analytical calculations.

This paper is devoted to the question of the combined and separate influence of fluctuations
in various structural and magnetic parameters of the system on the properties of the effective
magnetic anisotropy of such an SMS element as a stochastic magnetic domain or magnetic block.

1. Effective anisotropy of the stochastic domain

To estimate the parameters of effective magnetic anisotropy, we consider a stochastic domain
model in the form of a certain region of sample space, which is a conglomerate of densely arranged
crystallites in the form of parallelepipeds (see Fig. 1). The division into crystallites occurs in
secant planes with randomly distributed coordinates. The crystallites have randomly oriented
directions of local axes of anisotropy (LAA) and values of anisotropy constants K. The LOA
directions are set by vectors l. Further the calculations are carried out under the assumption
that the linear dimensions of the crystallites are small compared to the width of the domain wall
of a homogeneous material δ0.

The idea of calculating the effective constant of a magnetic block is based on comparing the
expression for the resulting torque acting on magnetization from a conglomerate of crystallites
with the expression for the moment in a parallelepiped of the same volume as the domain. Let
us write expressions for the magnetic anisotropy energies.

The energy of the magnetic anisotropy of the block has the form:

Ea = −
Nx∑
i=1

Ny∑
j=1

Nz∑
k=1

Ki,j,kVi,j,k (ml)
2
= −

Nx∑
i=1

Ny∑
j=1

Nz∑
k=1

Ki,j,k∆xi∆yj∆zk (ml)
2
. (1)
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Fig. 1. The model of the sample section is a stochastic domain

Here m is a single magnetization vector, which we will consider unchanged throughout the
magnetic block (due to the fulfillment of the condition ∆x,∆y,∆x ≪ δ0), the crystallites are
numbered and have indexes i, j, k along the corresponding axes, ∆xi = xi+1−xi, ∆yi = yi+1−yi,
∆zi = zi+1 − zi, Vi,j,k = ∆xi∆yj∆zk and Ki,j,k are the volume of the crystallite and its local
anisotropy constant, respectively, with the indices i, j, k. The length of the magnetic block along
In the general case, the coordinate axes are different and the number of rows is Nx, Ny, and Nz,
respectively.

On the other hand, abstracting from the nanostructured of the block structure, and con-
sidering this area as a homogeneous area with some effective anisotropy constant Kef and the
direction of the effective axis lef , we can write:

Eaef
= −KefLxLyLz (mlef )

2
, (2)

where Lx, Ly, and Lz are the length of the block along the corresponding coordinate axes.
Then for the torques we get:

Ma = −∂Ea

∂ϑ
=

Nx∑
i=1

Ny∑
j=1

Nz∑
k=1

Ki,j,k (xi+1 − xi) (yj+1 − yj) (zk+1 − zk) (ml)
∂ (ml)

∂ϑ
, (3)

Maef
= −

∂Eaef

∂ϑ
= KefLxLyLz (mlef )

∂ (mlef )

∂ϑ
, (4)

where ϑ is the angle between the direction of the effective anisotropy axis and a single vector of
magnetization.

After equating (3) and (4) for an effective constant, we get:

Kef =

Nx,Ny,Nz∑
i,j,k

Ki,j,kvi,j,k cos (2αi,j,k)∣∣∣∣∣Nx,Ny,Nz∑
i,j,k

Ki,j,kvi,j,k cos (2αi,j,k)

∣∣∣∣∣
Nx,Ny,Nz∑

i,j,k

K2
i,j,kv

2
i,j,k+

+

Nx,Ny,Nz∑
i,j,k

Nx,Ny,Nz∑
n ̸=i,m ̸=j,l ̸=k

Ki,j,kKn,m,lvi,j,kvn,m,l cos (2 (αi,j,k − αn,m,l))


1

2
.

(5)

Here α are the polar angles of the LOA direction, calculated from the direction of the effective
anisotropy axis, in addition, the notation is introduced: vi,j,k = Vi,j,k/ (LxLyLz).
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It is reasonable to assume the independence of the distribution of local constants, crystallite
volumes, and LOA directions, and consequently the expression (5) can be rewritten in a more
compact form:

Kef =
⟨K⟩ ⟨cos(2α)⟩
|⟨K⟩ ⟨cos(2α)⟩|

[
N
⟨
K2
⟩ ⟨
v2
⟩
+N (N − 1) ⟨K⟩2 ⟨vi,j,kvn,l,k⟩ϕ

] 1
2

. (6)

The notation used here is: N = NxNyNz — the number of crystallites in the magnetic block,

⟨K⟩ =
N∑

i,j,k

Ki,j,k/N and
⟨
K2
⟩
=

N∑
i,j,k

K2
i,j,k/N — RMS value of local anotropy constants,

⟨
v2
⟩
=

N∑
i,j,k

v2i,j,k/N — RMS dimensionless volume of crystallites,

ϕ =

N∑
i,j,k

N∑
n ̸=i,m̸=j,l ̸=k

cos (2 (αi,j,k − αn,m,l))

N(N − 1)
. (7)

The average of the product of the dimensionless volumes of crystallites requires separate
consideration:

⟨vi,j,kvn,l,k⟩ =
1

LxLyLz

∫
V

∫
V

Vi,j,kVn,m,lρ (Vi,j,k) ρ (Vn,m,l|Vi,j,k) dVi,j,kdVn,m,l. (8)

Here ρ (Vi,j,k) is the volume distribution density of the crystallite with the number {i, j, k},
ρ (Vn,m,l|Vi,j,k) is the conditional distribution density of a crystallite with the number {n,m, l},
provided that the volume of the previous crystallite was equal to Vi,j,k.

After integration by all possible values of crystallite volumes from 0 to Vd = LxLyLz we get:

⟨vi,j,kvn,l,k⟩ =
⟨v⟩ −

⟨
v2
⟩

N − 1
. (9)

Then, taking into account (9) for (6), we can write:

Kef =
⟨K⟩ ⟨cos(2α)⟩
|⟨K⟩ ⟨cos(2α)⟩|

[
N
⟨
v2
⟩ (⟨

K2
⟩
− ⟨K⟩2 ϕ

)
+N ⟨K⟩2 ⟨v⟩ϕ

] 1
2

. (10)

This expression defines a general method for calculating the effective constant of a magnetic
block, but it is interesting to present (10) in a form that allows us to identify differences in
Kef for structures with inhomogeneities of different dimensions: multilayer, columnar, and 3D
nanostructured (see Fig. 2).

To do this, let’s return to the definition of linear sizes of crystallites (1) and introduce dimen-
sionless dispersions of their linear sizes:

σ2
x =

⟨
∆x2

⟩
− ⟨∆x⟩2

⟨∆x⟩2
, σ2

y =

⟨
∆y2

⟩
− ⟨∆y⟩2

⟨∆y⟩2
, σ2

z =

⟨
∆z2

⟩
− ⟨∆z⟩2

⟨∆z⟩2
. (11)

Taking into account (11), the expression (10) takes the form:

Kef =
⟨K⟩ ⟨cos(2α)⟩
|⟨K⟩ ⟨cos(2α)⟩|

[
1

N

(⟨
K2
⟩
− ⟨K⟩2 ϕ

) (
σ2
x + 1

) (
σ2
y + 1

) (
σ2
z + 1

)
+ ⟨K⟩2 ϕ

] 1
2

. (12)

It is important to note that the relationship between the number of crystallites in the magnetic
block N and its volume Vd is determined differently for samples with different dimensions of
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Fig. 2. Examples of models of polycrystalline structures with heterogeneities of different dimen-
sions

inhomogeneities. For one-dimensional cases V (1D)
d ∼ N ⟨a⟩, two-dimensional — V

(2D)
d ∼ (N ⟨a⟩)2,

three-dimensional — V
(3D)
d ∼ (N ⟨a⟩)3, where ⟨a⟩ is the characteristic linear size of crystallites

in the direction of the axes along which the local anisotropy field fluctuates.
Let us further consider the limiting cases of the expression (12) for some practically interesting

models. Note that in the limit of the total absence of fluctuations in all characteristics of the
anisotropy field, i.e. for all σ2 = 0, ϕ = 1/N (see (7)), K = const, we get Kef = K, which
should be the case.

For a simple model with one-dimensional inhomogeneities (σ2
y = σ2

z = 0), the same local
constants K and crystallite sizes a (σ2

x = 0) and complete chaos in the LAA directions (ϕ = 0)
we get: Kef = K/

√
N . This result is well-known [12,19].

If the polar angles of LOA α are distributed within a narrow cone from −α0 to +α0, which
can be provided, for example, during sample spraying, the expression for the effective constant
takes the form:

Kef ≈ Kµ, µ =

+α0∫
−α0

cos (α) ρ(α)dα. (13)

Here µ is a texture parameter defined from (7), ρ(α) is the density of the polar angle distribution.
The expression (13), as a limiting case, coincides with the previously obtained expression [30].

Interestingly, when the condition ∆x,∆y,∆x ≪ δ0 is met, models with complete chaos in
the LOA directions (ϕ = 0), fluctuations in crystallite sizes described by σ2 dispersions will not
change the functional dependence of the effective constant on other parameters. The correction
is reduced only to the appearance of a multiplier of the order of one.

The opposite situation occurs with the regular distribution of directions. For example,
when the polar angle of the axes alternates from crystallite to crystallite and takes only
two values of ±α0, the local constants do not fluctuate. In this case, for (7) we get:
ϕ = (N cos2(2α0)− 1)/(N − 1). Therefore, for an effective constant in this case, we will have:

Kef = K

√
sin2(2α0) (σ2 + 1)

d
+N cos2(2α0)− 1

N − 1
, (14)

where d = 1, 2, 3 is the dimension of magnetic inhomogeneities. In a special case α0 = ±π/4,
when, at first glance , torque compensation on the part of crystallites should occur, this does
not happen due to differences in their linear dimensions [17]. Indeed, for this limiting case, we
obtain:

Kef = K

√
(σ2 + 1)

d − 1

N − 1
. (15)
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For σ2 = 0, we have Kef = 0 — full compensation in the absence of volume fluctuations and the
magnetization is in indifferent equilibrium.

2. Correlation length of magnetization and magnetic block

Next, let’s ask about ways to estimate the size of the magnetic block (the number of crystal-
lites N included in the block).

Methods for calculating the correlation length of magnetization, which is identified with the
linear size of the stochastic domain, have been well developed for a long time (see, for example, the
introduction and [31, 32]). However, the early approaches are somewhat abstract [33], i.e. they
are not tied to the details of the magnetization distribution in nanostructured samples. Below,
for example, consider the structure model with two-dimensional inhomogeneities (see Fig. 2)
and apply a calculation method that echoes the method of calculating signal correlations in
radiophysics [34].

It is easy to show that in the case of small crystallite sizes compared to the length of the
domain wall of a homogeneous material, the anisotropy field can be represented by the sum
δ-shaped outliers in the coordinates of the corresponding grains. In this case, the distribution of
magnetization is actually determined by a discrete set of its guiding angles. However, due to the
high concentration of crystallites with simultaneous smoothness of the magnetization reversals,
the equilibrium equations are nothing more than a difference form of a differential equation for
the equilibrium distribution of magnetization ϑ(x) of the form:

∂2ϑ

∂x2
+
∂2ϑ

∂y2
=

1

δ20
sin (2(ϑ− α)) . (16)

Here α is the polar angle of the direction of the local anisotropy axis.
Next, we obtain the solution of the equation (16) in general form, taking into account the

specified boundary conditions. The solution of this equation can be represented as (Fourier series
expansion):

ϑ(x, y) =

∞∑
k=1

(
uk(x) sin

(
πky

L

)
+ gk(x) cos

(
πky

L

))
. (17)

Here, as before, L is the characteristic linear grain size in the directions along which the anisotropy
fluctuates, k is an integer.

After substituting the trial solution (17) into the equation (16) for unknown functions de-
pending on x, we obtain a system of equations:

∂2uk
∂x2

−
(
πk

L

)2

uk = − 1

2δ20L

L∫
−L

sin(2α) sin

(
πkt

L

)
dt,

∂2gk
∂x2

−
(
πk

L

)2

gk = − 1

2δ20L

L∫
−L

sin(2α) cos

(
πkt

L

)
dt.

(18)

The fact that the function ϑ(x, y) varies slightly is used here, throughout the stochastic domain,
and the selected axis is oriented in the direction of the average magnetization.
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The joint solution of the equations (18) is represented as:

ϑ(x, y) = − 1

2πδ20

∞∑
k=1

x∫
0

L∫
−L

1

k
sin (2α) cos

(
πk

L
(t− y)

)
exp

(
±πk
L

(p− x)

)
dtdp. (19)

Then, for the magnetization dispersion, we can write:

⟨
ϑ(x, y)2

⟩
= − 1

4π2δ40

∞∑
k=1

∞∑
n=1

x∫
0

x∫
0

L∫
−L

L∫
−L

1

kn
cos

(
πk

L
(t− y)

)
cos

(
πk

L
(t′ − y)

)
×

× exp

(
±πk
L

(p− x)

)
exp

(
±πk
L

(p′ − x)

)
ψ(p, p′, t, t′)dt dt′dp dp′.

(20)

Here ψ(p, p′, t, t′) = δ (|p− p′|/a) δ (|t− t′|/a)
⟨
sin2(2α)

⟩
is the correlation function of inhomo-

geneities, a is the characteristic linear size of the crystallite in the direction of the axes along
which the anisotropy field fluctuates.

After sequential integration and summation (20), for the dependence of the variance on the
coordinate r, we have:

Dϑ(r) =
a2r2

8π2δ40

∞∑
k=1

1− e−2πk

k3
⟨
sin2(2α)

⟩
≈ 0.15

a2r2

π2δ40

⟨
sin2(2α)

⟩
= 0.15

b4

π2
N2
⟨
sin2(2α)

⟩
, (21)

where b = a/δ0, N = r/a.
It is reasonable to determine the characteristic correlation length of the magnetization and,

consequently, the size of the stochastic domain from the equality: Dϑ(r) =
⟨
sin2(2α)

⟩
. From

here, for r or N , we get:

N =

√
π2

0.15
b−2, δS ≈ 7.9δ0b

−1. (22)

In conclusion of this section, we note that the specific type of correlation function of inhomo-
geneities does not affect the functional dependence of the size of the magnetic block. depends
on the size of the crystallite. The only prerequisite is good localization ψ. That is, dependencies
(22) would have a similar appearance not only for δ-shaped profile, but also for exponential,
triangular, etc.

3. Conclusion

Combining formulas (22) and (12) makes it possible to fully determine the value of the effective
constant of the uniaxial magnetic anisotropy of the sample section, identified with a stochastic
magnetic domain or a magnetic block for two-dimensional structures.

Calculations of the size of magnetic blocks or the number of crystallites included in the
stochastic domain for structures with one-dimensional and three-dimensional inhomogeneities
can be carried out in the same way as it was done in the previous section:

δ
(1D)
S ∼ b−1/3, δ

(3D)
S ∼ b−3. (23)

Expressions (23) paired with (12) It can also be used to estimate effective constants in 1D and
3D structures.
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The calculated value (12) can also be used to estimate the width of the inter-domain wall:

δW ≈

√
A

Kef
. (24)

It is important to note here that the parameters δW and δS have different functional de-
pendence on the magnetic and geometric parameters of the sample and can vary significantly.
This circumstance can be especially vividly demonstrated by the example of a simple model with
identical crystallite sizes, their local constants, but axes distributed in a relatively narrow cone
of directions.

Indeed, regardless of the degree of texturing of µ, the size of the magnetic block is determined
by the expression (22), and the wall size is determined by the expression (24), taking into
account (13):

δW ≈

√
A

Kµ
=

δ0√
µ
. (25)

Qualitatively, this difference can be explained as follows. The size of the wall between stochastic
domains is determined by the effective constant of these domains, the more pronounced it is,
obviously, the more pronounced it is the direction in LAA orientations. This is exactly what is
observed when there is a texture in the LAA directions.

In contrast, the size of the domain itself is determined by the correlation length of the magne-
tization, i.e. the distance at which the dispersion of the magnetization is equal to the dispersion
of the local axes. This definition leads to an interesting property: in the simple model under
consideration, the domain size is practically independent of the texture µ. Indeed, an increase
in the angle of dispersion in the LAA directions (a decrease in µ leads to an increase in the
dispersion in the LAA directions and at the same time, it leads to a commensurate increase in
the dispersion in the guiding angles of magnetization. Thus, a change in µ leads to a kind of
rescaling of the values of the polar angles with the characteristic lengths of the magnetization
ripples unchanged.

As a result, this paper presents a theoretical calculation of the parameters of the stochastic
magnetic structure of inhomogeneous ferromagnets: effective anisotropy parameters (without
restrictions on the dimension of inhomogeneities) and the characteristic size of the magnetic
block for the 2D model.

In conclusion, we note the range of unsolved research tasks. The range of static and dynamic
magnetization properties of nanostructured ferromagnets is still wide. In particular, the dynamic
properties of stochastic magnetic domains, taking into account magnetostatic energy, are awaiting
their theoretical interpretation.
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Корреляционные свойства намагниченности и
эффективная анизотропия наноструктурированных
низкомерных структур

В.А.Орлов
Сибирский федеральный университет

Красноярск, Российская Федерация
Институт физики им. Л. В. Киренского ФИЦ КНЦ СО РАН
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Аннотация. Теоретически рассчитана корреляционная длина намагниченности в модели двумер-
ного неограниченного образца, представляющего собой конгломерат кристаллитов со случайными
параметрами локальной анизотропии. Проведены оценки эффективной константы анизотропии
стохастического домена с учетом флуктуаций в направлениях легких осей анизотропии, констант
и размеров кристаллитов структуры произвольной размерности.

Ключевые слова: магнитная анизотропия, стохастический домен, корреляционная длина.
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Abstract. The structural inhomogeneity of ferromagnetic materials on the nanometer scale plays a key
role in the formation of excellent soft magnetic properties of nanocrystalline and amorphous alloys. The
paper provides a brief overview of the main ideas behind the law of approach to magnetic saturation,
which provides the basis for a method to study such inhomogeneities. Special attention is paid to the
role of the works of the Krasnoyarsk school of magnetism researchers working in this direction: from
the classic works of Kirensky and Ignatchenko to modern discoveries related to experimental studies of
nanomaterials. The methodological options that open up to an experimentalist when studying the law
of approach to saturation are discussed.
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Introduction

The well-known dependence of the magnetization of a ferromagnetic material on an external
magnetic field is characterized by hysteresis and is characterized by a nonlinear change in mag-
netization from zero to the maximum possible value – the saturation magnetization Ms. Most
applied research is limited to studying the hysteresis loop. Since in fields significantly higher than
the magnetic anisotropy field, the magnetization changes reversibly and rather fluently with in-
creasing field. The magnetization in the maximum field is often taken as an estimate of Ms. To
accurately determine the Ms, an experimentalist must take into account the so-called law of ap-
proach to magnetic saturation (LAMS). Furthermore, an experimentalist who does not neglect a
careful study of this part of the magnetization curve near saturation obtains a remarkable source
of useful, and sometimes unique, information about material inhomogeneities, local magnetic
anisotropy, interactions, and magnetization correlations. In this work, we outline the history
of ideas for studying the LAMS and delineate the range of opportunities for an experimentalist
when using these ideas.
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The law of approach to magnetic saturation is an equation (or formula) describing the part
of the magnetization curve in strong magnetic fields, where the dependence of magnetization on
field, associated with reversible rotation processes, has the character of an asymptotic approach
to the maximum value – the saturation magnetization Ms. The first empirical form of this law
is [1]:

M =Ms

(
1−

∑ ai
Hi

)
, (1)

where the values i take the values 1/2, 1, 3/2, 2, . . . . The coefficients ai are described by various
theoretical models and can be determined experimentally when describing the magnetization
curve by equation (1) [2]. When describing a part of an experimental magnetization curve near
saturation using an equation of type (1), experimentalists sometimes add terms like χH and/or
bH1/2 describing the so-called paraprocess associated with the competition between the field
and various kinds of excitations (mainly thermal) in the magnetic subsystem of a ferromagnet.
In an experiment, the contributions from the paraprocess and reversible magnetization rotation
processes can usually be separated, or the contribution from the paraprocess can be neglected.

The most well-known LAMS is the Akulov law for a ferromagnet with randomly oriented
local easy magnetization axes [3]:

M =Ms

(
1− 1

15

(
Ha

H

)2
)
, (2)

where Ms is the saturation magnetization, Ha is the local magnetic anisotropy field, related
to the magnetic anisotropy constant (K) as Ha = 2K/Ms. Starting from work [3], the LAMS
became the basis for a method to determine magnetic anisotropy in crystallites of ferromagnetic
polycrystals, and later for estimating elastic stresses in them [3, 4]. In deriving the Eq. (2), it
was assumed that exchange correlations of magnetization are absent. This assumption is quite
justified for an ensemble of misoriented non-interacting single-domain nanoparticles, or for a
polycrystal with a crystallite size significantly exceeding the characteristic size

√
A/K, where A

is the exchange interaction constant. For inhomogeneities with a size of the order of or smaller
than

√
A/K, exchange correlations of magnetization play a significant role. As a result of the

competition between the disordering effect of defects and the ordering influence of exchange in-
teraction, magnetization demonstrates correlations on the scale RH = (2A/MsH)1/2. A region of
magnetic correlations of such extent turned out to be characteristic of nanocrystalline magnets.
The magnetization inhomogeneity itself, first observed in thin films by Lorentz microscopy, was
named “magnetization ripple” [5]. Consideration of these correlations led Brown to the conclu-
sion about the possibility of observing terms in the LAMS of type (1) with values i = 1/2, 1, 3/2,
for defects with different structures [6]. This idea was used in the works of Kronmuller, who
linked various hyperbolic terms from equation (1) to specific structural defects (dislocation, va-
cancy, quasi-dislocation dipole, etc.) [7–12]. Kronmuller positioned his results as a theory of the
LAMS for amorphous ferromagnets. Unfortunately, the identification of structural defects for
amorphous materials is ambiguous. Ignatchenko and Iskhakov constructed a theory consistently
linking the correlation or spectral properties of the inhomogeneities of the local anisotropy axis
with magnetization inhomogeneities in a high field. They drew attention to the fact that when
interpreting an experiment, matching a specific functional form of the LAMS with a specific
structural defect cannot be considered reliable, since the same LAMS dependence could corre-
spond to different structural defects [13,14]. Using the theory of random functions, Ignatchenko
and Iskhakov [2, 13, 14], and subsequently Chudnovsky, Saslow, and Serota [15, 16] showed that
the functional form of the LAMS uniquely correlates only with the correlation function or the
spectral density of the anisotropy inhomogeneity. It was established that for all LAMS arising in
media with monotonically decreasing correlation functions of anisotropy inhomogeneity, the fol-
lowing behavior is common. A new, so-called exchange correlation field HR = 2A/MsR

2
c appears
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in the LAMS, above which the Akulov LAMS is valid, and below which a hyperbolic dependence
of the form H−n is realized, with an exponent depending on the dimensionality of the anisotropy
inhomogeneity [17]. Thus, it was shown that observing the change in hyperbolic regimes in the
LAMS could be used to determine the exchange field HR. Initially, these theories were devel-
oped for the LAMS of amorphous alloys, so the first measurements of HR, Ha, supplemented by
independent measurements of A and Ms, were used to study the correlation radii of magnetic
anisotropy and the local magnetic anisotropy field in a number of amorphous alloys [2]. For
amorphous ferromagnets based on transition metals, it was experimentally established that the
characteristic correlation size for the local easy magnetization axis is 10÷100 nm [2,18,19]. Since,
according to diffraction data, short-range order in amorphous metals is preserved over distances
of about two or three interatomic distances, this led to new discussions about the structure of
these alloys: from the special role of elastic stresses [7, 8, 19] to the specific crystallography of
short-range order in amorphous media [2, 18, 19]. Subsequently, this theory of LAMS found ap-
plication in the study of nanocrystalline alloys. Here, the correlation size of the local anisotropy
axis in some cases acquires the more tangible meaning of the crystallite size [20–22], however, in
nanocrystalline alloys it can also be associated with other scales, for example, the characteristic
distance between twin boundaries [20]. In recent decades, a new understanding of the role of
exchange magnetization correlations in the LAMS has provided an impetus for the development
of both the method of approach to magnetic saturation and the study of nanoinhomogeneous
materials in general. It became clear that the magnetic microstructure of nanostructured ferro-
magnets is represented by an ensemble of stochastic magnetic domains — regions with sizes equal
to the magnetization correlation length. It was shown that experimental study of the LAMS al-
lows one to determine the size of the stochastic domain and the effective anisotropy constant in
this element, the size of the nanostructure element and its local anisotropy constant, as well as
the dimensionality of the system of exchange-coupled ferromagnetic nanoparticles. The following
presentation is devoted to a more detailed discussion of the current state of the LAMS method
and the latest discoveries made with its help.

1. Theoretical basis

The various structural defects in a ferromagnet, affecting the local orientation of magneti-
zation, leads to the fact that even in high magnetic fields, where there is no domain structure,
the magnetization state is orientationally nonuniform (see Fig. 1). Magnetization in these fields

Fig. 1. The magnetization state of an inhomogeneous ferromagnet in a high field (a) and the
corresponding magnetization hodograph (b)

occurs through inhomogeneous rotation: local magnetic moments rotate further towards the field
direction, overcoming the stochastic influence of defects. For such a process, the LAMS is related
to the normalized mathematical variance of the transverse components of the stochastic magnetic
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structure dm:
M =Ms (1− dm(H)) , (3)

dm =

⟨
M2

⊥
⟩

M2
s

. (4)

Nonuniform magnetization is characterized by correlations (Fig. 1(a)) associated with ex-
change interaction. A theory consistently linking the correlation or spectral properties of the
inhomogeneities of the local anisotropy axis with magnetization inhomogeneities in a high field
was developed by Ignatchenko and Iskhakov. This theory connects the LAMS with a specific
type of correlation function of the local easy axis. For example, if an exponential is chosen as the
modeling correlation function of the local easy axis, then for the dependence dm(H) one have:

dm (H) =
(aHa)

2

H1/2
(
H

1/2
R +H1/2

)3 , (5)

here Ha = 2K/Ms is the local anisotropy field, a is a symmetry coefficient equal to 1/
√
15 for

uniaxial anisotropy, HR = 2A/MsR
2
c is the correlation field, Rc is the correlation radius of the

local easy axis. It can be seen that near HR, the field dependence of magnetization changes:

dm(H) = (aHa)
2

{
H−2, H ≫ HR,

H−1/2, H ≪ HR.
(6)

In coordinates ln(dm) vs ln(H), this corresponds to a characteristic bend in the experimental
curve dm(H) near H ∼ HR (see Fig. 2). Note that if instead of an exponential, any function from
the class of monotonically decreasing functions is chosen as the model correlation function, the
analytical expression for dm(H) will change. However, the asymptotes (6) and the value of the
correlation field HR will remain unchanged. The method for studying amorphous ferromagnets
based on expressions (6), which allows estimating the correlation radius of the local easy axis,
has been named correlation magnetometry.

2. Experimental results and new ideas

An important difference in analyzing experimental results using (1) and using (6) is that
these approaches predict different behavior for M(H) in the region of approach to magnetic
saturation. In formula (1), the main contribution to the sum with increasing magnetic field
will change in the sequence: M(H) ∝ H−2 →∝ H−1 →∝ H−1/2, thus, in an experiment, one
should expect exactly this sequence of hyperbolic regimes with increasing field. According to
formulas (5-6), the sequence of power-law regime changes is opposite. With increasing field, we
have here: M(H) ∝ H−1/2 →∝ H−2. This is due to the fundamental nonlinearity of expressions
like (5) or (6) for the LAMS. As follows from the analysis of the literature, experimental groups
investigating the LAMS are forced to choose one of these approaches, ignoring the other. That
is, this difference is the reason for the lack of unity in experimental approaches. Expression (1)
has an important flaw [11]. The magnetization work, proportional to the integral of M(H) over
magnetization, turns out to be infinite for all terms in expression (1) whose exponent is 6 1.
However, the magnetic anisotropy constants of a ferromagnet, determined precisely through the
magnetization work of the material, are finite quantities. Describing the LAMS with nonlinear
expressions like (5) eliminates this drawback – the magnetization work always turns out to be a
finite quantity proportional to the average magnetic anisotropy constant. Experiment has shown
that the sequence of power-law regime changes corresponds to expression (6), and not (1) [23].
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Fig. 2. The relationship between the magnetization variance near saturation, the external field,
and the length of structural correlations (Rc) illustrates the main features of the LAMS method
and the milestones in the development of LAMS ideas in ferromagnets inhomogeneous on the
nanoscale

Further development of the LAMS method is associated with the concept of a stochastic
magnetic domain – or a region of exchange magnetization correlations with a characteristic length
RL ≫ Rc. This magnetic domain is observed in nanocrystalline alloys by various microscopic
and diffraction techniques [24–26]. To date, based on the concepts of the stochastic magnetic
domain, the following experimental data for nanostructured ferromagnets have been successfully
explained: the dependence of the coercive force Hc, magnetic susceptibility χ, and the size of
the stochastic magnetic domain on grain size: Hc ∝ R6

c , χ ∝ R−6
c [27], RL ∝ R−3

c [28]. As
a result, the structure–property chain for nanostructured ferromagnets can be represented as:
nanostructure–magnetic microstructure (stochastic magnetic domain) — magnetic properties.
In recent decades, it has been shown that from the approach-to-saturation curves, one can
determine the size of the micromagnetic structure element: the size of the stochastic domain and
the value of the effective anisotropy in this element, the size of the nanostructure element and
its local anisotropy, and the dimensionality of the exchange-coupled ferromagnetic nanoparticles.
The correlation properties of the magnetic microstructure change qualitatively depending on the
ratio Rc/R

∗
c , where R∗

c is a unit of spatial scale composed of the fundamental constants (A, K) of
the magnetic material. When Rc > R∗

c , the correlation properties of the magnetic structure are
completely identical to the correlation properties of the atomic microstructure; when Rc < R∗

c ,
the magnetic microstructure is described by its own correlation characteristics, one of which is
the size of the stochastic magnetic domain (2RL), and the other is the field-dependent exchange
correlation length RH . The exchange correlation length satisfies the inequality Rc 6 RH 6 RL,
under which the magnetization curve of a nanostructured ferromagnet can be represented through
characteristic spatial scales as:

∆M

Ms
= a2

R4
c

δ4

(
RH

Rc

)4−d

≡ a2

ε2

(
RH

RL

)4−d

, (7)

where δ =
√
A/K, and ε is a numerical coefficient in the range 0.4–0.7 [23]. In this version, the

study of the magnetization curve M(H) allows one to experimentally estimate two independent
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characteristics: the value of the crossover field HR (crossover field) and the value of the crossover
ordinate of the functional dependencies ∆M(H) (from these values, Rc and RL are calculated,
respectively), and also to determine the packing dimensionality of nanoparticles in the material
(or the topology of intergranular exchange bonds). The non-equi-axiality of particles can be
accounted for by the anisotropy of the structural correlation radius: with a significant difference in
these correlation radii, the crossover ∆M(H) occurs twice. Anisomery of the magnetic anisotropy
inhomogeneity can lead to a dependence dm ∝ H−1 for ribbons of rapidly quenched amorphous
alloys [29].

Thus, for nanostructured ferromagnetic materials, a method has been developed for the exper-
imental determination of the main characteristics of the micromagnetic structure from approach-
to-saturation curves: correlation radii, the magnitude of the magnetic anisotropy of stochastic
magnetic domains, and their spatial dimensionality [23, 30, 31]. It is shown that in a ferromag-
netic system with random anisotropy and strong exchange interaction, the dependence of the
magnetization correlation radius on the external field, besides the known crossover field HR

(above the field HR, the magnetization is uniform within the crystallite), has a second crossover
in the field HL < HR. In fields below HL, a stochastic magnetic domain forms, whose size and
anisotropy do not depend on the magnitude of the external field. In the range from HL to HR,
the magnetization ripple regime is realized.

On reversible magnetization curves in the saturation region, in fields H 6 HL, a section
∆M ∝ H−2 has been experimentally discovered, associated with the limiting length of the mag-
netization ripple and with the formation of stochastic magnetic domains [30]. The power-law
dependences of magnetization curves in the saturation region predicted by theory for nanostruc-
tured materials with different packing dimensionalities of exchange-coupled grains in the region
where magnetization ripple exists (HL < H < HR) have been experimentally discovered. In
bulk alloys (d = 3) — M ∝ H−1/2; in thin ferromagnetic films (d = 2) — M ∝ H−1; in ferro-
magnetic nanowires (d = 1) — M ∝ H−3/2 [32, 33]. In work [34], new analytical expressions for
magnetization curves in the saturation region are proposed, which are fully consistent with the
exact expressions of the theory in limiting cases but allow a more accurate description of the
transition regime between power-law asymptotics. It is shown that in granular magnetic films
FeCoB-SiO2, near the "magnetic percolation threshold" [35], as well as in a nanoporous medium
of aggregated CoPt nanoparticles [36], power-law dependences of the approach to magnetic sat-
uration are observed, indicating a fractional packing dimensionality of exchange-coupled grains.
The possibilities of studying the fractal dimensionality of exchange-coupled clusters of magnetic
nanoparticles from their magnetization curves were demonstrated in [37] using micromagnetic
modeling.

The dependences of the stochastic magnetic domain size and the random magnetic anisotropy
energy, both of crystallites and stochastic magnetic domains, on heat treatment regimes were
established for FeCuNbSiB alloys [38, 39], FeZrN [40, 41, 41–43], and the volume fraction of
granules in nanogranular FeCoB-SiO2 films [35]. Furthermore, it was experimentally demon-
strated that the values of the coercive force and ferromagnetic resonance linewidth in FeCuNb-
SiB [44], FeCoB [45], and FeZrN [46] alloys increase with an increase in the effective anisotropy
of the stochastic magnetic domain, and the dependences of the coercive force and ferromagnetic
resonance linewidth on the crystallite size agree with the predictions of the random magnetic
anisotropy model. The main milestones in the development of LAMS ideas in ferromagnets in-
homogeneous on the nanoscale are given in Fig. 2, which shows the role played by researchers of
the Krasnoyarsk school and, in particular, V. A. Ignatchenko.

Conclusion

The ideas associated with theoretical studies of the law of approach to magnetic saturation
in ferromagnets have undergone a significant evolution: from empirical ideas for precise deter-
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mination of the saturation magnetization value to a powerful method for the quantitative study
of magnetization correlations in ferromagnets inhomogeneous on the nanometer scale. Recent
achievements have stimulated significant experimental activity, related both to the search for
new effects of structural and magnetic inhomogeneities on the magnetization curve and to the
use of the new method for studying novel amorphous and nanostructured materials. The role
of the Krasnoyarsk school of magnetism researchers in this direction is expressed by significant
theoretical and experimental activity, which led both to the formation of new approaches for
extracting information about inhomogeneities and to interesting discoveries in the study of new
amorphous and nanocrystalline materials.

This work was carried out within the framework of a State Assignment (Federal Research
Center KSC Siberian Branch Russian Academy of Sciences).
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Закон приближения намагниченности к насыщению
в ферромагнетиках неоднородных на нанометровом
масштабе
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Аннотация. Структурная неоднородность ферромагнитных материалов на нанометровом масшта-
бе играет ключевую роль в формировании высоких магнитомягких свойств нанокристаллических
и аморфных сплавов. В работе дается краткий обзор основных идей закона приближения намаг-
ниченности к насыщению, предоставляющего основу метода исследования таких неоднородностей.
Уделено отдельное внимание роли работ красноярской школы магнитологов, работающих в этом
направлении: от уже классических работ Киренского, Игнатченко до современных находок, связан-
ных с экспериментальными исследованиями наноматериалов. Обсуждаются методические возмож-
ности, открывающиеся экспериментатору при исследовании закона приближения к насыщению.

Ключевые слова: ферромагнетики, магнитное насыщение, неоднородность, наноструктура, маг-
нитная анизотропия.
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Abstract. This paper examines the possibility of the existence of magnetic inhomogeneities such as
kπ-skyrmions (k = 0, 1, 2, 3, . . . ) in a magnetically uniaxial film containing a columnar defect such
as a "potential well." Two cases of such films are considered: an infinitely extended film and a finite
(disk-like) film. It is shown that in both cases, skyrmions with a similar structure can exist at certain
values of the material parameters. The features of their structure, properties, and methods for their
production are studied. In particular, it was found that by varying the defect parameters, it is possible
to transform kπ-skyrmions into (k+1)π-skyrmions, which will occur at the center of the disk.
Keywords: magnetically uniaxial film, disk, "potential well" type defect, skyrmions, non-topological
soliton, core, demagnetizing fields.
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Introduction
Magnetic skyrmions, first discovered more than 15 years ago in magnetic films with a non-

centrosymmetric lattice [1], continue to be the focus of attention for many leading research
groups. This persistent interest is due to their topological protection, high mobility, and other
unusual spin-electron properties, which can find application in spintronic devices and artificial
neural networks [2–4]. The stability of skyrmions in these materials is ensured by the presence of
the Dzyaloshinskii–Moriya interaction (DMI), which, however, for various reasons, has proven to
be quite problematic [5–7]. As a result, alternative methods for stabilizing magnetic skyrmions
in magnetically uniaxial films in the absence of DMI (non-chiral magnets) have been proposed
[8, 9]. One such method was the artificial creation of modified films in which, by irradiating
their surface with a localized beam of He+ ions, a lattice of "potential wells" with a reduced
uniaxial anisotropy constant is formed [9]. Magnetic skyrmions are stabilized in these wells. As
calculations have shown [10], magnetic skyrmions in such modified films are stable formations
over wide ranges of variation in the material parameters and characteristics of the defect.

As a rule, in most studies, a magnetic skyrmion is understood as a vortex-like inhomogeneity
in which the magnetization vector M=M(r) changes its direction by 180◦ when moving radially
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from the center (r=0) to the periphery (r→∝) of the film (π-skyrmion). At the same time,
already in work [11] it was theoretically predicted that in uniaxial ferromagnetic films with DMI,
the existence of skyrmions with a more complex structure is also possible, the so-called kπ-
skyrmions (k ∈ 1, 2, 3 . . . ), in which the "twist" of the vector M occurs at an angle multiple of
180◦. Subsequently, skyrmions of this type were discovered in work [12], where micromagnetic
structures arising in Fe3Sn2 nanodisks were studied. As a result, stable states of 2π-, 3π- and
4π-skyrmions were detected in them at room temperature, and the following pattern in their
appearance was observed: the larger the disk size, the more likely it is to detect a skyrmion in
them with a greater value of the "twist" of the vector M. In particular, in zero field, the 2π-
skyrmion is stabilized at a nanodisk size of D v 730 nm, the 3π-skyrmion — at D v 950 nm, and
the 4π-skyrmion — at D v 1150 nm. In addition, their behavior in a magnetic field perpendicular
to the disk surface was studied, and it was found that as it increases, a transformation (collapse)
of (k + 1)π-skyrmions into kπ-skyrmions occurs. Thus, the 3π-skyrmion “collapses” to a 2π-
skyrmion when the external field increases to B v 94 mT, and the 4π-skyrmion turns into a
3π-skyrmion at B v 210 mT.

In [13–15], a theoretical analysis (micromagnetic modeling method using a software package)
of the structure and properties of kπ-skyrmions, as well as their behavior in a magnetic field, was
also carried out. These results generally correlate with the experimental data presented in [12].
However, despite the similarity of the results obtained in these theoretical studies, the studies in
[13–15] were carried out for chiral magnets in which skyrmions are stabilized due to the presence
of DMI in the film, while in [12], the stability of the skyrmion in a sample without DMI is
achieved due to the demagnetizing fields of the disk. In this work, the possibility of nucleation of
kπ-skyrmions in a magnetically uniaxial film with spatially modulated material parameters [10]
in the absence of DMI is investigated.

1. Basic equations
Let us consider a uniaxial ferromagnetic disk (of thickness D and radius R) with a columnar

defect located at its center [10]. Accordingly, we introduce a cylindrical coordinate system (r,
α, z) with the center O located on the axis of symmetry of the defect (Oz) at the point of its
intersection with the lower plane of the film (Fig. 1). It is also assumed that the easy axis of
uniaxial anisotropy is collinear with the Oz axis.

The components of the unit magnetization vector m=M/Ms, where Ms is the saturation
magnetization, are determined through its polar and azimuthal angles (θ, ϕ) in the form:
m=(sin θ cosϕ, sin θ sinϕ, cos θ). The expression for the energy density ε of the film under con-
sideration takes into account the contributions of the exchange interaction (characterized by the
parameter A), uniaxial anisotropy (Ku), and the demagnetizing field due to the finiteness of the
sample. Accordingly, ε has the form

ε = εe + εu + εms, (1)

where
εe =

∑
i,j

A

(
∂mi

∂xj

∂mi

∂xj

)
, εu = Ku(m

2
x +m2

y), εms = −1

2
Ms(mHm), (2)

Here mi are the components of the vector m (the summation is carried out according to the
indices i, j in the expression for εe, i, j=1,2,3), Hm is the demagnetizing field, which is found
from the equations of magnetostatics

div(Hm + 4πM) = 0, rot(Hm) = 0, (3)

taking into account the boundary conditions imposed on Hm [16].
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Fig. 1. Schematic representation of the film geometry. Here (еr, eα, ez) are unit vectors along
the corresponding axes of the cylindrical coordinate system (r,α,z)

A cylindrical region of radius R0 is considered as a defect, in which the parameters of the
sample P = (A, Ku, Ms) change their values according to the relation

P =

{
P1, r > R0

P2, r 6 R0

(4)

where Pi = (Ai, Kui, Msi) are the values of the material parameters outside (i=1) and inside
(i=2) the defect. It is assumed that Ku2 < Ku1 [17]. Such defects can be created artificially, as
demonstrated in [9]. First, let us consider the case of an unlimited ferromagnetic film (R→∞)
with a defect described by expression (4). The energy of such a sample can be represented as

E = 2πD

∫ ∞

0

(ε− ε0)r dr, (5)

where ε0 is the energy of the homogeneous state.
The corresponding Euler–Lagrange equation [18], corresponding to the minimum of energy

(5), will represent an integro-differential equation with non-constant coefficients, which can be
solved only by numerical methods. The numerical integration of equation (3) was based on the
method first demonstrated in [17]. Verification of this method was carried out in [19], in which
the results of the study of the magnetization reversal processes of the films under consideration
in a perpendicular magnetic field, obtained by this method, as well as by the method of micro-
magnetic modeling using the open-access software package OOMMF [20], completely coincided.
In what follows, we will move on to the given quantities: r=R/△, r0=R0/△, d=D/△, where
△ =

√
A/Ku1 is the characteristic width of the domain wall in a uniaxial crystal, Q=Ku1/2πM2

s1

is the material quality factor.

2. Topological features of vortex-like inhomogeneities
An analysis of the corresponding Euler–Lagrange equations shows [18] that its solutions

correspond to four types of vortex-like inhomogeneities, differing in the polarity of the core and
the direction of the vector m at the film periphery (r→∞). Two of them (the first with mz(0) =
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1 and mz(∞) = −1 and the second with mz(0) = −1 and mz(∞) = 1) are degenerate states of
the π-skyrmion, and the other two (the third with mz(0) = 1, mz (∞) = 1 and with mz(0) = −1
and mz(∞) = −1) are degenerate states of a non-topological soliton [17] or a 0-skyrmion [11].
In what follows, for definiteness, we will consider only one of the degenerate solutions, which
corresponds to an inhomogeneity with mz(0) = −1 (Fig. 2).

Fig. 2. Graphs of magnetization distribution (mz = mz (r)) of different types: the red line
corresponds to the π-skyrmion, and the blue line to the 0-skyrmion. Thin dashed lines represent
asymptotes of the corresponding graphs, and dotted lines are tangents to the inflection points.
The material parameters are as follows: r0 = 9, Q = 5, Ku2 = -2 Ku1, d=10

An analysis of the structure of 0- and π-skyrmions shows that, despite differences in their
profiles, three regions of magnetic moment rotation can be conventionally distinguished: the
core (central region), the intermediate region, and the boundary region. These regions differ
in the nature of the change in the vector m: while in the core and boundary region it changes
quite sharply (per unit length of the region), in the intermediate region it occurs less noticeably.
This behavior of the vector m is explained by the competing influence of uniaxial anisotropy of
exchange origin [18], uniaxial anisotropy, which also has a non-uniform character according to
(4), and demagnetizing fields.

At the same time, the studied inhomogeneities differ in structure: the profile of the π-skyrmion
has three inflection points, and that of the 0-skyrmion has two inflection points (Fig. 2). Here
rmin, r2, rmax are the points where the second derivative of the function mz = mz(r) vanishes,
that is, m′′

z (ri) = 0 (i = 1, 2, 3). From them, one can determine the characteristic dimensions of
the skyrmion and its core [17]. They also differ in the magnitude of the topological charge q: for
the 0-skyrmion, q=0, and for the π-skyrmion, q=1. In addition, they differ in the magnitude of
their energy: the energy of the 0-skyrmion is greater than that of the π-skyrmion and, therefore,
the π-skyrmion represents an energetically more favorable state than the 0-skyrmion. This
difference in their energies is explained by the difference in their profiles: if in the π-skyrmion
there is a closure of the magnetic flux, then in the 0-skyrmion such a closure is practically absent.

The structure and properties of these inhomogeneities depend primarily on the characteristics
of the defect: on its size r0 and on the value of Ku2, which characterizes the depth of the potential
well. As calculations show [17], there are always limiting values of r0c and Ku2c, relative to which,
at r0<r0c and Ku2 > Ku2c, the π-skyrmion is not formed on the defect. Accordingly, with an
increase in the defect size at r0 > r0c (at: A2 = A1, Ku2 = −2Ku1, Ms2 = Ms1, Q=30, d=10,
the value of r0c=2.55), a solution arises corresponding to a π-skyrmion, the size of which (rv)
increases with increasing r0 (Fig. 3).

However, for r0 > 7.45, in addition to the π-skyrmion, another solution to equation (3) arises,
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Fig. 3. Graphs of the dependence of the skyrmion size rv on the defect size r0, for the material
parameters A2 = A1, Ku2 = −2Ku1, Ms2 = Ms1, Q=30, d=10. Here, the red line corresponds
to the π-skyrmion, the light blue line to the 2π-skyrmion, the blue line to the 3π-skyrmion, the
green line to the 4π-skyrmion, and the yellow line to the 5π-skyrmion

corresponding to the 2π-skyrmion. A further increase in r0 leads to the fact that the sizes of the
π- and 2π-skyrmions also increase, according to a linear law, and starting from r0 = r0c = 12.8,
a solution corresponding to the 3π-skyrmion arises. Its size increases with increasing r0 also
according to a linear law. Further, with increasing r0 at r0 = r0c = 18.1, a fourth solution
appears, corresponding to the 4π-skyrmion, and at r0 = r0c = 23.6, a fifth solution appears,
corresponding to the 5π-skyrmion, etc.

Similar patterns of kπ-skyrmion generation also occur with changes in theKu2 parameter. For
example, a π-skyrmion emerges as a stable formation at Ku2 6 −0.62, a 2π-skyrmion already at
Ku2 6 −3.5, a 3π-skyrmion at Ku2 6 −7.55, a 4π-skyrmion at Ku2 6 −11.85, and a 5π-skyrmion
at Ku2 6 −17.67. It should be noted that the sizes of kπ-skyrmions increase with increasing
| Ku2|, but to an extremely insignificant extent. If the magnetization distribution for all five
types of skyrmions is combined in one figure, it can be seen (Fig. 4) that their initial profiles,
including the core, intermediate, and almost the entire boundary region, coincide (here, only
three skyrmions are shown in Fig. 4; with a larger number, such an overlap leads to confusion).
This is explained by the fact that the formation of these regions is mainly due to uniaxial
anisotropy of exchange origin [10], uniaxial anisotropy of the "easy plane" type (Ku2), and
perpendicular uniaxial anisotropy (Ku1), which are short-range and make an equal contribution
to their structure in the region r<r0 = 23.6 . At the same time, demagnetizing fields, which are
long-range, also affect their profile, but to a lesser extent.

The most important characteristic of vortex-like inhomogeneities is their energy, which is
zero-based, since in expression (2), the energy of the homogeneous state is subtracted from the
total energy density. This means that if the energy E of a magnetic inhomogeneity is greater
than zero (E>0), it is not realized, since in this case, the homogeneous state of the film has less
energy than this inhomogeneity.

As can be seen from Fig. 5, kπ-skyrmions have negative energy, therefore, they can be sta-
bilized in such films. Moreover, among them, the π-skyrmion has the lowest energy E, and the
5π-skyrmion has the highest. Accordingly, 2π-, 3π-, 4π-skyrmions occupy intermediate positions
in energy. This means that in such films, π-skyrmions will predominantly nucleate, although the
nucleation of other types of skyrmions is also possible. They are metastable structures, but can
become stable inhomogeneities in the presence of other external factors: under the action of, for
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Fig. 4. Profiles of kπ-skyrmions determined by the dependence of mz on the coordinate r at
r0=23.6, the values of the remaining material parameters are the same as in Fig. 3, here the
solid line corresponds to the π-skyrmion, the dotted line to the 3π-skyrmion, the dashed line to
the 5π-skyrmion

example, external magnetic fields [12, 21], local laser irradiation [22], the presence of antidotes
[23], defects [24] in the film, etc.

Fig. 5. Graphs of the dependence of the energy of kπ-skyrmions E on the size of the defect r0,
the values of the remaining material parameters, as well as the designations of the curves are the
same as in Fig. 3

A similar picture holds for the dependence of the energies of kπ-skyrmions (k=1, 2, 3, 4, 5)
on the parameter Ku2. It would seem that everything should be exactly the opposite, since
the magnetostatic energy of a 2π-skyrmion, due to the greater number of magnetic flux closures
(twists), should be lower than that of a π-skyrmion, and that of a 3π-skyrmion should be lower
than that of a 2π-skyrmion, and so on. On the other hand, an increase in the number of rings
(twists) in a kπ-skyrmion also leads to an increase in the exchange energy and the energy of
uniaxial anisotropy, which fully compensates (and perhaps even to a greater extent) for the
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negative contribution to ε from the energy of the demagnetizing fields. However, this will not
happen, since a plate of infinite length is considered here. To better understand this problem, we
examine it differently, using micromagnetic modeling based on the open-access OOMMF software
package [20, 25]. For this purpose, we consider a finite-sized disk-shaped film (of thickness D and
radius R), at the center of which is a columnar, through-type defect (of radius R0). The defect, as
before, is specified in the form (4). All sample parameters were taken to be close to experimental
values corresponding to a Fe2Sn3 film [12]. They are presented in Tab. 1, where the ranges of
their possible variations are also discussed.

Table 1. Material parameters of the sample used in modeling

Disk radius (225-1025) nm
Film thickness (120, 150) nm
Defect diameter 50 nm

Exchange stiffness outside the defect A1 = 8.25× 10−12J/m
Exchange stiffness at a defect A2 = 4.125× 10−12J/m

Saturation magnetization Ms = 622.7× 103A/m
Magnetic anisotropy constant outside the defect Ku1 = 54.5× 103J/m3

Magnetic anisotropy constant at a defect Ku2 = 0 J/m3

In the beginning, using numerical modeling, stable states of kπ-skyrmions were investigated
in the considered disk in the absence of defects. In particular, by varying the disk dimensions, it
was found that stabilization of the Bloch-type π-skyrmion will occur at a disk radius of R = 225
nm. It should be noted that this vortex-like formation differs in structure from a skyrmion in its
central part there is a domain (homogeneous) region, which, as is known [26], is characteristic of
bubble However, this inhomogeneity should not be completely identified with bubble, since the
latter is stabilized only when an external magnetic field directed normal to the film surface acts
on the sample. This hybrid formation was conditionally called a skyrmion bubble in [27].

A further increase in the disk radius leads to an increase in the central (domain) region, as well
as (to a lesser extent) the peripheral part, which is a ring with mz = – 1. This process continues
until a cylindrical domain boundary appears in the peripheral part at the edge of the disk with
radius R = 250 nm, which will separate the peripheral region with mz = – 1 from the very thin
ring region formed at the edge of the disk with mz = 1. Thus, the transformation of π-skyrmion
into 2π-skyrmion occurs. In a similar way, with a further increase in R, the transformation
of 2π-skyrmion into 3π-skyrmion occurs. Tab. 2 presents the data on the critical disk sizes at

Table 2. Table of limiting values of R at which certain types of kπ-skyrmions are stabilized in the
absence and presence of a defect; cases of film sizes that were not considered in [12] are marked
with an asterisk (*)

Skyrmion type
Critical radius of the film for the
occurrence of a kπ-skyrmion in
the absence of a defect, nm

Critical film radius for the occur-
rence of kπ-skyrmion in the pres-
ence of a defect, nm

3π-skyrmion 500 400
4π-skyrmion 575 500
5π-skyrmion 675 575
6π-skyrmion 800 675
7π-skyrmion 900 800
8π-skyrmion 1025 925

which the corresponding transformations of kπ-skyrmions into (k+1) π-skyrmions (k = 1÷8)
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occur. As can be seen from the obtained data, in the case of finite-sized films, the formation of
kπ-skyrmions occurs due to the demagnetizing fields of the sample, which is impossible for films
of unlimited size. In the latter case, even if new "twists" are formed, an infinite portion of the
film always remains, which will inevitably negate any energy gain due to the formation of new
"twists."

5π-skyrmion without a defect at R=675 nm 6π-skyrmion on a defect at R=675 nm

7π-skyrmion at R=800 nm 8π-skyrmion at R=925 nm

graph of the magnetization distribution of the 5π-skyrmion (red) and 6π-skyrmion (green)

Fig. 6. Images of kπ-skyrmions with different k, stabilized in the presence of a defect R0=50 nm,
Ku2 = 0 J/m3 using Ubermag [25]

At the next stage of the research, the critical disk sizes at which kπ-skyrmions are formed
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on it in the presence of a defect (R0 = 50,Ku2 = 0, A2 = 0, 5A1) were again considered. The
obtained results are presented in the right column of Tab. 2. Their analysis shows that the
presence of a defect in the sample reduces the critical disk size at which a new type of skyrmion
nucleates on it by approximately 10–15%. Moreover, the process of transformation of a kπ-
skyrmion into a (k+1)π-skyrmion occurs in this case differently, namely, through the nucleation
of a new structure in the center of the defect, which is a skyrmion-like inhomogeneity with
dimensions close to R0 (Fig. 6). In this case, the magnetic structure outside the defect remains
unchanged. The study of the influence of the remaining parameters (Ms2 and A2) showed that
the parameter Ms2 has virtually no effect on these processes, while the value of A2, on the
contrary, has a significant effect. For example, if we reduce the value of A2, which characterizes
the exchange parameter at the defect, in a disk of radius R = 225 nm, in which a π-skyrmion is
stabilized, then at A2 = 0.7A1 and below, a darkening appears in the central region in the form
of a spot with a radius smaller than its domain part (Fig. 7). With a further decrease in A2 down
to A2 = 0.5 A1, the color of the darkened area reaches the color of the peripheral area, which
indicates the transformation of the π-skyrmion into a 2π-skyrmion. If we similarly perform these
manipulations with the exchange parameter A2 in a kπ-skyrmion (k>1), then we can transform
it into a (k+1)π-skyrmion.

However, such transformations will occur in the center of the disk, rather than at its periphery.
It should be noted that a similar effect was observed in [22], where the evolution of magnetization
in a bismuth-containing ferrite garnet film induced by a laser pulse with an energy of Φ = 0.31 J/s
was investigated. A domain structure in the form of concentric rings was discovered at the site of
local optical irradiation, which can be explained by heating of this region. The latter will lead to
a local change (more precisely, a decrease) in the constants of uniaxial anisotropy and exchange,
which can lead to the formation of a kπ-skyrmion.

Fig. 7. Graphs of magnetization distribution in a disk with R=225 nm and Ms2 =Ms1, Ku2 = 0,
A2 = nA1 for different coefficients n

Conclusion
According to the presented studies, vortex-like inhomogeneities such as kπ-skyrmions can

form under certain conditions in a uniaxial ferromagnetic film containing a columnar defect such
as a "potential well." Their structure, stability, and other properties depend significantly on the
material parameters of the sample and the characteristics of the defect. When considering a film
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with a finite thickness and unlimited thickness in the other two directions, it was found that
the π-skyrmion is energetically most favorable, while the favorability of other skyrmion types
decreases with increasing k. Furthermore, for each type of skyrmion, there are limiting values
for the defect radius r0, the "potential well" depth (△Ku = Ku1 −Ku2), and the quality factor
Q, below which they do not form.

In the case where the film is limited and represents a ferromagnetic uniaxial nanodisk, then at
a certain radius a skyrmion with a wide central part representing a cylindrical magnetic domain
is formed on the disk. It is shown that with an increase in the disk radius, a transformation
of different parts of the existing structure occurs, which ultimately leads to the transformation
of the skyrmion into a 2π-skyrmion. Similarly (by increasing the radius R), it is possible to
transform a 2π-skyrmion into a 3π-skyrmion, etc. In this case, such transformations occur at
the edge of the disk and are caused by the magnetostatic fields of the sample. The presence of
a defect leads to a decrease in the disk radii at which this occurs. In addition (with a decrease
in (△Ku), the defect affects the process of transformation of the kπ-skyrmion into a (k+1)π-
skyrmion, which occurs already in the center of the defect. A similar effect occurs with a decrease
in the exchange parameter, which helps explain the experimental results in [22].

The authors are grateful for the financial support of the State assignment of Russian Fed-
eration for the implementation of scientific research by laboratories (no. 075-03- 2024-123/1
15.02.2024).
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Структура и свойства kπ-скирмионов в ферромагнитных
пленках с пространственно-модулированными
параметрами

Роберт М. Вахитов
Галия Ф.Ильясова

Ростислав В. Солонецкий
Михаил А. Филиппов
Физико-технический институт

Уфимский университет науки и технологий
Уфа, Российская Федерация

Аннотация. В работе исследуется возможность существования магнитных неоднородностей типа
kπ-скирмионов (k = 0, 1, 2, 3, . . . ) в магнитоодноосной пленке, содержащей колумнарный дефект
типа «потенциальная яма». Рассмотрены два случая таких пленок — бесконечно протяженная и
конечная (типа диска). Показано, что в обоих случаях скирмионы с подобной структурой могут
существовать при определенных значениях материальных параметров. Изучены особенности их
структуры, свойства и способы их получения. В частности, было выявлено, что меняя параметры
дефекта можно осуществить трансформацию kπ-скирмионов в (k+1)π-скирмионы, которая будет
происходить в центре диска.

Ключевые слова: магнитоодноосная пленка, диск, дефект типа «потенциальная яма», скирмио-
ны, нетопологический солитон, кор, размагничивающие поля.
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Abstract. This paper examines the little-covered history of quantum chaos research in the literature
at two centers of nonlinear dynamics in Russia: the Budker Institute of Nuclear Physics in Novosibirsk
and the Kirensky Institute of Physics in Krasnoyarsk. The chosen timeframe — the early 1970s to the
early 2000s — saw the appearance of the first works on quantum chaos, the development of concepts,
and the formation of a conceptual framework. B. V. Chirikov and G. M. Zaslavsky played a key role in
this regard. The work of these research centers largely determines the modern landscape of this field of
knowledge.
Keywords: classical chaos, quantum chaos, semiclassical domain, quantum rotator, localization, energy
spectrum statistics.

Citation: R.R. Mukhin, From the History of Quantum Chaos: Research from the
Novosibirsk and Krasnoyarsk Schools of Nonlinear Dynamics, J. Sib. Fed. Univ. Math.
Phys., 2026, 19(4), 470–482. EDN: LOIGMK.

1. Introduction. Early Research
In the 1960s, the main center for research on chaos in Hamiltonian physical systems was the

G. I. Budker Institute of Nuclear Physics, Siberian Branch of the USSR Academy of Sciences
(INP, Novosibirsk) [1, 2]. The founder of the Novosibirsk school of nonlinear dynamics was
Boris Valerianovich Chirikov (1928–2008). Chirikov was a member of the first graduating class
of the Physics and Engineering Department of Moscow State University (now the Moscow
Institute of Physics and Technology). After graduating, he worked briefly at Laboratory
No. 3 (now the Institute of Theoretical and Experimental Physics in Moscow). Then, at the
invitation of A.M. Budker, head of the Laboratory of New Acceleration Methods, in 1954,
Chirikov transferred to the Laboratory of Measuring Instruments (LIPAN, now the Russian
Scientific Center "Kurchatov Institute"). In 1958, the Institute of Nuclear Physics began to
form in the Novosibirsk Akademgorodok, with Budker as its first director. Chirikov became
one of the new institute’s first employees and moved to Novosibirsk the following year, where
he began actively working at the INP and simultaneously taught classes at the newly opened
Novosibirsk University. Here, a few words should be said about how the teams of the institutes
of the newly opened Siberian Branch of the Academy of Sciences were formed. Their core
consisted of employees of research institutes in Moscow, Leningrad, and other cities, as well
as young graduates from various universities across the country. A few years later, a strong
reinforcement was added from the so-called "zero" graduating class of the young Novosibirsk
University. The first intake of which (24 students in the Physics Department, the same number
in the Mathematics and Mechanics Department) consisted of students from universities across
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the country, recruited directly into their second year. Among those who came from the
Institute of Atomic Energy to the INP, in addition to Budker and Chirikov, were S. T. Belyaev,
V.M. Galitsky, R. Z. Sagdeev and others [1, 2]. Roald Zinurovich Sagdeev was born in 1932.
After graduating from Moscow State University (1956), he intended to enroll in graduate school
at the Institute for Physical Problems. However, his application to L. D. Landau’s graduate
program was rejected by the university’s placement committee. Landau appealed to Kurchatov
to intervene, but the only thing Kurchatov could do was hire Sagdeev at his institute [3].
Nevertheless, Sagdeev decided to hold his dissertation defense at the Institute for Physical
Problems. V. I. Kogan, who was present at the defense, recalled that P. L. Kapitsa asked many
questions at first, then others. L.D. Landau summed up the defense, noting that the candidate’s
ability to instantly find answers to any question was astonishing [4]. Such an admission from
Landau, who himself was noted for his immediate response to questions, was quite unusual. In
the late 1950s, Sagdeev taught one of the first courses on plasma physics at the Moscow Power
Engineering Institute. Plasma physics was still a young field at the time, and the veil of secrecy
had only just been lifted. After moving to Novosibirsk (1961), Sagdeev headed one of the INP
laboratories. Just eight years after graduating, Sagdeev was elected a Corresponding Member
of the USSR Academy of Sciences (1964). Sagdeev, at the height of his scientific career, was a
very attractive figure to young physicists. Among Sagdeev’s first graduate students were those
from the "zero" class: A.A. Galeev, V. E. Zakharov, A. M. Fridman, and M. S. Moiseev; their
names are now widely known. To them should be added G. M. Zaslavsky.

Georgy Moiseevich Zaslavsky (1935–2008) graduated from Odessa University in 1957. After
the decision was made in 1957 to establish the Siberian Branch of the Russian Academy of
Sciences with its center in Novosibirsk, G. M. Zaslavsky was among those sent there. He began
working as an engineer at a research institute in Novosibirsk, then as a senior laboratory
assistant at the Novosibirsk Electrotechnical Institute. In 1959, G. M. Zaslavsky began teaching
at the then newly established Novosibirsk University, first as an assistant, and after defending
a dissertation for a candidate of science degree in 1964, he became an associate professor.
At the newly organized INP, the priority areas were research into accelerators based on new
acceleration principles and plasma physics.

Akademgorodok, like other new scientific centers, attracted talented and active young people
and experienced mature scientists whose potential was not fully utilized in Moscow and other
established scientific centers. Scientists at Akademgorodok institutes were, to a certain extent,
allowed to develop promising areas of research in the context of global fundamental science.

The creation of new accelerators and open-source magnetic plasma confinement systems
required a thorough study of multidimensional nonlinear oscillations of a conservative system
as a whole, i.e. over an unlimited time interval and under arbitrary initial conditions. Such
problems provided a powerful stimulus for the progress of nonlinear physics, which began to
develop rapidly. For tightly focused accelerators, the idea of which was then widely discussed,
A.M. Budker believed that, due to the "forgetting" of the initial phase, oscillations would
increase through diffusion, this will cause the particles to exit the acceleration regime and
rapidly die. Computational experiments conducted at CERN confirmed Budker’s prediction.
It was shown that diffusion occurs even with very weak nonlinearity. However, the diffusion
mechanism was completely unclear. Some new phenomena emerged here, requiring new
approaches. These kinds of problems led Chirikov to study the phenomenon of chaos. Based
on the overlap of nonlinear resonances, he first introduced a criterion for the appearance of
chaotic oscillations in nonlinear Hamiltonian systems (the Chirikov criterion, 1959). Chirikov
and Sagdeev determined Zaslavsky’s interest in the problems of chaos, which became the
subject of all his subsequent research. Zaslavsky’s first works in this area were carried out with
Chirikov and Sagdeev. Subsequently, two groups of chaos researchers emerged: B.V. Chirikov,
V.V. Vecheslavov, F. M. Izrailev, D. L. Shepelyansky and G. M. Zaslavsky, G. P.Berman,
P. I. Belobrov, A.R. Kolovsky, H.-R. Ya.Rachko, V.N. Synakh, N. N. Filonenko and others. The
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research program of both groups can be formulated as follows: the study of the fundamental
laws of chaos and the emergence of statistical behavior based on deterministic dynamics in
classical and quantum systems [5].

It’s difficult to overestimate the role of Valter Alekseevich Ignatchenko in the development of
nonlinear dynamics research at the L. V. Kirensky Institute of Physics (IP SB USSR Academy
of Sciences, Krasnoyarsk). He began working at the institute in 1957, practically from its
founding. He headed the theoretical department, and it was on Valter Alekseevich’s initiative
that Zaslavsky, his friend and classmate from Odessa University, was invited to the institute in
1971 as a senior research fellow. Here, Zaslavsky was provided with all the necessary conditions
for developing his research and forming a corresponding team of researchers. Based on this
team, after Zaslavsky defended his doctoral dissertation, the Department of Nonlinear Process
Theory was established in 1973, which he headed [2].

During this period, Zaslavsky began studying quantum chaos. The concept of mixing
underlies Zaslavsky’s approach to questions of chaos. More than two dozen of Zaslavsky’s
papers, completed in the 1960s and 1970s, were devoted to the study of nonlinear systems
with mixing. They examined a variety of physical problems: the motion of charged particles
in external fields, the instability of plasma particles, nonlinear waves, turbulence in dispersive
media, and others. Here is what Zaslavsky himself says: "I started working on chaos problems
in 1963 with Boris Chirikov, and we published a paper on Fermi acceleration. There was a
time of the formation of new concepts, and we analyzed a real physical system. Soon after,
turning to the problem of the existence and stability of magnetic surfaces, we discovered two
important facts: 1) stochastic destruction of magnetic surfaces. These results are now broadly
used in almost all cases of analysis in plasma confinement installations; 2) destruction of the
separatrix and the formation of a stochastic (ergodic) layer, the width of which is estimated
with a special, so-called separatrix map. These results are of principal significance since in
Hamiltonian systems chaos starts from the formation of a stochastic layer . . . . The emotional
part is that I had a few, but very strong supporters, such as R. Z. Sagdeev, M. A. Leontovich,
B.B. Kadomtsev, and I. M. Lifshitz. There were many difficulties to find a positive attitude to
the works on chaos. Partly it was due to my distant settlement in Krasnoyarsk. The main
recognition of the results of chaos appeared after 1984. Another thing is that I had no access
to good computers and many things were obtained analytically while all West used computers
effectively. When I arrived in the US in 1990, I was surprised at how well known were my
works" [6].

Communication with mathematicians was of great importance in the ongoing research.
After B.V. Chirikov’s visit to A.N. Kolmogorov, close contacts were established with his school:
V. I. Arnold, Ya. G. Sinai, V. M.Alekseev, and others. Moreover, the interest was mutual. The
influence of this communication is noticeable in many of Sinai and his disciples‘ works of the
1970s and 1980s [7, 8]. Since the late 1970s, international collaboration has been established, first
with J. Ford, then with the addition of Italian physicists G.Casati, F. Vivaldi, and I. Guarneri.
This opened up new possibilities for discussions, joint research, and publications, and the
activity of Siberian physicists increased sharply. It should be noted here that Budker, while
highly appreciating Chirikov as an experimentalist, did not welcome his transition to "pure"
theory and did not accept his thesis on the special role of computers in modern physics.
Unfortunately, true recognition of the significance of Chirikov’s achievements came from abroad,
when his work became available to foreign researchers [8]. To a certain extent, the same can be
said of Zaslavsky.

In 1976, Chirikov’s group shifted to the study of quantum chaos and, by the late 1970s, had
almost entirely shifted its focus to this new field. At that time, very few physicists worldwide
were working in the field of quantum chaos [5].
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2. Quantum chaotic systems. Problem statement,
semiclassical approximation

In the 1970s, the concept of dynamic chaos, which describes the stochastic behavior of classical
mechanical systems with a small number of degrees of freedom, became firmly established. This
concept fundamentally contradicted the deeply rooted belief in the scientific community that
statistical descriptions are characteristic only of highly complex systems with a large number of
degrees of freedom. Understanding the phenomenon of chaos has undergone a long historical
development: from H. Poincaré’s research on dynamic systems and the birth of ergodic theory
to the creation of a consistent theory of dynamic chaos and experimental confirmation of this
phenomenon (see, for example, [9]). The phenomenon of chaos was relatively independently
discovered in two classes of systems — Hamiltonian and dissipative. The subject of our discussion
is Hamiltonian systems, and we will limit ourselves to them in what follows. Necessary and
sufficient conditions for dynamic chaos in Hamiltonian systems without any random parameter
or external noise were established — local exponential instability of trajectories under arbitrarily
weak perturbations of the initial conditions in systems with dimensions greater than one (the
Alexseev–Brudno theorem) [10, 11]. Although the regions of chaos are very narrow, their presence
is fundamentally important; chaos is inherent in the vast majority of dynamic systems.

The logic of the development of the subject inevitably led to the possibility of generalizing
classical chaos to the quantum domain. What would happen if the system were described not
by the equations of classical mechanics, but by the Schrödinger equation? At first glance, such
a generalization seemed unjustified. In the classical case, the continuity of the phase space is of
fundamental importance. No matter how small the distribution region of the initial conditions,
it still contains an infinitely large amount of information, which manifests itself in the form
of chaotic motion during strong instability. In the quantum domain, the phase space will be
structured by Planck’s constant h, and the concept of a trajectory loses its meaning. Therefore,
in the quantum domain, one cannot speak of chaos in its classical sense. It should be noted that
ideas about the possibility of quantum chaotic dynamics began to be discussed at the INP as early
as the late 1960s. Chirikov repeatedly emphasized that the discreteness of the spectrum inherent
in quantum systems can have a very significant impact on the dynamics of quantum chaos.
Apparently, the first mention of the role of spectral discreteness is recorded in the transcript of
Chirikov’s doctoral dissertation defense, which took place in 1969 [12]. Let us note the years
to which this applies. This was the time of the formation of the theory of dynamic chaos
in classical systems, and the formation of its basic concepts. E. Lorenz’s work, Deterministic
Nonperiodic Flow, in which he derived his famous system of equations (the Lorenz attractor),
received recognition only in the mid-1970s [9]. At first, everything was unclear. F. Izrailev
recalled numerous discussions between B. V. Chirikov and J. Ford, who repeatedly visited the
INP in the 1970s. As a result, a new approach was developed — quantum pseudo-chaos, although
the term "quantum chaos" remained generally accepted. It can be added that for classical chaos,
the nonlinearity of the system is of fundamental importance, whereas the Schrödinger equation
is linear; the vectors of the Hilbert space, initially close to each other, remain close during
evolution and do not diverge from each other. The fundamental distinction of quantum chaos
is that it is based not on the instability of motion that arises in classical nonlinear systems, but
on a completely different – linear – mechanism associated with a huge number of independent
frequencies that determine the temporal evolution of a quantum system [8]. Radical physicists
held the extreme position that quantum chaos does not exist at all. On the other hand, according
to Bohr’s correspondence principle, there is a region where, in the limit h→ 0, the classical and
quantum descriptions are equivalent. Therefore, the semiclassical region requires more careful
consideration. Moreover, the scope of research itself has expanded. Since the 1970s, interest has
increased in the study of highly excited states in atomic and molecular physics, states with large
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quantum numbers. In complex atoms, highly excited states are hydrogen-like, i.e., their wave
functions coincide with those of the hydrogen atom, which significantly simplifies the analysis of
such systems.

The time evolution of a quantum system in an external field V (x) is determined by the
Schrödinger equation:

ih
∂ψ

∂t
= −1

2
h2∆ψ + V (x)ψ. (1)

In classical mechanics, the motion of particles in the same field V (x) is determined by solving
the system of Hamiltonian equations:

dxi
dt

= pi,
dpi
dt

= −∂V (x)

∂xi
, i = 1, 2, . . . , n. (2)

If Planck’s constant h is negligible compared to other parameters of the problem, system (2)
is used. The relationship between (1) and (2) is established by substituting ψ = exp(iW/h). For
W , we obtain the nonlinear Wenzel–Kramers–Brillouin equation (WKB method)

−ih∆W +
∂W

∂t
+ |gradW |2 + V (x) = 0. (3)

For h = 0, this equation reduces to the Hamilton-Jacobi equation. However, the WKB
method says nothing about the behavior of the solution to equation (1) [13].

Initially, the subject of quantum chaos was not entirely defined and included a wide range of
seemingly unrelated topics: quantum nonlinear resonance, the interaction of quantum nonlinear
resonances, the properties of wave functions of quantum chaotic systems, the evolution of
nonstationary states, the statistics of the energy spectrum, nonautonomous quantum chaotic
systems, etc. [14–16]. The few manifestations of complex behavior in quantum systems seemed
more the exception than the rule. By the end of the last century, ideas about the subject of
quantum chaos had taken shape. The concept of "quantum chaos" encompasses a range of
problems related to the quantum-mechanical description of systems that exhibit chaotic behavior
in the classical limit. Here, the differences between physical and mathematical approaches
become clear. A mathematician will first try to clearly define the object of study, clearly
formulate the conditions imposed, and only then proceed directly to solving the problem. In
physics, the subject of research can acquire more or less clear contours during the course of the
study itself. This is what happened with quantum chaos.

In quantum chaos research, it was entirely natural to first turn to the transition region
between quantum mechanical and classical descriptions — the semiclassical region. This
immediately presented significant challenges, as the very foundations of our understanding of
the world were affected. The question of the validity of the correspondence principle and the
Copenhagen interpretation arose. The first step was taken by Albert Einstein long before the
phenomenon of dynamic chaos became known. On May 11, 1917, at a meeting of the German
Physical Society, Einstein gave a report on the relationship between classical and quantum
mechanics [17, 18]. Strictly speaking, this was the period of the old quantum theory; quantum
mechanics emerged only in the following decade. Within the framework of the old quantum
theory, the Bohr-Sommerfeld quantization rules were derived:

1

2π

∮
p(qi)dqi = ~ni (i = 1, 2, . . . , N), (4)

where N is the number of integrals of motion. These rules are applicable only in the case of
complete separation of variables. Only then can one choose (pi, qi) such that the expressions∮
p(qi)dqi are integrals of motion. However, this quantization procedure turned out to be

ambiguous. Even if variables are separated in different coordinate systems, nonequivalent
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results can be obtained [19]. Einstein notes in his work [17] that the condition of separation of
variables significantly limits the applicability of the quantization conditions (4). Using a simple
example of two-dimensional particle motion under the action of a central attractive potential,
he generalized the quantization conditions (4)

Ik =
1

2π

∮
Ck

N∑
i=1

pidqi = ~nk (k = 1, 2, . . . , N), (5)

where Ik are independent integrals of motion, Ck are irreducible contours, i.e., contours that
cannot be contracted to a point and cannot be continuously transformed into each other. In
modern language, the case of integrable systems is considered here. Linear integrals of the
1-form

∑N
i pidqi taken over the entire set of topologically equivalent irreducible contours Ck,

are invariant [18]. The trajectories of integrable systems wind onto N-dimensional tori, and the
motion is regular.

The very end of Einstein’s work [17] is of particular interest. Considering Poincaré’s study
of the three-body problem as an example, Einstein notes the possibility of a case where the
number of integrals of motion is less than the number of degrees of freedom. Let us ponder
this statement. In essence, this is where the problem was formulated that, four decades later,
led to the creation of KAM theory. Recall that KAM theory addresses the following questions:
the conservation of invariant tori; their stability under small perturbations; and the nature of
motion when the integrals of motion are destroyed. I believe that Einstein’s work can rightfully
be considered the starting point for research into quantum chaos. It should be noted, however,
that several decades passed between the formulation of the task and its implementation.

Einstein’s remarkable work was far ahead of its time, and at the time it did not attract the
attention it deserved. Interest was focused on solving more pressing problems, primarily the
creation of a quantum mechanics free from the shortcomings of the old quantum theory. The
concept of trajectory was banished from quantum mechanics. The correspondence principle,
Ehrenfest’s theorem, and the WKB approximation were considered sufficient for considering the
semiclassical region.

Yet Einstein, like a number of other leading physicists (M. Planck, G.A. Lorentz,
W.Heisenberg, E. Schrödinger), who were particularly keenly aware of the unity of physics, was
not entirely satisfied with the approaches proposed in the intermediate region of the transition
from the quantum-mechanical to the classical description. However, the problems posed in the
report [17] only began to attract attention in the late 1950s.

A refinement of Einstein’s quantization condition (5) in the general case of nonintegrable
systems was carried out in 1958 by J.Keler [20]. In integrable systems, trajectories wind around
submanifolds of the phase space with the topology of an N-dimensional tori. In the nonintegrable
case, the situation is more complex. The motion occurs on a Lagrangian manifold–an isotropic
submanifold of maximal dimension of a symplectic manifold. Lagrangian manifolds occupy an
important place in the study of semiclassical asymptotics. Keler refined Einstein’s quantization
formula by introducing the following amendment:

Ik =
1

2π

∮
Ck

N∑
i=1

pidqi = ~(nk +
mk

4
), (6)

where mk are integers called Maslov indices. V. P. Maslov is the author of fundamental results
on asymptotic methods for solving a wide range of problems in physics and mechanics. The
Schrödinger equation is linear, while the WKB method yields a nonlinear equation. Mathemat-
ically, this leads to the theory of linear operators. Maslov’s main results were obtained in the
1960s [13, 21, 22]. However, a second question remains, going back to Einstein: what changes
will occur when invariant tori are destroyed, when in the classical limit the motion is chaotic?
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A very important step was made by M. Gutzwiller, who investigated this question in a series of
papers in the 1960s and 1970s (see, for example, [23] and the bibliography therein). Using the
technique of Feynman path integrals, Gutzwiller obtained the formula that bears his name. The
Gutzwiller trace formula allows one to establish a connection between the spectrum of a system
and closed orbits in phase space. The Maslov index is equal to the number of turning points in
the orbit, which provides an additional phase shift. Gutzwiller’s formula can be considered a
generalization of the semiclassical approximation to the case of chaotic systems.

3. Computational experiment. The multiple time scales.
Kicked rotator. Dynamic polarization

The primary research method used by Siberian physicists was computational experimentation,
which has now become an effective method of scientific research. Unlike traditional numerical
methods, computational experiments involve experimenting with an initial mathematical model.
A key feature is that the final result is unknown in advance. By varying parameters, initial condi-
tions, and including or ignoring certain terms in the equations, researchers attempt to elucidate
the characteristic features of the model as a whole, its behavioral characteristics, and so on. This
use of computers was quite unusual in theoretical physics at the time. Furthermore, it is imper-
ative that the model being studied be related to physical reality, and that the observed effects
be confirmed by laboratory experiments and investigated using standard theoretical methods.
Computational experiments complement these two research methods. According to Chirikov,
"The human mind is weak, and it needs guidance to understand the complex behavior of a sys-
tem. Numerical modeling, or, better yet, numerical experiments, provide such a clue. However,
computer capabilities are limited, and therefore the scientist must select a good model that is, on
the one hand, simple enough for modeling, and on the other, remains sufficiently general, given
the typical patterns of the processes being studied" [5]. Here it is worth recalling the atmosphere
in which, in the 1960s, chaos research was viewed with considerable skepticism in the scientific
community, not only in our country but also abroad. Our physics journals refused to publish
papers based on computational experiments. Only later, in the 1970s, did the validity of such
research come to be recognized.

The combination of quantum and classical descriptions in the transition region must be
achieved not only conceptually but also instrumentally. But first, let us dwell on the choice of
mathematical models used. Here, Chirikov’s astonishing intuition was expressed. The model
had to be as simple as possible for analysis and, at the same time, nontrivial and as meaning-
ful as possible. The most striking example of this approach is a simple system of two discrete
equations, known as the standard Chirikov map. Its importance in the study of classical chaos
cannot be overestimated. The standard map provides insight into the fundamental properties of
dynamic chaos and, on the other hand, serves as a touchstone for testing various mathematical
models used to study real physical systems. The very first paper on quantum chaos, jointly with
foreign physicists [24], proved to be one of the foundational works in the new field and one of
the most cited. Here, Chirikov, together with Ford, proposed a mathematical model called the
"kicked rotator," which has occupied the same place in quantum chaos research as the standard
map does in classical chaos research. Essentially, the kicked rotator is a quantum analog of the
standard map and is obtained by quantizing it. It is also relatively simple and yet describes a
vast number of quantum effects [5, 8].

How can discreteness be reconciled with the correspondence principle? The idea of multiple
time scales emerged. In the work of G. Berman and G. Zaslavsky [25] the time scale tE was
introduced, later called the Ehrenfest time. This scale characterizes the spreading time of the
wave packet and limits the time interval during which the wave packet can be associated with
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a classical particle. Therefore, at times t > tE the influence of quantum effects becomes signifi-
cant. According to the Ehrenfest theorem, the average values of the quantities characterizing the
motion of a particle in the quantum domain are related by equations analogous to the equations
of classical mechanics. On the tE time scale, the system’s behavior is close to classical, and
quantum corrections are small. For unstable systems with complex behavior, the Ehrenfest time
is logarithmically small, tE ∼ (|lnq|)/h, where q is the characteristic quantum parameter and h
is the Kolmogorov–Sinai entropy.

There is another time scale of quantum dynamics with a characteristic time tD, on which
quantum diffusion processes occur, and tD ≫ tE . To study the dynamics on the tD scale, a
quantum rotator model was used with the Hamiltonian

H =
n2

2
+ k · cos θ · δT (t), (7)

where (n, θ) are the action-angle variables, k and T are the magnitude and period of the pertur-
bation, and δT (t) is a delta function with period T . The dynamics of the corresponding classical
system are described using the map

n = n+ k · sin θ, θ = θ + n · T. (8)

The only parameter in this map is K = k · T [24]. This simple model has proven to be very
informative and applicable to many physical situations. Depending on the parameter K, there
are two very different motion regimes: for K < 1, the motion is confined; for K > 1, the motion
can be described as diffusion. In both cases, regular and chaotic motion coexist, and for K ≫ 1,
the motion becomes ergodic and exponentially unstable. At times t≪ tD, quantum diffusion will
be similar in all details to classical diffusion. The local instability of quantum motion disappears
at t > tE , and at times t≫ tD, quantum diffusion ceases.

In the work of B.V. Chirikov, F.M. Izrailev, and D. L. Shepelyansky [26], it was established
that on the diffusion time scale tD, the behavior of quantum systems exhibits a number of pecu-
liarities, the most interesting of which is the quantum limitation of diffusion. It was shown that
in the case of a discrete spectrum with an average quasi-energy level density ρ0, classical diffusion
occurs on the time scale t ∼ tD ∼ ρ0. For ρ0 the estimate ρ0 ∼ ∆n ∼ tD was obtained, where
∆n is the number of effectively excited states during the evolution of one arbitrary unperturbed
state, and tD ∼ Dcl. Hence,

l ∼ ∆n ∼ Dcl. (9)

Here Dcl is the classical diffusion rate, l is the localization length, i.e. effective number of un-
perturbed states involved in stationary oscillations after diffusion has ceased. In other words,
the localization length l determines the size of the localization region of the eigenfunctions in
the unperturbed basis. Note a remarkable feature of relations (9): they establish a connection
between the essentially quantum characteristics of the system dynamics — the diffusion time
scale tD and the localization length l — and the classical diffusion rate Dcl. The analogy be-
tween the considered dynamic localization and the Anderson localization in a random potential,
well known from solid state theory, was established in the work of S. Fishman et al. [27] and
was substantially developed by D. L. Shepelyansky [28]. Although it is sometimes claimed that
dynamic localization is a special case of Anderson localization, this similarity is more of an ex-
ternal nature. The mechanism of these two phenomena is completely different. In the considered
model of dynamic localization, there are no random parameters. In this regard, the rotator-
with-kicks model represents the first and entirely nontrivial example of dynamic localization in
a deterministic system free of any randomness. It should be noted that in the kicked rotator
model considered above, for K > 1 and k > 1, localization is associated with the suppression of
classical diffusion due to quantum interference effects. When K 6 1 (k > 1), quantum tunneling
into a classically inaccessible region becomes decisive for localization.
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These questions should not be considered the domain of only a narrow circle of theorists,
with little connection to reality. All of this is currently supported by a solid experimental base.
Experiments with hydrogen atoms in a strong radio-frequency field are crucial in the study of
quantum chaos. The unusually strong microwave ionization of hydrogen atoms from Rydberg
states was first observed by J. Baysfield and P.Koch of Yale University [29]. A good model for
such a system is the kicked rotator. The phenomenon of dynamic localization was further studied
experimentally in [30, 31]. In the work of M.G. Raizen and his co-workers, dynamic localization
of atoms in magneto-optical traps was first observed [32]. They even managed to observe the
transition from classical diffusion to quantum localization with ultracold atoms in a laser field
[33]. The experimental study of dynamic localization is not limited to what has been said; today
it is a reliably established phenomenon.

4. Energy spectrum structure

The applicability range of the semiclassical approximation covers problems involving highly
excited states of atoms, and the quantization rules are directly related to the structure of the
spectrum. In systems with chaotic behavior, integrals of motion are destroyed. According to
KAM theory, invariant tori are preserved under sufficiently small perturbations, and the measure
of destroyed tori is small. Under large perturbations, invariant tori are mostly destroyed, and
the destruction is chaotic in nature, but islands of stability with regular motion are preserved.
Many problems concerning the emergence of chaos can be reduced to billiard-type systems
[34, 35]. One such problem is the problem of mixing in the motion of sliding electrons.

Here, the work of G.M. Zaslavsky and N. N. Filonenko [36] should be mentioned. This work
was one of the first on quantum chaos in the Soviet Union, if not the very first in this area. The
problem arose in connection with the analysis of the motion of metal electrons in an external
magnetic field directed along the metal surface ("sliding" electrons). Electrons located near the
surface drift, the nature of which depends on the properties of the surface. Mathematically,
there is an isomorphism of the electron trajectories in this problem with the trajectories of
the Sinai billiard, and the question of quantization can be reduced to the quantization of the
billiard problem. Initially, the article [36] was rejected by the editors of JETP. At that time
(the article was received by the editors on January 15, 1973), the issues raised in it did not
seem relevant, and not many physicists were studying the problems of chaos. The time when
nonlinear dynamics became a generally recognized field had not yet come. Only after the
intervention of Ilya Lifshitz, who convinced Evgeny Lifshitz, who was a member of the editorial
board of the journal, of the high level of this work and the fundamental importance of the
problems raised in it, it was accepted for publication [6].

In the question of spectra, another approach is possible, which arose during the consideration
of certain problems in the theory of the atomic nucleus. We are talking about the structure of
the energy levels of nuclei. To explain the structure of low-lying levels of complex nuclei, it was
possible to find theoretical approaches based on the shell model, using collective or individual
quantum numbers. But this approach loses its validity when considering highly excited states of
a series of energy levels from N to (N + n), 1 ≪ n 6 (N + n), if, say, N ∼ 106, n ∼ 102. Here,
it is no longer possible to ignore the fluctuations of the distances between the levels, distorting
the structure of the spectrum; the sequence of levels will be irregular. A statistical analysis
becomes more adequate. E.Wigner [37] and L. Landau and Ya. Smorodinsky [38] pointed out
that "repulsion" can take place between levels of the same symmetry, which should lead to the
disappearance of arbitrarily close levels from the spectrum. The main works on the statistical
theory of the spectrum are contained in a collection edited by C. Porter [39].

The effect of "repulsion" of levels turned out to be quite unusual. Energy is considered as
a random variable, and for levels of the same symmetry, the probability P (E|∆E) of detecting
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two adjacent levels with energies E and E +∆E should tend to zero as ∆E → 0; nearby levels
turn out to be strongly correlated [39, p. 217]. The spectra of atoms and molecules also have
a complex structure, and theoretical constructions for explaining nuclear spectra have a much
wider range of applicability.

In [36], the problem of finding the probability P (E,∆E) was solved using semiclassical
asymptotics for the case of "gliding" electrons. It was assumed that the system is isomorphic to
a Sinai billiard; all integrals of motion, with the exception of the energy integral, are destroyed.
Zaslavsky later showed that the results obtained are of a much more general nature [40]. It
turned out that in systems with stochastically destroyed integrals of motion it is possible to find
the increment of local instability and, with its help, determine the time t0, during which a small
perturbation of the initial condition will lead to the statistical independence of trajectories.
When trajectories are stochastic, the correlation between levels weakens and, in the limit t0 → 0,
the correlation disappears, which is manifested in the structure of the irregular spectrum. All
this began to attract close attention as early as the 1970s, including in experimental studies,
such as the study of the spectra of highly excited molecules and molecules in a predissociation
state, the study of electron motion in an anisotropic field, etc. All these studies heightened
interest in a number of fundamental issues: the quantization of stochastically unstable systems,
the wave functions in such systems, the correspondence principle, etc. [41]. Some of these
questions were resolved in subsequent studies in Novosibirsk and Krasnoyarsk.

The statistical theory of spectra was based on the hypothesis of the equivalence of the
distribution of energy levels Ek and eigenvalues λk of an ensemble of eigenvalues of ran-
dom matrices with a certain symmetry. This approach was developed by E. Wigner [37],
C. E. Porter [39], and F. Dyson [42]. The main result of these studies was the derivation of the
probability distribution of distances ∆E between adjacent spectral levels with energies close to E:

P (E,∆E) = A(∆E)αexp(−B(∆E)2), (10)

where A and B are normalizing constants, and α is a critical exponent that takes values of 1, 2,
or 4 depending on the type of symmetry of the system.

Computational experiments on a simple quantum model with two degrees of freedom by
O.Bohigas et al. (1984) [43] showed remarkable agreement with the conclusions of random
matrix theory. These studies were continued in the works of F. Izrailev [44] and B.Chirikov,
F. Izrailev D. Shepelyansky [45]. In the model considered in them, the exponent α = 1. Separate
consideration was carried out for even and odd eigenstates. An important parameter Λ = l

N1

was introduced, where l is the localization length, N1 is the dimension of the set of eigenfunc-
tions of the Hilbert space, i.e., the maximum number of unperturbed states associated with the
eigenfunctions. It was shown that for Λ ≫ 1 there is good agreement with the conclusions of
random matrix theory. For Λ < 1, a deviation from distribution (10) already occurs. In the limit
Λ → 0, distribution (10) goes over to the Poisson distribution for completely integrable systems,
although the classical analogue of a quantum system exhibits chaotic behavior. In the general
case, for Λ < 1, there is an "intermediate statistic" with the distribution P (E,∆E), which is
somewhere between the Wigner–Dyson and Poisson distributions. It has been hypothesized that
the P (E,∆E,Λ) distribution is universal.

* * * *

The Novosibirsk and Krasnoyarsk schools of nonlinear dynamics have made enormous contri-
butions to this field of knowledge, with many of their results considered classic. These achieve-
ments are invaluable; they largely define the modern face of this field of physics. Research
continues to develop and is being continued in many countries around the world.

Darren Gill provided me with great assistance in preparing the manuscript, for which I express
my sincere gratitude.
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[22] V.P.Maslov, M.V.Fedoriuk, Semi-Classical Approximation in Quantum Mechanics, Boston,
1981.

[23] M.C.Gutzwiller, Chaos in Classical and Quantum Mechanics, New York, 1990.

[24] G.Casati, B.V.Chirikov, J.Ford, F.M.Izrailev, Stochastic behavior of a quantum pendulum
under a periodic perturbation, Lecture Notes in Physics, 93(1979), 334.

[25] G.P.Berman, G.M.Zaslavsky, Condition of stochasticity in quantum nonlinear systems,
Physica А, 91(1978), 450.

[26] B.V.Chirikov, F.M.Izrailev, D.L.Shepelyansky, Dynamical stochastisity in classical and
quantum mechanics, Sov. Scien. Rev., 2(1981), 209.

[27] S.Fishman, D.R.Grempel, R.E.Prange, Chaos, Quantum Recurrences, and Anderson Lo-
calization, Phys. Rev. Lett., 49(1982), 509. DOI: 10.1103/PhysRevLett.49.509

[28] D.L.Shepelyansky, Localization of diffusive excitation in multi-level systems, Physica D.,
28(1987), 103.

[29] J.Baysfield, P.Koch, Multiphoton ionization of highly excited hydrogen atoms, Phys. Rev.
Lett., 33(1974), 258.

[30] J.E.Bayfield, G.Casati, I.Guarneri, D.W.Sokol, Localization of classically chaotic diffusion
for hydrogen atoms in microwave fields, Phys. Rev. Lett., 63(1989), 364.
DOI: 10.1103/PhysRevLett.63.364

[31] E.J.Galvez, B.E.Sauer, et al., Microwave Ionization of H Atoms: Breakdown of Classical
Dynamics for High Frequencies, Phys. Rev. Lett., 61(1988), 2011.
DOI: 10.1103/PhysRevLett.61.2011

[32] M.G.Raizen, et al., Observation of Dynamical Localization in Atomic Momentum Transfer,
Phys. Rev. Lett., 73(1994), 2974. DOI: 10.1103/PhysRevLett.73.2974

[33] F.L.Moore, J.C.Robinson, et al., Atom optics realization of the quantum delta - kicked rotor,
Phys. Rev. Lett., 75(1995), 4598. DOI: 10.1103/PhysRevLett.75.4598

[34] Ya.G.Sinai, On the Justification of the Ergodic Hypothesis for a Dynamic System of Statis-
tical Mechanics, Doklady AN SSSR, 153(1963), no. 6, 1261 (in Russian).

[35] Ya.G.Sinai, Dynamical systems with elastic reflections. Ergodic properties of dispersing
billiards, Russian Mathematical Surveys, 25(1970), no. 2, 137 (in Russian).

[36] G.M.Zaslavsky, N.N.Filonenko, Statistical properties of the energy spectrum of "sliding"
electrons with mixing classical trajectories, JETP, 65(1973), no. 2, 643 (in Russian).

[37] E.P.Wigner, On a Class of Analytic Functions from the Quantum Theory of Collisions, Ann.
Math.,53(1951), 36; Characteristic Vectors of Bordered Matrices with Infinite Dimensions,
Ann. Math., 62(1955), 548; Characteristic Vectors of Bordered Matrices with Infinite Dimen-
sions, Ann. Math., 65(1957), 203; On the Distribution of the Roots of Certain Symmetric
Matrices, Ann. Math., 67(1958), 325.

[38] L.D.Landau, Ja.A.Smorodinsky, Lectures on the theory of the atomic nucleus, Moscow-
Leningrad, 1955 (in Russian).

– 481 –



Ravil R.Mukhin From the History of Quantum Chaos: Research . . .

[39] C.E.Porter, Fluctuations of Quantal Spectra, Statistical Theories of Spectra: Fluctuations,
Charles E. Porter (Ed.), 1965, 3.

[40] G.M.Zaslavsky, Statistics of Energy Levels in the Destruction of Integrals of Motion, Sov.
Phys. JETP, 73(1977), 2089 (Russian).

[41] G.M.Zaslavskii, Statistics of energy spectra, Sov. Phys. Usp., 22(1979), 788 (in Russian).

[42] F.J.Dyson, Statistical Theory of the Energy Levels of Complex Systems. I, II, III J. Math.
Phys., 3(1962), 140, 157, 166.

[43] O.Bohigas, M.J.Giannoni, C.Schmit, Characterization of Chaotic Quantum Spectra and
Universality of Level Fluctuation Laws, Phys. Rev. Lett., 80(1984) 157.

[44] F.M.Izrailev, Distribution of quasienergy level spacings for classically chaotic quantum sys-
tems, Phys. Rev. Lett., 56(1986) 541.

[45] B.V.Chirikov, F.M.Izrailev, D.L.Shepelyansky, Quantum chaos: Localization vs. ergodicity,
Physica D, 33(1988), 77.

Из истории квантового хаоса: исследования школ
нелинейной динамики Новосибирска и Красноярска

Равиль Р.Мухин
Старооскольский технологический институт им. А. А. Угарова (филиал НИТУ «МИСиС»)

Старый Оскол, Российская Федерация

Аннотация. Работа посвящена мало освещенным в литературе исследованиям квантового хаоса
в двух центрах нелинейной динамики в России — Институте ядерной физики им. Г.И. Будкера
в Новосибирске и Институте физики им. Л. В. Киренского в Красноярске. выбранных временных
рамках — начало 1970-х гг.— начало 2000-х гг. — появились первые работы по квантовому хаосу,
сложились представления о предмете, сформировался понятийный аппарат. Здесь ключевая роль
принадлежит Б. В. Чирикову и Г.М. Заславскому. Работы названных исследовательских центров в
значительной степени определяют современный облик рассмотренной области знания.

Ключевые слова: классический хаос, квантовый хаос, квазиклассическая область, квантовый
ротатор, локализация, статистика энергетического спектра.
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Abstract. For the case of a strong one-site boson repulsion the temperature of the Bose-condensation
have been calculated when boson hopping take into account for three co-ordinating spheres. In the
solution the task an indefinite metric method was applied to provide an exact bose-analog of the Hamil-
tonian, written in the atomic representation. Through an unitary transformation the transition to a
Hamiltonian with the break down global U(1) symmetry in the phase with condensate was realized. As
this takes place the spectrum of excitations for small values of the quasimomentum has characteristics
corresponding to the superfluid phase.

Keywords: Bose-condensation, superfluid, U(1) symmetry, indefinite metric method, unitary transfor-
mation.

Citation: V.V. Val’kov, Hubbard Boson Condensation Taking into Account the Kinematic
Interaction from Distant Coordination Spheres, J. Sib. Fed. Univ. Math. Phys., 2026,
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This work is dedicated to the memory of Valter Alekseevich Ignatchenko. The Theoretical
Department of the Institute of Physics, founded and directed by him for many years, continually
pursued research into the formulation of new methods for the theoretical analysis of complex
physical systems. V. A. Ignatchenko actively supported these areas of scientific inquiry. The
presented research results belong to this class of works and define a new approach to the problem
of condensation of strongly correlated bosons in optical lattices, using the atomic representation
and bosonization of quantum Hamiltonians with the introduction of an indefinite metric.

The study of ultracold atoms in optical lattices led to the establishment of highly effective
approaches to simulating quantum phenomena at the microscopic level. The research ultimately
resulted in the experimental observation of Bose-Einstein condensation and the formation of
matter-wave packets. This enabled the use of technical capabilities to realize Feshbach reso-
nances, opening the way to control interatomic interactions. This demonstrated the experimental
possibility of moving from the regime of weak interactions to the regime of strong interactions.

If the theory of weakly interacting Bose gases was developed sufficiently well [1], then the
situation when the energy of interactions is comparable to or exceeds the kinetic energy of bosons
was previously considered unattainable. The main problem is related to the need for a correct
description of strong interactions. In the limit of low boson concentrations interactions are taken
into account based on the ladder approximation [2–4].

The second difficulty of the theory of non-ideal Bose systems is related to the presence of a
condensate in the low-temperature region. The basis for a consistent account of the condensate
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in a weakly non-ideal Bose gas is the replacement of Bose operators with zero quasi-momentum
by the

√
N0, where N0 is the number of bosons in the condensate, as proposed by Bogolubov.

After such a replacement, the diagonalization of the quadratic form of the Hamiltonian leads to
the energy spectrum of quasiparticles corresponding to the superfluid phase.

If the interaction of bosons at a single site is not weak, a correction to the theory is required.
One possible scenario for the theory of such strongly interacting bose-systems is based on the
use of the atomic representation. The ideology of such a description mirrors the concept used
in the theory of strongly correlated electronic systems, where strong single-site interactions are
included in the zero Hamiltonian and taken into account exactly [5,6]. In this case, the dynamical
variables are represented by Hubbard operators (HO).

The complexity of commutation relations for HO reflects the presence of kinematic interaction
between quasiparticles generated by new dynamic variables. To develop the theory of Bose-
Einstein condensation in an ensemble of strongly interacting bosons, one can use an approach
associated with the application of an indefinite metric [7] for constructing an exact Bose analog of
the quantum Hamiltonian written in the atomic representation [8,9]. In this case, the kinematic
interaction of Hubbard bosons is explicitly expressed through the seed scattering amplitude.
In the work, this approach allowed studying the spectrum of elementary excitations and the
concentration of the Bose condensate, taking into account the hops of bosons between nearest
sites.

Since the process of Bose condensation is largely determined by the low-energy density of
states, and this density is modified when considering long-range hopping, the question of the
influence of hopping between non-nearest sites on the concentration of the Bose condensate and
the properties of the energy spectrum becomes relevant. This work is devoted to this question.

1. Hamiltonian of ultracold atoms in an optical lattice

It is known the Hamiltonian of the ultracold atoms in the optical lattice may be written as
followers [10]:

H =
∑
fg

[(ε− µ)δfg − tfg]c
†
fcg +

1

2

∑
f

Uc†fc
†
fcfcf , (1)

where c+g and cf are bosonic operators with the conventional commutation relations. The sum-
mation is over all sites of the optic lattice are numbered as f and g. Parameter ε is the one-site
energy of the boson, µ is the chemical potential of the system, δfg is Kronecker symbol, tfg is
the hopping energy between sites g and f , U is the pair interaction energy between bosons at
the same site.

Let us perform a Fourier transform for the operators

cf =
1√
N

∑
k

exp(ikf)ck, (2)

where N is the number of sites in the lattice, k is the quasimomentum. Its values are determined
by the requirement to satisfy periodic boundary conditions.

In the quasimomentum representation the Hamiltonian (1) may be written as following

H =
∑
k

(εk − µ)c†kck +
U

2N

∑
1−4

c†1c
†
2c3c4∆(1 + 2− 3− 4), (3)
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where εk=ε− tk, tk =
∑

h t(h) exp(ikh), h-lattice vectors.
Taking into account hoppings within three coordinative spheres tk for a 3D cubic lattice is

defined by the expression

tk = 6t1 · γ1(k) + 12t2 · γ2(k) + 8t3 · γ3(k). (4)

Here are introduced the lattice functions corresponding to the first three invariants for a cubic
lattice

γ1(k) =
1

3
[cos kx + cos ky + cos kz],

γ2(k) =
1

3
[cos kx · cos ky + cos ky · cos kz + cos kz · cos kx],

γ3(k) = cos kx · cos ky · cos kz.
The parameters t1, t2 and t3 describe the intensities of boson hopping between sites of the first,
second and third coordination spheres, respectively.

The second term in (3) describes the interaction of boson in the quasimomentum representa-
tion.

2. Symmetry breaking and Bogolyubov excitation spectrum

Bogolyubov was the first to point out the need for an explicit consideration of the condensate
in boson system at low temperatures. For this purpose, terms containing operators with zero
quasi-momentum were singled out in the Hamiltonian (3). After that, a substitution was made:

c0 −→
√
N0, c+0 −→

√
N0, (5)

where N0 is the number of bosons in condensate.
It was later proposed to use the shift transformation [11]

c0 −→
√
N0 + c0, c+0 −→

√
N0 + c+0 , (6)

allowed the development of the theory of non-ideal Bose gas based on new approaches. In this
context c0 and c+0 came to be called fluctuation operators.

Note that the shift transformation (6) for operators corresponds to a unitary transformation
of the Hamiltonian

H −→ H ′ = U(α)HU+(α), (7)

in which unitary operator is defined by the expression

U(α) = exp(α∗c0 − αc+0 ). (8)

In this case the transformation law for operators takes the form that fully corresponds to a shift
transformation

c0 −→ U(α)c0U
+(α) = α+ c0, c+0 −→ U(α)c+0 U

+(α) = α∗ + c+0 . (9)

In the particular case when α =
√
N0 we obtain the previously used shift transformation in the

theory of interacting bosons at low temperatures.
Establishing a connection between the shift transformation (6) and the unitary transforma-

tion of the Hamiltonian (7) allows the structure of the condensate wave function to be deter-
mined. Since a unitary transformation of the Hamiltonian (7) is accompanied by a change in
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the basis vectors of the Hilbert space, after the transformation the new vacuum vector for zero
quasimomentum is the coherent state defined by the equation

| 0̃ ⟩ = U+(α)| 0 ⟩, (10)

in which vector | 0 ⟩ denotes the state with number of bosons equal to zero.
The coherence property of state | 0̃ ⟩ follows from a chain of equalities

c0| 0̃ ⟩ = c0U
+(α)| 0 ⟩ = U+(α)U(α)c0U

+(α)| 0 ⟩ = α| 0̃ ⟩. (11)

It is important to note that transformation (7) induces a violation of the global U1 symmetry.
As a result the Hamiltonian H ′ loses invariance with respect to the group of homogeneous gauge
transformations

ck −→ ck exp (iθ), c+k −→ c+k exp(−iθ), (12)

whereas the original Hamiltonian H possessed this property. This is easy to verify if U is written
up to terms quadratic in the operators

H ′ =
UN2

0

2N
+
√
N0(ε0 − µ+ Un0)(c0 + c+0 )+

+
1

2
Un0[c

2
0 + (c+0 )

2] + (2Un0 + ε0 − µ)c+0 c0+

+
∑
k ̸=0

{(εk − µ+ 2Un0)c
+
k ck +

1

2
Un0(a

+
k a

+
−k + a−kak)}.

(13)

From the condition of the linear operator contributions summing to zero, we obtain that
µ = ε0 + Un0. At the same time, the spectrum of excitation is determined by the expression

ω(k) =
√

(t0 − tk)(2Un0 + t0 − tk). (14)

This expression follows that the breaking of the global calibration symmetry of the Hamilto-
nian leads to a transformation of the elementary excitation spectrum. At small values of the
quasi-momentum, the spectrum acquires a linear character. This circumstance is of significant
importance for the formation of the superfluid phase.

It should be emphasized that the expression for (14) is valid only when U ≪ |tfm|. If U
is comparable to |tfm|, or exceeds it, a different approach is required. This is addressed in the
following paragraph.

3. Ensemble of boson with strong correlations

If the repulsion energy of bosons on a single site significantly exceeds their kinetic energy,
the operator including all single-site interactions should be chosen as the zero Hamiltonian. By
finding the eigenfunctions of such an operator, one can move to a representation in which single-
site correlations are taken into account exactly. For fermions systems, this approach is described
in detail in the book [6]. In our case, the eigenstates of the boson number operator are chosen
as the basis states:

c+c |n⟩ = n |n⟩, n = 0, 1, 2, . . . . (15)

Taking into account the rules of operators’ influence on states

c|n⟩ =
√
n|n− 1⟩, c+|n⟩ =

√
n+ 1|n+ 1⟩, (16)
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we will obtain the representation of Bose operators through the operators of the atomic repre-
sentationм

c =
∑
n=1

γ(n)Xn−1,n, c+ =
∑
n=1

γ(n)Xn,n−1, γ(n) =
√
n. (17)

Here, the operators of atomic representation (Hubbard operators) are defined by equations

Xn−1,n = |n− 1⟩⟨n|, Xn,n−1 = |n⟩⟨n− 1|. (18)

Hubbard operators satisfy the commutation relations,

[Xn,m
f , Xp,q

g ]− = δfg(δmpX
n,q
f − δnqX

p,m
f ), (19)

corresponding to Lie algebra. The physical manifestation of these relationships is the emergence
of kinematic interaction. Dyson was the first to draw attention to this.

In the case U −→ ∞ the Hamiltonian in the atomic representation has the form

H =
∑
f

(ε− µ)X1,1
f +

∑
fg

tfgX
1,0
f X0,1

g . (20)

The operator X1,0
f , acting on a state at the site f, in wich there is no boson, transforms this

site into a state with a single boson. Due to the complex commutation properties of Hubbard
operators, the excitation generated by the operator X1,0

f is called a Hubbard boson, similar
to how Fermi excitations in an ensemble of strongly correlated electrons are called Hubbard
fermions.

To study the influence of kinematic interaction on the condensation of Hubbard bosons,
we will use a method based on the construction of an exact Bose analogue of the quantum
Hamiltonian.

Its application, coupled with the introduction of an indefinite metric to cut off contributions
from non-physical states, allows one to obtain an exact Bose representation for Hubbard operators

X10
f = F̂fa

+
f , X01

f = F̂f (af − a+f afaf ), X11
f = F̂fa

+
f af . (21)

In this equation F̂f - metric operator [8]

F̂f = 1 +
∑
n=2

An(a
+
f )

nanf , A2 = −1/2, A3 = 1/3, A4 = −1/8, . . . . (22)

Using this representation, we can write a Bose analog of the Hamiltonian. Retaining only
terms of the fourth order in operators in the Hamiltonian, we obtain

HB =
∑
k

(εk − µ)a†kak − 1

N

∑
1−4

(ε− µ− t1 − t4)a
†
1a

†
2a3a4∆(1 + 2− 3− 4), (23)

where a+k and aq are bosons operators with the conventional commutation relations.
Using Bogolyubov’s method, we write down the quadratic form of the Hamiltonian, which

reflects the kinematic interaction of the Hubbard bosons

H(2) =
∑
k ̸=0

[
Aka

+
k ak +

1

2
Bk(a

+
k a

+
−k + a−kak)

]
, (24)
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where
Ak = (1− 4n0)(εk − µ− t0) + t0, Bk = −2n0(εk − µ− t0). (25)

The equation determining the value of the chemical potential is found from the condition that
the first-degree terms of the Hamiltonian in terms of the operators vanish. With the accuracy
considered, this equation can be written as

(1− 2n0)(ε− µ− t0) + 2n0t0 = 0. (26)

Diagonalization of Hamiltonian (24) leads to an expression for the spectrum [12]

ωk =
√
(1− 2n0)(t0 − tk)[4n0t0 + (1− 6n0)(t0 − tk)]. (27)

The equation that determines the relationship between the temperature of the system, the
total concentration of bosons n and the concentration of the condensate n0 is written as

n = n0 +
1

2N

∑
k

Ak − ωk

ωk
+

1

N

∑
k

Ak

ωk
fB(ωk/T ), (28)

where fB(x) = 1/(exp(x)− 1) — Bose-Einstein function.
The use of this expression allows us to analyze the influence of the kinematic interaction of

Hubbard bosons on the temperature of Bose condensation, as well as on the effect of condensate
depletion, i.e., on the decrease of n0 in comparison with n at zero temperature. Fig. 1 shows the

Fig. 1. Temperature behavior of the condensate concentration n0 for four values of the total
boson concentration n. Kinematic interaction is realized within one coordination sphere. The
solid blue line corresponds to the case n = 0.3; the green dashed line — n = 0.4; the red dotted
line — n = 0.5; the black dashed-dotted line — n = 0.6. The temperature is measured in units
of the parameter t1

temperature dependencies of the condensate concentration n0(T ) for four values of the boson
concentration in the system n. The kinematic interaction of Hubbard bosons is taken into account
only within the first coordination sphere. Accordingly, the long-range hopping parameters are
zero (t2 = 0, t3 = 0). It follows from the figure that the depletion of the condensate at T = 0

(n0(T = 0)/n) reaches approximately 50 percent.
When hopping between non-nearest sites (t2 ̸= 0, t3 ̸= 0) is enabled, the kinematic interaction

of Hubbard bosons is generated within three coordination spheres. Increasing the effective radius
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of interaction between Hubbard bosons can significantly alter the condensation temperature in
such a system.

Fig. 2 shows an example of such a change. The calculations were performed for
(t2 = −0.145, t3 = −0.1). Comparing the curves presented in Figs. 1 and 2 reveals that enabling
long-range interactions resulted in an eightfold decrease in the Bose condensation temperature.

A second effect associated with long-range interactions is a decrease in the condensate con-
centration n0 at T = 0.

Fig. 2. Temperature behavior of the condensate concentration n0 for four values of the total
boson concentration n in the case when kinematic interaction is realized within three coordination
spheres: t2 = −0.145, t3 = −0.1. The solid blue line corresponds to the case n = 0.3; the green
dashed line — n = 0.4; the red dotted line — n = 0.5; the black dashed-dotted line — n = 0.6.
All energy quantities are measured in units of t1

This means that long-range boson hops in the strong correlation regime can have a significant
impact on the thermodynamic characteristics of the boson ensemble.

Conclusion

The conducted studies have shown that the use of an atomic representation followed by a
bosonization procedure based on the introduction of an indefinite metric is effective in construct-
ing a theory of condensation of an ensemble of strongly interacting bosons.

With this approach, the system under consideration is represented by an ensemble of Hubbard
bosons for which kinematic interaction is realized.

The paper demonstrates that the kinematic interaction of Hubbard bosons for significantly
reduces the condensate concentration at T=0 (the depletion effect). Importantly, this interaction
from distant coordination spheres for 3D lattice can reduce the boson condensation temperature
by an order of magnitude.

The work was carried out within the framework of the state assignment of Kirensky Institute
of Physics of the Siberian Branch of the Russian Academy of Sciences.
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Конденсация бозонов Хаббарда при учете
кинематического взаимодействия из дальних
координационных сфер

Валерий В. Вальков
Институт физики им. Л. В. Киренского

Федеральный исследовательский центр КНЦ СО РАН
Красноярск, Российская Федерация

Аннотация. Для режима сильного одноузельного отталкивания бозонов при учете перескоков
между узлами в пределах трех координационных сфер вычислена температура бозе-конденсации.
При решении задачи на основе введения индефинитной метрики использован алгоритм получе-
ния точного бозе-аналога оператора, записанного в атомном представлении. Посредством унитар-
ного преобразования реализован переход к гамильтониану с нарушенной в фазе с конденсатом
глобальной симметрией U(1). При этом спектр элементарных возбуждений для малых значений
квазиимпульса приобретает характеристики, соответствующие сверхтекучей фазе.

Ключевые слова: бозе-конденсация, сверхтекучесть, U(1) симметрия, метод индефинитной мет-
рики, унитарное преобразование.
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Abstract. This work presents a review of the magnetic properties and magnetic phase diagrams of three
isostructural orthorhombic antiferromagnets from the Pb2Fe2−xMnxGe2O9 family, with x = 0, 0.16, and
0.43. In pure Pb2Fe2Ge2O9, the magnetic properties are determined solely by the magnetic S-ions Fe3+.
The magnetic structure of this crystal is characterized by an antiferromagnetic vector oriented along the
orthorhombic c-axis and a weak ferromagnetic moment along the a-axis. The partial substitution of Fe3+

ions with highly anisotropic Mn3+ ions leads to a reorientation of the antiferromagnetic vector toward
the orthorhombic b-axis in the crystal with the highest substitution level x = 0.43, accompanied by the
disappearance of weak ferromagnetism. At an intermediate substitution level x = 0.16, the competition
between the anisotropic contributions of the Fe3+ and Mn3+ ion subsystems results in a spontaneous
spin-reorientation transition at Tc = 22 K. The temperature and field dependences of the magnetization
for all three crystals were analyzed on the basis of a thermodynamic potential derived from symmetry
considerations. Based on this analysis, magnetic field–temperature phase diagrams were constructed for
each crystal for various orientations of the magnetic field relative to the orthorhombic axes.
Keywords: antiferromagnetism, weak ferromagnetism, spin-reorientation transition, magnetic phase
diagram, Mn substitution.

Citation: A.I. Pankrats, Tuning the Magnetic Structure and Phase Diagram of the
Orthorhombic Antiferromagnets Pb2Fe2−xMnxGe2O9 via Mn Substitution, J. Sib. Fed.
Univ. Math. Phys., 2026, 19(4), 491–505. EDN: SGDRGS.

Introduction
Since its very foundation, the L. V. Kirensky Institute of Physics has been recognized as a

leading center for research in the physics of magnetic phenomena, not only in our country but
also worldwide. Among the first researchers invited by L.V. Kirensky to join the Institute was
Valter Alekseevich Ignatchenko. V. A. Ignatchenko was one of the most highly qualified and
versatile specialists in the field of magnetism, and he consistently maintained a keen interest in
the search for novel magnetic materials with unusual properties.

The present work falls precisely within this research direction — namely the search for mag-
netic materials exhibiting magnetodielectric properties. One possible reason for the emergence
of a coupling between the magnetic and electrical properties of a material is considered to be the
presence of ions with unusual stereochemical features in the compound [1,2]. Such ions include,
for example, Bi3+ and Pb2+, in which the 6s2 valence electrons form so-called "lone pairs." These
lone pairs can, in turn, give rise to local dipole moments.

Single crystals of the orthorhombic weak ferromagnet Pb2Fe2Ge2O9 — a compound containing
the stereochemically active Pb2+ ion — were first synthesized and reported in Ref. [3]. This

∗pank@iph.krasn.ru https://orcid.org/0000-0002-8314-192X
c⃝ Siberian Federal University. All rights reserved
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material is a promising candidate for investigating magnetodielectric phenomena. Given that
multiferroic properties are known to be extremely sensitive to the underlying magnetic structure,
having the means to control this structure is a crucial advantage.

Doping with different ions is an effective strategy for modifying the magnetic structure of
a crystal. For instance, in rare-earth ferroborates with the huntite structure, mixed doping of
the rare-earth subsystem, along with its diamagnetic dilution, is routinely employed to control
both the magnetic order and magnetoelectric properties [4–6]. In our previous study [7], we
demonstrated that partial substitution of Fe3+ for Mn3+ ions transforms the initial ferromagnetic
structure of PbMnBO4 [8] into a ferrimagnetic-like one.

Pb2Fe2Ge2O9 belongs to the isostructural family Pb2M2X2O9 (M = Fe, Mn; X = Ge,
Si). This structural relationship naturally suggested the possibility of synthesizing a series of
Pb2Fe2−xMnxGe2O9 solid solutions. Such a series was of particular interest to us, as it involves
the progressive substitution of the S-state Fe3+ ion — characterized by relatively weak magnetic
anisotropy — with the highly anisotropic, Jahn-Teller active Mn3+ ion. In general, varying the
substitution level in such families provides an effective means of tuning the magnetic structure
and phase diagram.

A key requirement for conducting detailed investigations of magnetic properties — particularly
magnetic phase diagrams — is the availability of high-quality single-crystal samples. Indeed, only
measurements on single crystals can provide the detailed insight necessary to fully map out the
phase diagram of a material.

This paper provides a comprehensive overview of the magnetic properties and phase
diagrams of pure Pb2Fe2Ge2O9 single crystals [9] and their Mn3+-doped counterparts,
Pb2Fe2−xMnxGe2O9 with x = 0.16 [10] and x = 0.43 [11]. We analyze the temperature- and
field-dependent magnetization measured for different orientations of the applied magnetic field
relative to the crystallographic axes. By comparing these data and modeling them with a ther-
modynamic potential consistent with the crystal symmetry, we conclude that the highest Mn3+

concentration (x = 0.43) drives an abrupt reorientation of the antiferromagnetic vector: from the
orthorhombic c-axis in the pristine crystal to the b-axis in the doped one. At the intermediate
doping level (x = 0.16), the magnetic structure becomes inclined. For each composition, we map
out the magnetic phase diagrams for various field orientations with respect to the crystal axes.

1. Experimental

The Pb2Fe2Ge2O9 single crystals were grown using a pseudo-flux technique modification of
the spontaneous crystallization method described in [3,9]. The partially substituted single crys-
tals Pb2Fe2−xMnxGe2O9 were synthesized using minor modifications of this technology [10,11].
Details on the characterization of the synthesized single crystals can be found in previous pub-
lications [3, 9–11]. X-ray diffraction analysis confirmed the orthorhombic crystal structure (sp.
gr. Pbcn) for all the crystals with the unit cell parameters similar to those of the pure crystal
reported in [12]. This paper reports on the magnetic properties and magnetic phase diagrams of
three single crystals of Pb2Fe2−xMnxGe2O9 with different concentrations of Mn3+: x = 0, 0.16,
and 0.43. The true manganese content in the crystals was determined by X-ray fluorescence
analysis on Hitachi TM-3000 and JEOL JSM-7001F scanning electron microscopes.

The field and temperature dependences of the magnetization for the Pb2Fe2−xMnxGe2O9

crystals were measured on a vibrating sample magnetometer (VSM) with a superconducting
solenoid in magnetic fields of up to 70 kOe [13] and on a PPMS-9 Quantum Design Physical
Property Measurement System.
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2. Results and discussion. Magnetic phase diagrams
of Pb2Fe2−xMnxGe2O9

2.1. Temperature dependencies of magnetization, x = 0, 0.16 and 0.43

We first note that Mn3+ substitution causes a modest reduction in the Néel temperature. For
the pure crystal, TN = 45.2 K [9]; this decreases to TN = 42.0 K [10] at x = 0.16 and further
to TN = 39.9 K [11] at x = 0.43. The values of TN were extracted from specific heat data for
x = 0 and 0.16, and from the peak in the derivative dM/dT for x = 0.43. The most pronounced

Fig. 1. Temperature dependences of magnetization for Pb2Fe2−xMnxGe2O9 single crystals with
x = 0, 0.16, and 0.43 measured in a magnetic field H ∥ a, H = 1 kOe. From [10]

differences in the behavior of the temperature-dependent magnetization of the single crystals were
observed for the magnetic field orientation H ∥ a. Fig. 1 shows the low-temperature portion of
these dependences, measured in a magnetic field of 1 kOe. In the pristine crystal (x = 0),
a magnetization induced by a weak ferromagnetic moment was observed for this orientation
below the Néel temperature TN . The signal increased monotonically upon cooling, following the
temperature dependence expected for a spontaneous magnetic moment.

In the crystal with the maximum Mn3+ substitution level (x = 0.43), the magnetization
measured for the same orientation is an order of magnitude smaller and remains virtually
temperature-independent. In contrast, at an intermediate Mn3+ content (x = 0.16), the magne-
tization upon cooling below the Néel temperature initially exhibits behavior similar to that of
the pure crystal. Then, upon reaching T ≈ 23 K, a kink appears in the dependence, and the
magnetization drops sharply with further cooling of the crystal.

In this crystal, the magnetization along the orthorhombic b- and c-axes also exhibits singular-
ities at Tc, see Fig. 2. Specifically, along the b-axis, the magnetization remains almost constant
from TN down to Tc and then decreases upon further cooling. The opposite temperature be-
havior is observed along the orthorhombic c-axis: immediately below TN , the magnetization
shows a slight increase, then decreases until Tc, and below Tc it remains constant down to liquid
helium temperature. Such behavior suggests that at Tc, the magnetic structure of the crystal
with x = 0.16 undergoes a spontaneous phase transition. In contrast, for the crystals with x = 0
and x = 0.43, the temperature dependences of magnetization in the magnetically ordered region
(T < TN ) are smooth for all three field orientations, indicating the absence of spontaneous phase
transitions.
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Fig. 2. Temperature dependences of magnetization for Pb2Fe2−xMnxGe2O9 single crystals with
x = 0.16 and 0.43 measured in magnetic fields H ∥ b and H ∥ c, H = 1 kOe. From [10,11]

2.2. Field dependencies of the magnetization, x = 0, 0.16 and 0.43

It is convenient to begin the description of the field dependences of magnetization and the
corresponding magnetic phase diagrams with the pure Pb2Fe2Ge2O9 single crystal. The magnetic
properties of this crystal have been studied in Refs. [3,9]. The field dependences of magnetization
for Pb2Fe2Ge2O9, measured at T = 4.2 K along the three orthorhombic axes, are shown in Fig. 3.

Fig. 3. Field dependences of the magnetization Pb2Fe2Ge2O9 single crystal measured at
T = 4.2 K along the a-, b- and c-axes. From [9]

The dependences exhibit a form typical of an antiferromagnet with weak ferromagnetism. The
spontaneous magnetic moment along the a-axis arises from the weak ferromagnetic canting of the
antiferromagnetic sublattice moments in this direction. The field dependence of magnetization
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for this orientation can be expressed as [14,15]:

Ma =MDa + χ⊥H = χ⊥(HDa +H),

MDa =
HDa

HE
M0, χ⊥ =

M0

HE
,

(1)

Here, MDa = 0.99 emu/g is the spontaneous weak ferromagnetic moment along the a-axis,
χ⊥ = (4.33 ± 0.005) × 10−5 cm3/g, HDa is the Dzyaloshinskii effective field, and HE is the
exchange field. From the experimental data at T = 4.2 K, we obtained a value of HDa = 22.5
kOe, which is close to the value of 21 kOe reported in Ref. [3]. In the calculation, we used
HE = 780 kOe, derived from the perpendicular susceptibility χ⊥, and a theoretical value of
M0 = 230 G.

In a magnetic field applied along the b-axis, the magnetization increases linearly up to 60
kOe. However, a sharp spin-flop transition is observed when the field is applied along the c-axis.
This behavior indicates that the antiferromagnetic vector is directed along this axis. The critical
field of the spin-flop transition is HC = 39 kOe at T = 4.2 K. The weak hysteresis observed in
the vicinity of the transition suggests that it is first-order. The temperature dependence of HC

has the typical form shown in Fig. 4.

Fig. 4. Temperature dependence of the spin-flop critical field HC for Pb2Fe2Ge2O9. Taken
from [3]

Above the spin-flop transition field, the magnetization is described by an expression similar
to Eq. (1), but with a different value of the spontaneous weak ferromagnetic moment, MDc,
which exceeds MDa by a factor of approximately 1.8. This value corresponds to a Dzyaloshinskii
field of HDc = 39.8 kOe at T = 4.2 K. As shown in Ref. [14], the difference in the spontaneous
moments measured along different orthorhombic axes arises from the different relative contribu-
tions of two mechanisms — Dzyaloshinskii–Moriya interaction and single-ion anisotropy — to the
corresponding Dzyaloshinskii field:

HDc = DDM +Dsi, HDa = DDM −Dsi. (2)

Using Eq. (2), we determine the corresponding contributions at T = 4.2 K: DDM = 31.2 kOe
and DSI = 9.6 kOe. Note that the Dzyaloshinskii–Moriya contribution dominates.

Given that all crystals of the Pb2Fe2−xMnxGe2O9 family possess the same Pbcn crystal
structure, a common thermodynamic potential can be used to describe the magnetic structures.
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This potential corresponds to a two-sublattice orthorhombic antiferromagnet with a second-order
symmetry axis along the b-axis, relative to which the antiferromagnetic structure is even [14–16]:

F =
A

2
m2 +

a1
2
m2

x +
a2
2
m2

y +
b1
2
l2x +

b2
2
l2z + d1mxlz + d2mzlx −mh, (3)

The expansion was made over the components of the ferromagnetic vector m = (M1 +
M2)/(2M0) and the antiferromagnetic vector l = (M1−M2)/(2M0); A is the exchange constant;
a1, a2, b1, and b2 are the magnetic anisotropy constants; d1 and d2 are the constants at the
invariants responsible for weak ferromagnetism; and h = H ·2M0. The indexes x, y, z correspond
to orthorhombic axes a, b, c, respectively.

Eq. (3) shows that the weak ferromagnetic moment can only be formed in this crystal in
the directions of the orthorhombic a- or c-axes. Moreover, according to the invariant mxlz, the
moment in the a-axis direction can only exist at a nonzero component lz of the antiferromagnetic
vector, while the component lx, due to the invariant mzlx, causes the moment mz in the c-axis
direction. This analysis confirms that in the Pb2Fe2Ge2O9 crystal, in weak magnetic fields, the
antiferromagnetic vector l is directed along the orthorhombic c-axis, while the canting of the
antiferromagnetic sublattices towards the a-axis creates a weak ferromagnetic moment in this
direction.

Fig. 5. Field dependences of magnetization for the Pb2Fe1.57Mn0.43Ge2O9 crystal measured at
T = 4.2 K in the three orthorhombic directions. From [11]

Let us now turn to the magnetic properties of the Pb2Fe2−xMnxGe2O9 crystal with the
maximum Mn3+ ion content, x = 0.43 [11]. Fig. 5 presents field dependences of the magne-
tization measured on the crystal with x = 0.43 at T = 4.2 K along the three orthorhombic
axes. In this case, the spontaneous weak ferromagnetism in the a-axis direction is absent. The
magnetization jumps indicative of spin-reorientation transitions are observed in the directions of
both the orthorhombic b- and c-axes. In both directions, the critical fields of the transition are
temperature-dependent, tending to zero as the Néel temperature is approached. As an example,
Fig. 6 shows a family of field dependences of the magnetization measured in the direction H ∥ c
at various temperatures. On the other hand, similar to the undoped Pb2Fe2Ge2O9 compound,
under magnetization along the c-axis in fields above the orientational transition, a weak ferromag-
netic state is also established and has the same weak ferromagnetic moment (MDc ≈ 1.8 emu/g)
as in the undoped crystal. Judging by the significant magnetic hysteresis in the region of spin-
reorientation transitions, these transitions are first-order for both directions. The inset of Fig. 6
shows the temperature dependence of the weak ferromagnetic moment jump at the transition,
which decreases monotonically as TN is approached.
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Fig. 6. Field dependences of magnetization for the Pb2Fe1.57Mn0.43Ge2O9 crystal in the c-axis
direction measured at different temperatures. Inset shows the temperature dependence of a jump
of weak ferromagnetic moment at the transition. From [11]

Fig. 7. Magnetic phase diagrams of the Pb2Fe1.57Mn0.43Ge2O9 crystal at the magnetic field
orientations (a) H ∥ b and (b) H ∥ c. From [11]

The temperature dependences of the critical fields of the orientational transitions for the
directions H ∥ b and H ∥ c are shown in Figs. 7a and 7b, which represent the magnetic phase
diagrams for these two field directions. Let us now turn to the analysis of the possible magnetic
states in different regions of these diagrams.

According to the form of the thermodynamic potential (3), which does not include the mixed
invariants with ly, the spontaneous weak ferromagnetism is absent in this case (see state 1 in
Fig. 7a). The absence of spontaneous (i.e., for the magnetic field H → 0) weak ferromagnetism
in this state is confirmed by the initial portions of the field dependences of magnetization for
all orthorhombic axes (Fig. 5). Under magnetization along the b-axis, at low temperatures, the
initial magnetic susceptibility (χ∥) below the critical field (H < Hc) is much weaker than the
susceptibility (χ⊥) above the orientational transition; upon approaching the Néel temperature,
this susceptibility difference decreases. Such a difference in susceptibilities, characteristic of a
spin-flop transition, allows us to assert that in the ground state (as well as in weak magnetic
fields) of the Pb2Fe1.57Mn0.43Ge2O9 crystal, the antiferromagnetic vector l of the structure is
directed along the orthorhombic b-axis, in contrast to the undoped crystal, where l ∥ c. Also
noteworthy is the non-monotonic temperature dependence of the critical field HC of the spin-flop
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transition, with a maximum at T ≈ 10 K; such behavior is inherent to this type of transition
(compare with Fig. 4 for the undoped crystal).

The absence of the myli invariants in the thermodynamic potential prevents the occurrence
of weak ferromagnetism along the b-axis in the spin-flop state. However, in this state, weak
ferromagnetism can arise in the transverse a or c direction, depending on orientation of the
antiferromagnetic vector along the c- or a-axis in the spin-flop state (states 2 or 3 in Fig. 7a).
Since, for this crystal, the anisotropy constants required for comparing the energies of these
states are unknown, one of them can be chosen when measuring the field dependences of the
transverse magnetization in the a- and c-axes directions for H∥b.

In this crystal, the most interesting case is magnetization along the c-axis, which is not of
spin-flop nature and can be explained as follows. At this magnetization, when the magnetic field
is perpendicular to the antiferromagnetic vector, the initial magnetization portion is determined
by the magnetic susceptibility χ⊥. When a certain critical field is reached, the antiferromag-
netic vector reorients stepwise to the orthorhombic a-axis direction, which is accompanied by a
magnetization jump induced by the weak ferromagnetic moment occurring in the c-axis direction
(state 4 in Fig. 7b, coinciding with state 3). As in the pure crystal, this moment is induced by the
invariant mzlx and the field dependence of the magnetization above the critical field is described
by Eq. (3). Obviously, in this state, the field dependence is also determined by the perpendicular
magnetic susceptibility χ⊥. The similar transitions were observed, for example, in orthorhombic
antiferromagnets with weak ferromagnetism YFeO3 and YCrO3 [17,18].

Thus, in the Pb2Fe1.57Mn0.43Ge2O9 crystal, the magnetization jump of the spin reorientation
in the c-axis direction is not related to the difference between the perpendicular and parallel
susceptibilities, but originates from the occurrence of a weak ferromagnetic moment in the field-
induced state. The different nature of the spin-reorientation transitions under magnetization
along the b- and c-axes leads to different temperature dependences of the critical field what is
observed in Figs. 7a and 7b.

Analysis of the magnetic structures of the Pb2Fe2−xMnxGe2O9 crystals with x = 0 and 0.43
showed that, after partial substitution of highly anisotropic Mn3+ ions for iron ions, the antifer-
romagnetic structure is preserved. However, due to the competition between the contributions
of the iron and manganese subsystems, the magnetic phase diagrams of pure and Mn-substituted
crystals are fundamentally different. In the undoped crystal, the magnetoanisotropic properties
of which are only determined by the Fe3+ ion subsystem, the antiferromagnetic axis coincides
with the orthorhombic c-axis. In this case, the slight sublattice canting induces a spontaneous
weak ferromagnetic moment in the orthorhombic a-axis direction. Upon sufficiently strong sub-
stitution with x = 0.43, the contribution of the Mn3+ ion subsystem into the magnetic anisotropy
of the crystal is dominant; therefore, the antiferromagnetic vector aligns in the orthorhombic b-
axis direction and the weak ferromagnetism in the a-axis direction vanishes due to the symmetry
prohibition. Thus, we can state that, in this crystal, the easy anisotropy axes for the iron and
manganese ion subsystems are the c- and b-axes, respectively.

We examine also the magnetic properties and magnetic phase diagram of the single crystals
Pb2Fe2−xMnxGe2O9 with the intermediate (x = 0.16) Mn3+ ion concentration [10]. Obviously,
the competition of the contributions of the iron and manganese ion subsystems determines also
the magnetic phase diagrams of this crystal. In this case, a Mn3+ content of x = 0.16 is fairly low;
therefore, during the formation of magnetic structures, it may be important that the absolute
values of the contributions of the iron and manganese subsystems may turn out to be similar in
absolute value. It is known well that, if the absolute values of the competing contributions to the
magnetic anisotropy are similar, inclined magnetic structures with an intermediate orientation
of the antiferromagnetic vector l in one of the coordinate planes are often formed in a crystal. In
particular, this is the cause for forming inclined magnetic structures in the PrxY1−xFe3(BO3)4
crystals within a certain range of diamagnetic dilutions [6,20]. Numerous cases of the formation
of inclined magnetic structures were reported for rare-earth orthoferrites [19], the anisotropic
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Fig. 8. Field dependences of the magnetization for the Pb2Fe1.84Mn0.16Ge2O9 single crystal
measured in the three orthorhombic directions at temperatures of T = (a) 4.2 and (b) 30 K.
From [10]

properties of which are determined by the competition between the contributions of the iron and
rare-earth ion subsystems.

The temperature dependences of the magnetization of Pb2Fe1.84Mn0.16Ge2O9 presented
above (Figs. 1 and 2) exhibit a spontaneous reorientation at Tc = 23 K. This finding cor-
roborates the hypothesis of competing anisotropic contributions from the iron and manganese
subsystems, which are comparable in magnitude. However, a comprehensive analysis of the
magnetic structures and the construction of phase diagrams require the incorporation of field-
dependent magnetization data acquired at various temperatures.

The field dependences of the magnetization also exhibit distinct behaviors in the temperature
regions above and below Tc. Figs. 8a and 8b show the magnetization curves measured along the
three orthorhombic axes at temperatures below and above Tc, respectively. At T = 4.2 K
(Fig. 8a), the field dependences measured along the b- and c-axes are qualitatively similar to
those of the crystal with x = 0.43. In both crystals, the magnetization increases nonlinearly
after a certain threshold field. Above Tc (Fig. 8b), this behavior persists only for the H∥c
direction. In contrast, for H∥b, the magnetization depends linearly on the magnetic field over
the entire range studied (up to 70 kOe).

The shape of the magnetization curves also changes for the H∥a geometry. At T = 4.2 K,
a wide hysteresis loop with a small remanent magnetization is observed, accompanied by a
nonlinear field dependence. This contrasts with the x = 0.43 crystal, which exhibits no weak fer-
romagnetism in this direction. At temperatures above Tc, the remanent magnetization increases,
and the field dependence becomes linear across the entire investigated field range.

A key issue in interpreting the magnetic study results and constructing the phase diagrams
is the weak ferromagnetic moment — specifically, its existence, orientation, and magnitude.

We first consider the field dependences of the magnetization along the orthorhombic c-axis,
shown in Figs. 8a and 8b. Notably, for all temperatures below TN , the initial segments of these
curves are linear and pass through the origin. This indicates the absence of a weak ferromagnetic
moment (mz = 0) in zero and low magnetic fields. According to the thermodynamic potential
in Eq. (1), the weak ferromagnetic moment along the c-axis is governed by the invariant mzlx.
Therefore, the observed behavior requires lx = 0, implying that the antiferromagnetic vector l is
confined to the bc plane. This conclusion is consistent with the proposed scenario in which the
magnetic anisotropy arises from competing contributions from the Fe3+ and Mn3+ subsystems,
whose easy axes are the orthorhombic c- and b-axes, respectively.

To determine the orientation of the antiferromagnetic vector within the bc plane, we now
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Fig. 9. Field dependences of the magnetization for the Pb2Fe1.84Mn0.16Ge2O9 crystal in magnetic
field H ∥ a at constant temperatures. Inset: enlarged hysteresis loops. From [10]

Fig. 10. Temperature dependences of (a) the
remanent moment mrem and weak ferromag-
netic moment m0a and (b) the angle between
the orthorhombic b-axis and antiferromagnetic
vector l in the bc plane. From [10]

Fig. 11. Temperature dependences of the mag-
netization for the Pb2Fe1.84Mn0.16Ge2O9 crys-
tal in fixed magnetic fields H ∥ a. From [10]

examine the magnetic data for H ∥ a (Fig. 9). In this orientation, hysteresis loops character-
istic of a weak ferromagnetic moment — arising from the invariant mxlz — are observed at all
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temperatures below TN . The persistence of these loops implies that the component lz is nonzero
throughout the entire magnetically ordered region.

We propose that the remanent magnetization mrem represents the portion of the weak ferro-
magnetic moment arising from the projection lz of the antiferromagnetic vector l as it assumes
an intermediate orientation within the bc plane. Conversely, the moment m0a corresponds to the
maximum weak ferromagnetic moment, achieved when lz = 1.

For an arbitrary in-plane orientation of the vector l within the bc-plane, the remanent mag-
netization mrem is governed by the equation [13]:

mrem =M0
HD

HE
lz, (4)

where HE and HD denote the effective fields of the exchange and Dzyaloshinskii-Moriya inter-
actions, respectively. The magnetic moment m0a is also described by Eq. (4) for the case lz = 1.
By combining Eq. (4) with the experimentally observed ratio mrem/m0a, we can extract both the
component lz and the in-plane angle ϕ between the vector l and the crystallographic b-axis. At
T = 4.2 K, we obtain ϕ = 20◦. The temperature evolution of this angle is presented in Fig. 10b.

Fig. 12. Magnetic phase diagrams of the Pb2Fe1.84Mn0.16Ge2O9 crystal at the magnetic field
orientations: a – H ∥ a and b – H ∥ b. From [10]

Thus, in the temperature range 4.2 K < T < Tc, the antiferromagnetic vector l undergoes
a smooth rotation within the bc plane, from an initial intermediate orientation towards the
orthorhombic c-axis. The absence of hysteresis in the vicinity of Tc indicates that this rotation
ends with a second-order phase transition at T = Tc, at which point l becomes aligned with the
c-axis.

The proposed magnetic structure offers a coherent explanation for the temperature depen-
dences of the magnetization measured in fixed fields H ∥ a. The rotation of l towards the
c-axis enhances the projection lz, which in turn increases the remanent magnetization mrem

and accounts for the growth in magnetization as the temperature Tc is approached. Above this
temperature, the measured magnetization is governed primarily by the temperature-dependent
weak ferromagnetic moment m0a.

In the resulting magnetic phase diagram for H ∥ a (Fig. 12a) which is constructed from
temperature and field dependences of magnetization [10], the field dependence of Tc defines the
phase boundary, separating the inclined phase (State 1) from State 2.
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As in the previous field geometry, the critical temperature Tc for H ∥ b decreases with in-
creasing field (Fig. 12b). Due to the inclined nature of the magnetic structure in State 1, the
magnetization measured along the b-axis at T < Tc comprises both parallel and perpendicular
susceptibility contributions, with the latter typically dominating at low temperatures. Further-
more, in this orientation, the antiferromagnetic vector rotates not only with temperature but
also with magnetic field for T < Tc. This rotation ends at the critical field Hc, where the non-
linear magnetization due to the perpendicular susceptibility becomes linear. The phase diagram
(Fig. 12b), which is qualitatively similar to that for H ∥ a, features a common boundary between
the rotating inclined phase (State 1) and State 2. The boundary is determined from the Tc(H)
and Hc(T ) curves, which show good agreement in the field range of 15–25 kOe.

Fig. 13. Temperature dependences of the mag-
netization for the Pb2Fe1.84Mn0.16Ge2O9 crys-
tal normalized to the measurement field at fixed
magnetic fields H ∥ c. From [10]

Fig. 14. Phase diagram of the
Pb2Fe1.84Mn0.16Ge2O9 crystal in mag-
netic field H ∥ c. From [10]

Of particular interest is the magnetic phase diagram for H ∥ c. Unlike the previous two field
orientations, the rotation of the antiferromagnetic vector here occurs in a more complex way.
This complexity stems from the magnetization behavior observed in the crystal with x = 0.43:
in the Mn-substituted sample, this field configuration induces a rotation of the antiferromagnetic
vector toward the orthorhombic a-axis.

Following the procedure used for the other two field orientations, the magnetic phase diagram
for H ∥ c was constructed from magnetization data. We analyzed both the field dependences
measured at fixed temperatures and the temperature dependences obtained at fixed magnetic
fields, as shown in Fig. 13. Based on their shape, the curves in this Figure fall into two distinct
groups.

In weak magnetic fields (H < 16 kOe), the antiferromagnetic vector l rotates smoothly
toward the c-axis with increasing temperature in the region below Tc (marked by red asterisks
in Fig. 13). At T = Tc, the vector l becomes oriented along (or close to) this axis, resulting in a
local minimum in the temperature dependence due to the contribution of the parallel magnetic
susceptibility. The temperature Tc marks the boundary between State 1 and State 2 (see the
phase diagram in Fig. 14). Above Tc (State 2), the vector l rotates toward the a-axis, and
its projection lx appears and increases with temperature. This rotation is accompanied by an
almost linear increase in magnetization, caused by the growth of the weak ferromagnetic moment
induced by the invariant mzlx. This process continues up to T = Tc2 (marked by blue asterisks
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in Fig. 13), where the system transitions to State 4. In State 4, the magnetization decreases as
the Néel temperature is approached.

In strong fields (H > 18 kOe), the field dependences for H ∥ c (Figs. 8a and 8b) reveal that
the rotation of l toward the a-axis also takes place at fixed temperatures with varying magnetic
field. This rotation initiates at Hc1 within State 3 and is manifested as a nonlinear increase in
the magnetization field dependences, reflecting the onset of a weak ferromagnetic moment m0c

along the c-axis. An identical nonlinear magnetization growth is observed in the temperature
dependences measured at fixed fields above 18 kOe for T > Tc1 (indicated by green asterisks
in Fig. 13). For T < Tc, this rotation naturally commences from a temperature-dependent
intermediate orientation of l within the bc-plane. Regardless of temperature (for T < TN ),
the rotation of l culminates at the critical field Hc2, beyond which the field dependence of the
magnetization becomes linear (Figs. 8a and 8b). The Hc2(T ) and Tc2(H) curves form a common
boundary with State 4, where l is oriented along the a-axis and the antiferromagnetic sublattices
are canted along the c-axis.

It is worth mentioning that an important result of Refs. [9–11] was the discovery of sharp
anomalies in the magnetodielectric properties, which were observed in crystals with x = 0 and
x = 0.43 in the vicinity of certain spin-reorientation transitions. However, a discussion of the
magnetodielectric properties of the investigated crystals lies beyond the scope of this paper, which
is limited to studying the effect of substituting iron ions with highly anisotropic manganese ions
on the magnetic structures and phase diagrams of Pb2Fe2−xMnxGe2O9 crystals.

Conclusion

We have performed a detailed investigation of the temperature and field dependences of
the magnetization and constructed the magnetic phase diagrams for three single crystals of or-
thorhombic antiferromagnets from the Pb2Fe2−xMnxGe2O9 family: the pure compound (x = 0)
as well as crystals with strong (x = 0.43) and intermediate (x = 0.16) substitution of Fe3+ ions
by highly anisotropic Mn3+ ions.

A comparison of the magnetic phase diagrams of the pure Pb2Fe2Ge2O9 and the strongly
substituted Pb2Fe1.57Mn0.43Ge2O9 crystals reveals that the partial substitution of iron ions with
highly anisotropic Mn3+ ions leads to a dramatic change in the magnetic phase diagram. In
contrast to the ground state of the undoped crystal, where l ∥ c, the antiferromagnetic vector in
the doped crystal reorients to the b-axis, and the weak ferromagnetism vanishes.

For the crystal with intermediate substitution (x = 0.16), the magnetoanisotropic contribu-
tions of the Fe3+ and Mn3+ ion subsystems are comparable in magnitude. Their competition
gives rise to a spontaneous spin-reorientation transition at Tc = 22 K. The temperature of this
transition depends on the strength and orientation of an applied magnetic field relative to the
crystal’s orthorhombic axes. Analysis of the magnetization data as a function of temperature
and field for various orientations reveals that below Tc the crystal hosts an inclined magnetic
structure. Within this structure, the antiferromagnetic vector undergoes a smooth rotation in
the orthorhombic bc-plane as the temperature increases: it evolves from a direction close to
the b-axis at T = 4.2 K toward the orthorhombic c-axis at T = Tc. This rotation also occurs
at fixed temperatures below Tc upon increasing the magnetic field. In the temperature range
Tc < T < TN for fields applied along the a- or b-axis, the antiferromagnetic vector is oriented
along the orthorhombic c-axis.

Magnetic phase diagrams of the Pb2Fe1.84Mn0.16Ge2O9 crystal were constructed in the field-
temperature plane for various orientations of the magnetic field with respect to the crystal’s
orthorhombic axes. The most complex phase diagram is observed for H ∥ c. In addition to the
states listed above, it features an additional inclined phase, where the antiferromagnetic vector
rotates toward the orthorhombic a-axis as a function of temperature or magnetic field.
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Управление магнитной структурой и фазовой
диаграммой орторомбических антиферромагнетиков
Pb2Fe2−xMnxGe2O9 с помощью замещения Mn

Анатолий И. Панкрац
Институт физики им. Л. В. Киренского

Федеральный исследовательский центр КНЦ СО РАН
Красноярск, Российская Федерация

Аннотация. Работа представляет собой обзор исследований магнитных свойств и магнит-
ных фазовых диаграмм трех изоструктурных орторомбических антиферромагнетиков семейства
Pb2Fe2−xMnxGe2O9, с x = 0; 0.16 и 0.43. В чистом Pb2Fe2Ge2O9 магнитные свойства определяются
только магнитными S-ионами Fe3+. Магнитная структура этого кристалла характеризуется векто-
ром антиферромагнетизма, ориентированным вдоль орторомбической оси c и слабоферромагнит-
ным моментом вдоль оси a. Частичное замещение ионов Fe3+ сильноанизотропными ионами Mn3+

приводит к тому, что в кристалле с наиболее сильным замещением (x = 0.43) антиферромагнитный
вектор переориентируется к направлению орторомбической оси b, при этом слабый ферромагнетизм
пропадает. При промежуточном уровне замещения (x = 0.16) конкуренция анизотропных вкладов
подсистем ионов Fe3+ и Mn3+ приводит к появлению спонтанного спин-переориентационного пере-
хода при Tc = 22 K. Температурные и полевые зависимости намагниченности всех трех кристаллов
анализировались на основе термодинамического потенциала, записанного с учетом элементов сим-
метрии. На основе анализа построены фазовые диаграммы «магнитное поле — температура» для
всех кристаллов при различных ориентациях поля относительно орторомбических осей.

Ключевые слова: антиферромагнетизм, слабый ферромагнетизм, спин-переориентационный пе-
реход, магнитные фазовые диаграммы, замещение Mn.
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Abstract. This article provides a brief literature review on the development of models describing the
magnetization process in ferromagnets and the law of the approach to saturation magnetization (Akulov’s
law). An analytical approach for estimating the magnitude of effective local (inside the grain) magnetic
anisotropy and the parameters of the magnetization autocorrelation function (on the stochastic domain
scale) was developed by V. A. Ignatchenko and co-authors and it was called correlation magnetometry.
Our experimental results are presented, confirming the applicability of the law of the approach to satu-
ration magnetization and the correlation magnetometry method, in particular, to ferromagnetic FeZrN
films.
Keywords: magnetron deposition, nanocrystalline films, X-ray diffraction, bcc Fe phase, magnetic
microstructure, random anisotropy model, correlation magnetometry.
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Introduction
Since 2000s, the authors have been engaged in interdisciplinary research, i.e., metal physics,

physics of magnetic phenomena, materials science and technology for producing soft magnetic
film materials. These studies are aimed at creating ferromagnetic Fe-based films with a nanocrys-
talline structure, the properties of which meet the requirements of constantly evolving magnetic
electronics. Special attention is paid to the study of physical processes that determine the
magnetic properties. The processes occurring at different levels of film structure are (1) the
interaction of Fe ions with its environment (ions of other elements, Mössbauer spectroscopy),
which determines the type of formed phases (crystalline and amorphous) and their magnetic
state (ferromagnetic, paramagnetic, etc.), and (2) the exchange interaction between grains of
ferromagnetic phase (correlation magnetometry), which determines the magnetic microstructure
of films described by the random anisotropy model. It all started with a meeting with Rauf
Sadykovich Iskhakov and Sergey Viktorovich Komogortsev at a conference in Yekaterinburg in
2007, who introduced us to the method of correlation magnetometry. Our collaborations with
them [1–3] became our universities for the mastering of this method.
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This article provides a brief literature review on the development of models describing the
magnetization process of ferromagnets and the law of the approach to saturation magnetiza-
tion (LASM). The analytical approach that makes it possible to estimate the magnitude of the
effective local (inside the grain) magnetic anisotropy and the parameters of the autocorrela-
tion function (on the scale of the stochastic domain) of magnetization was developed by Valter
Alekseevich Ignatchenko and co-authors, and it was called correlation magnetometry. Our exper-
imental results are presented, indicating the applicability of LASM and the method of correlation
magnetometry to ferromagnetic FeZrN films of various chemical and phase compositions.

1. A brief history of the development of models describing
the process of the approach to saturation magnetization

Ferromagnets below the Curie temperature have spontaneous magnetization, the measure-
ment of which is not a trivial task. In the case of a single-phase polycrystal (or a randomly
oriented single crystal), in order to equate the magnitude of its saturation magnetization Ms

with spontaneous magnetization, it is necessary to extrapolate the measured magnetization M
to an infinitely large magnetic field H. For this purpose, before the discovery of the physical laws
describing the magnetization process of ferromagnets, the empirical LASM was used [4].

The event that advanced the development of physical models of the magnetization process
of ferromagnets was the discovery by N. S.Akulov of the law of magnetocrystalline anisotropy
[5]. This law made it possible to calculate the magnetic anisotropy constant K for an arbitrary
orientation of a single crystal. Later, considering the energy of magnetic anisotropy of isotropic
polycrystals, N.S. Akulov obtained a simple analytical expression for the LASM

M/Ms = 1− cK2/(HMs)
2, (1)

where c is a dimensionless coefficient that depends on the polycrystal structure [6]. Akulov’s
law does not take into account the exchange and dipole-dipole interactions between crystallites,
therefore it is applicable to magnetization curves only in sufficiently high fields. At the same
time, the introduction of the coefficient (1/2) in the LASM

M/Ms = 1− (1/2)cK2/(HMs)
2 (2)

allows taking into account the dipole-dipole interaction in Akulov’s law in external fields
H<<4πMs [7].

It is known that the magnetization process, expressed as a magnetization curve, is influenced
by different types of magnetic anisotropy. Magnetic anisotropy also determines the dependence
of different properties on the external magnetic field. At the same time, the LASM, similar
to Akulov’s law, work for magnetostriction [8], magnetoelastic anisotropy caused by stresses of
various nature [9, 10], for elastic modulus [11] and magnetoresistance [12]. It should be noted
that the dipole-dipole interaction provides a modification [13] of the law of the approach to
saturation magnetostriction similar to Akulov’s law [7].

Further development of Akulov’s law, obtained for an isotropic polycrystal, went in the di-
rections of modeling various structural defects:

- textures of polycrystals [14];
- amorphous state [15];
- adding new terms of the form M/Ms ∼ 1 − 1/H1/2 − 1/H − 1/H3/2 − 1/2 − . . . to the

dependency describing the LASM, where a certain type of defect was attributed to each power
term [16–19].

A qualitatively different (model-free) approach was used by V. A. Ignatchenko and co-authors,
based on the consideration of the spectral density of random functions describing the parameters
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of the microstructure. This intermediate level of abstraction (the intermediate correlation func-
tion between structure and properties) allows this approach to be applied to any properties at
the scale of a microstructure. This approach allows us to obtain the parameters of the magnetic
microstructure from:

- the width of the ferromagnetic resonance line [20, 21];
- spin-wave resonance [22–24];
- the use of LASM in a magnetic field where the exchange interaction between grains is not

suppressed by an external field (the magnitude of the magnetic field is below the field range of
Akulov’s law) [25, 26].

The latter case, called correlation magnetometry, is the most widespread [27, 28]. The method
of correlation magnetometry makes it possible to determine not only the effective local (inside
the grain) magnetic anisotropy from Akulov’s law, but also the parameters of the autocorrela-
tion function of magnetization (stochastic domain), determined by the competition of exchange
interaction and local magnetic anisotropy. It should be noted that correlation magnetometry can
estimate only a part of the parameters of the stochastic domain, whereas direct observations of
the magnetization distribution are needed to determine the type of correlation function [3, 29].

2. Random anisotropy model and correlation
magnetometry

The length of the exchange interaction RL (magnetic autocorrelation radius) in nanocrys-
talline ferromagnets exceeds the grain size 2Rc (Rc is structural autocorrelation radius). As a
result, the effective local magnetic anisotropy is averaged out on the scale of the exchange inter-
action; this leads to a correlation of magnetization on the 2RL scale (random anisotropy model
[30]). Such regions of magnetization are called stochastic domains 2RL, which are characterized
by effective magnetic anisotropy <Keff>, which determines the coercive field Hc of the material.

For Hc analysis, the widely used random anisotropy model establishes a dependence of the
coercive field on the grain size of 2Rc to the sixth power, Hc ∼ Keff

4(2Rc)6/(MsA3), where
Keff is the effective local magnetic anisotropy, and A is the exchange stiffness [31]. The reason
for this dependence is the exchange interaction between grains, which suppresses local magnetic
anisotropy [32].

When such a material is magnetized, three processes occur simultaneously, which, as the
external magnetic field increases, dominate each other in sequence: (1) rotation of the magne-
tization of the entire stochastic domains, (2) a gradual decrease in the size of the stochastic
domains down to the size of a ferromagnetic grain, and (3) rotation of the magnetization vectors
inside individual grains. The description of these processes using autocorrelation functions is the
basis of correlation magnetometry [32]. The latter consists of an analysis of the magnetization
dispersion curves dm = f(H) (where dm = 1−M(H)/Ms) plotted on a log-log scale (Fig. 1a).

In the fields H > HR (the third process from the previous paragraph), there is no exchange
correlation between the magnetization vectors in neighboring grains, and the magnetization
process occurs by rotating the magnetization vectors inside the 2Rc regions. At H > HR, the
magnetization dispersion in the samples follows Akulov’s law (green line in Fig. 1a):

dm =
1

2

(
D1/2Ha

H

)2

, (3)

where Ha is the effective local anisotropy field corresponding to the radius Rc (we assume it to
be equal to the radius of the grain) and D is the dispersion of anisotropy axes, which is equal to
1/15 for randomly oriented uniaxial anisotropy axes. In the fields HL < H < HR (the second
process), the magnetization curve is described by the function (yellow line in Fig. 1a)
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dm =
1

2

(D1/2Ha)
2

H
3/2
R H1/2

, (4)

which indicates the existence of stochastic domains in the samples. HR is the intersection field
of Eq. (3) and (4). In the range H < HL (the first process), Akulov’s law applies for the rotation
of stochastic domains (red line in Fig. 1a)

dm =
1

2

(
D1/2⟨Ha⟩2

H

)2

. (5)

HL is the intersection field of Eq. (4) and (5).
At the same time, according to [33], the fitting of experimental magnetization curves (blue

line in Fig. 1b) using the Eq.

M(H) =Ms[1− (1/2)(D1/2Ha)
2/(H2 +H1/2H

3/2
R )], (6)

in contrast to the consideration of dm = f(H), it allows us to determine simultaneously the satu-
ration magnetization value Ms, the rms fluctuation of the local magnetic anisotropy field (inside
the grain) D1/2Ha and the correlation field HR. These values allow us to estimate the rms fluc-
tuation of the anisotropy field of the stochastic domain D1/2 < Ha >= (D1/2Ha)

4/H3
R = 2D1/2

< Keff > /Ms ≈ Hc and the relative radius of the stochastic domain RL/Rc = (HR/D
1/2Ha)

2

Fig. 1. Fitting of the magnetization dispersion (a) and the magnetization curve (b) by correlation
magnetometry in a Fe77Zr7N16 film [34]

3. Influence of chemical and phase composition of Fe-Zr-N
system films on magnetic properties

For the study, films were selected whose compositions, when obtained by reactive magnetron
deposition, should, in accordance with the scientific approach developed by us [35–36], belong
to the Fe-ZrN quasi-binary diagram and contain 9–12 at. % Zr and 9–12 at. % N. However,
the method of reactive magnetron deposition has the following features. (1) High sensitivity of
the chemical composition of the as-deposited films to the slightest changes in the conditions of
magnetron deposition. This leads to the fact that the resulting film can be contaminated with
gas-forming elements (O, N, C) and turn into a 4-component material [37–39]. (2) The high
cooling rate (1014 K/s) of the film on the substrate leads to the formation of a nonequilibrium
phase state. It is represented by either a single-phase Fe-based amorphous state, or a two-phase
Fe-based amorphous state with one of the phases of the Fe-Zr-N ternary system or the binary
system (Fe-Zr, Fe-N and Zr-N). It is also possible to obtain metastable phases that do not
form under equilibrium conditions [40–42]. To verify the described models and physical research
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methods on our material, we selected films [42, 43] of the following compositions (Tab. 1). Some
of the studied compositions are shown in Fig. 2. The variety of chemical composition of the
films I-VI (Tab. 1) determines their variety of phase composition: αFe (I), a solid solution of
αFe(Zr, N) (II, III), two-phase with iron nitride (IV, V) and X-ray amorphous (VI). The variety
of phase composition determines the magnetic properties (Fig. 3): strong ferromagnets (I, II),
in which saturation induction decreases with increasing alloying (III) and increasing nitrides
(IV,V), and weak ferromagnets (VI).

Table 1. Chemical composition of FeZrN films

No. Chemical composition, at. %
I Fe
II Fe92.2Zr3.0N4.8

III Fe83.0Zr9.5N7.5

IV Fe89.6Zr3.4N7.0

V Fe88.7Zr4.4N6.9

VI Fe65.3Zr34.7
VII Fe43.3Zr34.8N12.4O9.6

VIII Fe72.4N4.8O22.8

IX Fe76.9N4.8O18.3

X Fe76.2N4.9O18.9

XI Fe72.0N6.6O21.4

XII Fe71.8N8.3O19.9

XIII Fe
XIV Fe99.4Zr0.6
XV Fe98.2Zr1.8
XVI Fe97.1Zr2.9
XVII Fe95.9Zr4.1
XVIII Fe
XIX Fe92.2Zr3.0N4.8

XX Fe88.7Zr4.4N6.9

XXI Fe78Zr10N12

XXII Fe77Zr7N16

XXIII Fe83.4Zr7.7N4.2O4.7

XXIV Fe78Zr9N13

Under the conditions of magnetron deposition, the kinetic factor often prevails over the thermo-
dynamic one, which leads to the appearance of phases that are present only in one of the binary
diagrams. Therefore, in addition to ternary compounds (FeZrN), we studied binary compounds
(FeN, FeZr). Various nitrides, including metastable nitrogenous martensite (Fig. 4), we obtained
in binary films FeN (VIII-XII in Tab. 1) [43].

The solubility of Zr in αFe is practically absent under equilibrium conditions [44]. However,
in the as-deposited FeZr films (XIII-XVII in Tab. 1), a supersaturated αFe(Zr) solid solution
(Fig. 6a) and an amorphous phase were found [45], an indirect confirmation of the presence of
the latter is the small grain size of the αFe(Zr), Fig. 6b.

FeNO films demonstrated a decrease in saturation magnetization with an increase in nitrogen
content in the gas mixture (Fig. 5a), while an increase in coercive field is observed with a
decrease in grain size (Fig. 5b), which, at first glance, contradicts the random anisotropy model,
is explained by the phase composition and an increase in local magnetic anisotropy [43]. The
shape of the hysteresis loops indicates the presence of two coercive fields ( Hc1 and Hc2, Fig. 5c),
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Fig. 2. Ternary Fe-Zr-N diagram and examples of the types of structure obtained in our work:
αFe(I), a solid solution of αFe(Zr, N) (II, III), two-phase (IV, V) and X-ray amorphous (VI)

Fig. 3. Saturation induction of the films I-VI depending on the temperature of 1-h vacuum
annealing (compositions are shown in Fig. 2)

Fig. 4. X-ray diffraction of FeNO films (VIII-XII in Tab. 1) depending on the nitrogen content
in the gas mixture during deposition (% N2); and the phase composition of the films under study

which is explained by the two-mode distribution of stochastic domains with two anisotropy fields
of stochastic domains in each film (Fig. 5d). The single-phase structure of the FeZr films (XIII-
XVII in Tab. 1) is preferable to the multiphase structure in the FeNO films (they contain three
ferromagnetic phases) to obtain predictable magnetic properties: saturation magnetization is
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Fig. 5. Saturation magnetization (a), coercive field (b), decomposition of the hysteresis loop into
two terms (c) and linear correlation of two coercive fields (Hc1 and Hc2) and two anisotropy
fields of the stochastic domain D1/2 < Ha >(d) in FeNO films (VIII-XII in the Tab. 1)

Fig. 6. Lattice parameter (a) and grain size (b) of the αFe(Zr) phase as a function of the Zr
content in the FeZr films (XIII-XVII in Tab. 1)

slightly higher (Fig. 7a) and the coercive field obeys the dependence of grain size to the sixth
power (Fig. 7b), unlike the FeNO films.

We found ZrN (Fig. 8a) in the films, including those with a high Zr content
(Fe43.3Zr34.8N12.4O9.6, VII in Tab. 1). Excessive amounts of Zr cannot be coupled in nitride, so
excess of Zr amorphizes the Fe-based phase. The Fe-based ferromagnetic phase in a paramagnetic
amorphous matrix [46] behaves like a superparamagnet (Fig. 8b).

A feature of magnetron deposition is the possibility of obtaining a multilayer films (III and IV
in Tab. 1). The multilayer structure [42] can significantly affect the shape of the magnetic hys-
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teresis loops (Fig. 9). Transmission electron microscopy revealed an amorphous layer (Fig. 10a),
which may be the cause of the complex shape of the hysteresis loop.

Fig. 7. Saturation magnetization (a) and coercive field (b) in the FeZr films (XIII-XVII in Tab. 1)

Fig. 8. X-ray diffraction (a) of film VII (Tab. 1), illustrating the formation of ZrN; the excessive
zirconium in the films amorphizes iron, which forms a paramagnetic matrix with inclusions of
isolated ferromagnetic grains in a superparamagnetic state (b), the magnetization curve of which
can be approximated by the Langevin function (solid line)

Fig. 9. Hysteresis loops of the films III (Tab. 1) at different annealing temperatures, showing
the feature associated with the amorphous layer in the film, which disappears after annealing at
temperatures of 500 and 600◦C
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Various iron nitrides were detected by electron diffraction (IV and V in Table 1, Fig. 10b).
Vacuum annealing at temperatures up to 600◦C confirmed the stability of the structure and
made it possible to clarify the phase composition (Fig. 10b). The magnetic properties of films
IV and V and the effect of annealing on them are discussed above (Fig. 3).

Fig. 10. a cross-section of the film IV showing the formation of an amorphous layer at the
beginning of the magnetron deposition process (a); various Fe nitrides (film V) can be formed
both during deposition (b) and during vacuum annealing at 600◦C for 1 hour (b)

The final nanostructure is formed during subsequent annealing. Annealing of the obtained
films leads to a shift of the phase state closer to equilibrium and partial nanocrystallization of
the amorphous phase. The main purpose of annealing is fine regulation of the structure: reduc-
tion of residual macrostresses (XVIII-XX in Tab. 1, Fig. 11a) and depletion of supersaturated
solid solution (Fig. 11b, I-VI in Tab. 1). At the same time, it was found that the size of the
ferromagnetic grain increases slightly (Fig. 11b, I-VI in Tab. 1) [47]. The magnetic properties of
films I-VI and the effect of annealing on them are discussed above (Fig. 3).

4. Application of the LASM and the method of correlation
magnetometry to ferromagnetic FeZrN films

4.1. Local magnetic anisotropy and its effect on the size of the stochastic
domain

Measurements of the local magnetic anisotropy Ha from the LASM give an effective value
(see Section 3). We considered this value as the sum of four terms related to microstrain, grain
boundaries, and phase composition [48]. The Ha value can be in a very wide range (Fig. 12a),
which depend on the phase composition, solid solution, and environment of the ferromagnetic
grain. As a result of the discussion of the random anisotropy model, we observe a correlation
between the relative size of the stochastic domain and the coercive field (Fig. 12b).

The method of correlation magnetometry allows us to determine only the relative size of the
stochastic domain, however, direct observations of the stochastic domain are possible by mag-
netic force microscopy. In Section 2, referring to the works [3, 29], it was noted that the exact
form of the correlation function within the stochastic domain cannot be determined by correla-
tion magnetometry. However, the analysis of the image obtained by magnetic force microscopy
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Fig. 11. Effect of vacuum 1-h annealing of films on: residual macrostresses (a, XVIII-XX in
Tab. 1) and their comparison with thermal stresses due to the difference in thermal coefficients of
the film and the substrate (dashed line), the lattice parameter of αFe (b, numbering corresponds
to Fig. 2), the grain size of αFe (b)

Fig. 12. Correlation of the relative size of the stochastic domain RL/Rc and the field of local
magnetic anisotropy Ha (a, dashed line is RL/Rc ∼ H−2

a ) or coercive field (b, dashed line is
RL/Rc ∼ H−1

c )

(Fig. 13), allowed us to quantify the type of correlation function from which the domain size
in FeZrN films was determined (120 ± 9 nm, film XXI in Tab. 1), which was very close to the
value estimated by correlation magnetometry (130 ± 40 nm) [3]. A comparison of the sizes of
the stochastic domain obtained by magnetic force microscopy and correlation magnetometry on
FeTiB films also provided a good match [49].

4.2. Rms fluctuation of the stochastic domain anisotropy field and the
coercive field

From the large number of the studied films, we selected films of the composition Fe77Zr7N16

(XXII in Tab. 1) with the phase composition of αFe (grain size of 2-23 nm), which most
clearly show the effect of annealing on the magnetic microstructure. The rms fluctuation of
the anisotropy field of the stochastic domain D1/2< Ha > is in good agreement with the two
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Fig. 13. Magnetic force microscopy of the Fe78Zr10N12 film (XXI in Tab. 1)

values of the coercive field Hc1 and Hc2 (Fig. 14a). In addition, we confirmed the dependence of
the two coercive fields Hc1 and Hc2 on the grain size 2Rc to the sixth power (Fig. 14b).

Fig. 14. Films XXII (Table 1): linear correlation of two coercive fields Hc1 and Hc2 and two
anisotropy fields of the stochastic domain D1/2< Ha >1 and D1/2 < Ha >2 (a); proportionality
of the two coercive fields Hc1 and Hc2 to the sixth power of grain size (b), Hc ∼ (2Rc)

6 [34]

4.3. The effect of the domain structure on microwave permeability
The permeability is a result of the above-mentioned parameters of the magnetic microstruc-

ture, µ ∼ Ms / < Ha >. The frequency dependence of µ and ferromagnetic resonance (FMR)
also depend on magnetic anisotropy (Kittel equation) [50, 51]. The analysis of microwave perme-
ability (Fig. 15) includes the following models: complex permeability, skin effect, FMR, Acher’s
law and Snoek limit, the influence of random anisotropy model parameters on FMR in FeZrN
films (XXIII in Tab. 1).

5. Saturation induction of the FeZrN films
As mentioned at the beginning of Section 2, the discovery of the LASM was due to the need

for accurate measurements of the saturation magnetization (induction) of ferromagnets. A large
array of data obtained on FeZrN films made it possible for the first time to measure the effect of
a nitrogen solid solution on the saturation induction of the αFe phase. The saturation induction
of the films containing ZrN nitride (XXIV in Tab. 1) depends linearly on the volume fraction
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Fig. 15. Frequency dependence of the complex permeability measured in two orthogonal direc-
tions in the plane of the FeZrN film (XXIII in Tab. 1)

of the ferromagnetic phase, Bs = Bs
Fe•VαFe. At the same time, supersaturated solid solutions

of αFe(Zr) and αFe(N) have different effects on saturation induction (in Fig. 16, induction is
normalized to the volume fraction of αFe so that its value reflects dependence only on the solid
solution). Annealing additionally affects the phase composition and supersaturated solid solution
(lattice parameter in Fig. 16), which is reflected in the magnitude of saturation induction [52].
Thus, when the N content in the films is higher than Zr (N/Zr > 1), N not coupled to ZrN
nitride participates in the solid solution of αFe(N), which has a linear dependence of saturation
induction on the N content in the solid solution, BαFe(N)

s = 2.15−0.17 ·N , where N is expressed
in at. % (Fig. 16).

Fig. 16. Saturation induction (top) as a function of the N/Zr ratio (at. %) in films XXIV (Tab. 1)
and the αFe lattice parameter, reflecting the N content in the solid solution (below)

Conclusions
Nanocrystalline ferromagnetic films of the Fe-Zr-N alloying system of various chemical and

phase compositions with different values of magnetic microstructure parameters are considered.
The applicability of the laws of the approach to saturation magnetization and the method of
correlation magnetometry is confirmed for the films under study. For the first time, correlations
between the coercive field, grain size and the anisotropy field of the stochastic domain have
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been confirmed for the films of this system. The size of the stochastic domain depending on
the parameters of the structure and the methods of its measurement are considered. For the
first time, measurements of the size of a stochastic domain using correlation magnetometry and
magnetic force microscopy have been compared. The effect of a nitrogen solid solution on the
saturation induction of the αFe phase has been measured for the first time.
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[6] N.S.Akulov, Über den Verlauf der Magnetisierungskurve in starken Feldern, Z. Physik,
69(1931), 822–831. DOI: 10.1007/BF01339465

[7] T.Holstein, H.Primakoff, Magnetization Near Saturation in Polycrystalline Ferromagnets,
Phys. Rev., 59(1941), no. 7, 388. DOI: 10.1103/PhysRev.59.388

[8] E.W.Lee, The Approach to Saturation Magnetostriction, Proceedings of the Physical Soci-
ety. Section A, 67(1954), no. 4, 381. DOI: 10.1088/0370-1298/67/4/409

[9] N.S.Akulov, L.V.Kirensky, Magnetic method for studying internal elastic stresses in ferro-
magnetic metals, Journal of Technical Physics, 9(1939), no. 13, 1145–1150 (in Russian).

[10] L.Lanotte, C.Luponio, V.Tagliaferri, Magnetostriction in Ni rods under torsion: Critical
stress and crystal anisotropy effect, Il Nuovo Cimento D, 10(1982), no. 1, 215–224.
DOI: 10.1007/BF02450080

[11] J.R.Cullen, S.Rinaldi, G.V.Blessing, Elastic versus magnetoelastic anisotropy in rare earth–
iron alloys, J. Appl. Phys., 49(1978), no. 3, 1960–1965. DOI: 10.1063/1.324764

[12] V.S.Amral, J.B.Sousa, J.M.Moreira, et. al., Electrical resistivity and local magnetic order in
random anisotropy amorphous ferromagnets, Journal of Applied Physics, 75(1994), no. 10,
6513–6515. DOI: 10.1063/1.356932
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Описание параметров магнитной микроструктуры ферро-
магнитных плёнок FeZrN методом корреляционной маг-
нитометрии

Евгений В. Харин
Елена Н. Шефтель

Валентин А. Теджетов
Галина Ш.Усманова

Игорь О. Банных
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Москва, Российская Федерация

Аннотация. В настоящей статье приведен краткий литературный обзор, посвящённый развитию
моделей, описывающих процесс намагничивания ферромагнетиков, и закону приближения намаг-
ниченности к насыщению (закон Акулова). Аналитический подход, позволяющий оценить величину
эффективной локальной (внутри зерна) магнитной анизотропии и параметры автокорреляционной
функции намагниченности (на масштабе стохастического домена), был развит В. А. Игнатченко с
соавторами и получил название корреляционная магнитометрия. Приведены экспериментальные
результаты авторов, подтвердившие применимость закона приближения намагниченности к насы-
щению и метода корреляционной магнитометрии, в частности, к ферромагнитным пленкам FeZrN.

Ключевые слова: магнетронное осаждение, нанокристаллические пленки, рентгеновская ди-
фракция, ОЦК Fe фаза, магнитная микроструктура, модель случайной анизотропии, корреля-
ционная магнитометрия.
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Abstract. The paper presents the temperature dependences of the Hall coefficient and magnetization of
alloys in amorphous and crystalline states based on Fe, Ni with additives of metalloids, at temperatures
from room temperature to 1000 K. It is shown that with increasing temperature, crystallization occurs
with the precipitation of various phases. The crystallization diagrams of the Fe66,87Ni24,7Si4,93B3,5

alloy are presented. It has been established that the relationship between the anomalous Hall coefficient
and magnetization is such that in a certain temperature range there is a linear relationship between
them.
Keywords: amorphous state, amorphous metal alloys, X-ray diffraction pattern, Hall coefficient, mag-
netization, Curie temperature, crystallization temperature.
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Introduction
Alloys based on transition metals with additions of metalloids belong to the class of promising

objects of modern materials science. This is due to the unique properties in these alloys. For
example, they have a high tensile strength, demonstrate high corrosion resistance and are used as
magnetic materials in electronic equipment, etc. [1,2]. It should be noted that the specified char-
acteristics of alloys based on iron group metals are manifested mainly in the nanocrystalline [3–5]
and amorphous states. These alloys are used as protective coatings operating in aggressive envi-
ronments and experiencing high mechanical stresses, and are also considered promising materials
for the creation of magnetic field sensors, generators and converters of electrical energy [6]. The
level of knowledge about the processes of glass transition and two-stage crystallization during
subsequent annealing of initially amorphous alloys is insufficient, which limits the possibilities
of their application over a wide range of temperatures. In this regard, in this work, a study
was carried out on the thermophysical properties of amorphous alloys based on Fe and Ni with
additives of Si and B at temperatures from room temperature to 1000 K.
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1. Samples and research methodology
Amorphous alloys were obtained by rapid quenching of the melt on the surface of a rapidly

rotating disk in the form of ribbons of 25µm in thickness [7].
The Hall coefficient of the samples was measured experimentally using a van der Pauw method

with the High Temp Hall effect Measurement System [8]. Using this device, the Hall coefficient
of amorphous plate-shaped alloys was studied in the temperature range from nitrogen to 1000 K.

To obtain information about structural changes, crystallization and Curie temperature in
amorphous alloys, a vibrating magnetometer was used, which measured the temperature depen-
dence of magnetization based on the vibrating magnetometer method [9].

In ferromagnetic alloys, the specific Hall resistance depends on the normal Hall coefficient,
which depends on the magnetic field induction, and the anomalous Hall coefficient, which depends
on the magnetization, that is, [10]:

ρn = R0B +RS · 4πI (1)

In amorphous ferromagnetic alloys, the Hall coefficient is practically independent of temper-
ature and in absolute value exceeds the corresponding coefficient in crystalline analogs.

Fig. 1 shows the dependences of the Hall coefficient RH(T ) and magnetization IS(T ) on
temperature for the amorphous alloy Fe66,87Ni24,7Si4,93B3,5.

Fig. 1. Temperature dependences of the Hall coefficient RH(T ) and magnetization IS(T ) of the
amorphous and crystalline states of the Fe66,87Ni24,7Si4,93B3,5 alloy

The Hall coefficient RH varies from 4.6 · 10−8 m3/C to 5.9 · 10−8 m3/C in a nearly linear
fashion over the temperature range of 100 − 660K. At approximately 400K, the RH = f(T )
dependence shifts slightly upward, and starting at 780K, the RH coefficient decreases sharply
and reaches zero. A decrease in RH to zero indicates that the Curie temperature TC of the
amorphous state is near this value.

With a further increase in temperature, the Hall coefficient RH increases again and at
T = 870K reaches a value of RH = 3 · 10−8 m3/C, after which it decreases with increasing
temperature and reaches zero at T = 1000K. The increase in the Hall coefficient 4 after the
Curie temperature of the amorphous state is associated with the crystallization process of the
sample, and the subsequent decrease in RH to zero after crystallization is due to the Curie tem-
perature of the crystalline state. Upon cooling after crystallization, the Hall coefficient RH again
increases from zero and at T = 800K reaches a value of 2.8 ·10−8 m3/C. With a further decrease
in temperature, RH decreases.
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For this sample, the temperature dependence of magnetization IS = f(T ) also exhibits an
anomalous behavior, similar to that of RH(T ). In the amorphous state, magnetization IS de-
creases from 971G at 4 and reaches zero at 4, which, as noted above, corresponds to the Curie
temperature of the amorphous state. With a further increase in temperature, IS increases again
and reaches 520G at T = 860K, after which it decreases again and reaches zero at 1000K. This
temperature corresponds to the Curie temperature of the crystalline state.

Upon cooling after crystallization, the magnetization IS begins to increase from zero and
reaches 868G at T = 300K. In this temperature range, characteristic bends in the IS(T )
dependence are observed at values of 950K, 610K, and 500K. In order to establish the causes
of abrupt changes in physical properties under the influence of temperature, the sample was
heated isothermally to temperatures at which anomalies were observed, and X-ray analysis was
performed.

Based on the obtained results, it can be concluded that changes in the physical prop-
erties (mainly magnetic) of the amorphous alloy Fe66,87Ni24,7Si4,93B3,5 arise as a result of
changes in the composition of the sample, that is, they are associated with the forming magnetic
phases [11,12].

Fig. 2 shows X-ray diffraction patterns of the Fe66,87Ni24,7Si4,93B3,5 alloy after isothermal
heating at different temperatures.

Fig. 2. X-ray diffraction patterns of amorphous alloy Fe66,87Ni24,7Si4,93B3,5 at different isother-
mal heating: I - 753 K, II - 853 K, III - initial crystalline form
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In the Fe66,87Ni24,7Si4,93B3,5 sample, crystallization begins at T = 770K with the formation
of α − Fe crystals. Starting at T = 865K, the amorphous matrix completely disappears, and
the γ − (Fe,Ni) phase with a lattice parameter a = 0.357nm precipitates. At T = 930K, the
following transitions are observed:

α− Fe+A1 → γ − (Fe,Ni) + Fe2B

Upon subsequent heating, a set of diffraction lines appears in the sample, corresponding to
the following d/n values: 0.355; 0.307; 0.275; 0.251; 0.205; 0.1935; 0.1854; 0.1643 nm. Some of
these lines are attributed to the FeNi3 intermetallic compound, while the rest are associated
with complex oxides or borosilicated compounds based on Fe−Ni (phase B2).

Crystallization of the amorphous alloy Fe66,87Ni24,7Si4,93B3,5 can be represented by the
following scheme (APh — amorphous phase):

APh
770K−−−→ APh+ α− Fe

815K−−−−→ APh+ α− Fe+A1
865K−−−→ α− Fe+

+γ − (Fe,Ni) +A1 +B2
930K−−−−→ γ − (Fe,Ni) + Fe2B + FeNi+B2

As noted above, the anomalous Hall coefficient is directly related to magnetization. Therefore,
we attempted to establish a relationship between the anomalous Hall coefficient and the square
of magnetization [13–15]. In a certain temperature range, the following relationship was found
between changes in ∆RS and I2S , namely:

∆RS = RS(T )−RS(TB) = α[I2S(TB)− I2S(T )] (2)

In this case, RS() is the Hall coefficient in the temperature range (T < Tc), and RS(TB) is
the Hall coefficient at room temperature; similarly, IS(T ) is the magnetization at T < TC at any
temperature in this range, and IS(TB) is its value at room temperature.

Equation (2) expresses the relationship between the anomalous Hall coefficient and magneti-
zation in a given temperature range.

Fig. 3 shows the relationship between the anomalous Hall coefficient and the square of mag-
netization for the amorphous and crystalline states of the Fe66,87Ni24,7Si4,93B3,5 alloy.

Fig. 3. Linear dependence between the anomalous Hall coefficient and magnetization for the
Fe66,87Ni24,7Si4,93B3,5 alloy (····· — amorphous, ◦◦◦◦◦ — crystalline state)

This dependence has also been established for several other amorphous alloys based on iron
group elements. Tab. 1 lists the α values for the amorphous and crystalline states of several such
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Table 1. Galvanomagnetic coefficient α for amorphous and crystalline alloys

Sample and its
composition

Amorphous state Crystalline state
Temperature

range, K
α · 10−13

m3/(C ·K)

Temperature
range, K

α · 10−3

m3/(C ·K)

Fe66.87Ni24.7Si4.93B3.5 350–600 0.86 300–600 1.023

Fe40Ni38Mo4B18 300–400 1.36 300–450 2.00

Fe44.2Ni44.2Mo7.65B3.95 350–700 2.06 300–750 2.29

alloys that satisfy equation (2), as well as the temperature range over which this dependence
holds.

As can be seen from the values in the table and Fig. 3, there is a linear relationship between
RS and I2S over a certain temperature range. This relationship is weaker in the amorphous state
than in the crystalline state. This indicates that the contribution of phonons to the kinetic
properties of amorphous alloys is smaller than in the crystalline state.
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Гальваномагнитные и магнитные свойства аморфных
сплавов на основе элементов железной группы
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Аннотация. В работе приводятся температурные зависимости коэффициента Холла и намагни-
ченности сплавов в аморфном и кристаллическом состояниях на основе Fe, Ni с добавками метал-
лоидов, при температурах от комнатной до 1000 K. Показано, что с ростом температуры кристал-
лизация происходит с выделением различных фаз. Представлены схемы кристаллизации сплава
Fe66,87Ni24,7Si4,93B3,5. Установлена зависимость между аномальным коэффициентом Холла и на-
магниченностью, что в определенном интервале температур между ними существует линейная
зависимость.

Ключевые слова: аморфное состояние, аморфные металлические сплавы, рентгенограмма, ко-
эффициента Холла, намагниченность, температура Кюри, температура кристаллизации.
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Introduction

The interest, growing over the past several decades, to the magnetic properties of ferropow-
ders stems from two major factors: the development of new synthesis methods that allow for the
targeted modification of chemical composition, size, shape, and surface condition of nanoparti-
cles, and the wide range of their potential practical applications. Contrast agents for magnetic
resonance imaging, drug delivery systems, heating mediators in magnetic hyperthermia of tu-
mor cells—these are just a few most known practical applications of magnetic nanoparticles in
biomedicine. Magnetic hyperthermia exploits the local heating entailed by the magnetization
reversal of nanoparticles in alternating magnetic fields of frequency f . 1 MHz and amplitude
up to 300 Oe. The heat generated in such a way disrupts the homeostasis of tumor cells ruining
them [1,2], the attained heating power ranges Pt ∼ 100 W/g.

As an alternative to the low-frequency strategy, in Refs. [3,4] a different concept of the
magnetothermal effect was proposed, which allows for increasing Pt by an order of magnitude.
This approach employs the phenomenon of ferromagnetic resonance (FMR) that is resonant
excitation of the nanoparticle magnetic moment precession which is accompanied by intense
energy dissipation. In addition to biomedical applications, the FMR-induced thermal effect may
also be of interest in materials science [5], paleontology, and geology [6].

FMR, as such, is widely used as a facile and reliable method for measuring the magnetic
parameters (magnetization, various types of anisotropy, exchange interaction constants, etc.) of
magnetic nanoparticles [7]. In general, there are two ways to record the FMR data: either to use
a broadband line under a fixed external magnetic field and vary the microwave frequency, or to
use a fixed-frequency resonator and sweep the applied field strength.

In the macroscopic theory, the magnetic characteristic of a single-domain particle is its
magnetic moment m with the magnitude m = MV , where M is the magnetization of the
ferro(ferri)magnet and V the particle volume. The magnetodynamics of a single-domain particle
accompanied by dissipation is described by the Landau–Lifshitz–Gilbert equation [8]:

ṁ = −γ(m×Heff )−
αγ

m
(m× (m×Heff )), (1)

where γ is the gyromagnetic ratio and α the damping parameter that determines the relaxation
time of the precession of vector m:

τ = (αγHeff )
−1. (2)

The effective magnetic field Heff in equation (1) is the sum of external field H, the magnetic
anisotropy field HK and the demagnetizing field of the sample. Provided that, besides the
constant field H, the particle is subjected to a high-frequency microwave (AC) field of frequency
ωr and amplitude h, orthogonal to the external field H, the resonant absorption of microwave
energy becomes possible. In the framework of the linear response theory, the AC field excitation
of the particle may be described in terms of the magnetic susceptibility χ′′ that, due to the
presence of damping, comes out as a complex quantity. Close to the frequency ωr, at which the
resonant absorption occurs, the imaginary component χ′′ — it defines the energy absorption —
attains maximum.

FMR in powder materials exhibits a number of unique features compared to their bulk coun-
terparts. This is primarily due to the small size of the grains and, consequently, their large specific
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surface area. As the coordination number of magnetically active atoms on the particle surface is
lower than in the interior, this leads to formation of various types of surface magnetic anisotropy
[9]. Another peculiarity of nanoparticles is their superparamagnetic behavior occurring within a
certain temperature range. Due to ever present thermal fluctuations, the particle magnetic mo-
ment experiences a stochastic magnetic field Hf ∼ kBT/MV ; here T is temperature and kB the
Boltzmann constant. For sufficiently small values of the V/T ratio, Hf becomes comparable to
the strength of the regular external and/or internal (anisotropy) magnetic fields. Because of that,
the particle magnetic moment becomes involved in an intense rotary diffusion process essentially
similar to Brownian motion. Remarkably, in the superparamagnetic regime a nanoparticle still
remains single-domain, i.e., keeps its internal spin ordering. In other words, the magnetic mo-
ment undergoes orientational fluctuations as a single entity. A vast number of studies have been
devoted to the theoretical investigation of FMR in superparamagnetic nanoparticles [10–15].

Meanwhile, the number of experimental studies that reveal influence of the superparamagnetic
effect of nanoparticles on their FMR properties is extremely limited [16]. Developing this line
of research, in [17] the ferromagnetic resonance spectra of nickel ferrite (NiFe2O4) nanopowder
were investigated. To interpret the experimental results, we used a theoretical model describing
an isotropic superparamagnet, i.e., the particles with a negligible intrinsic magnetic anisotropy.

In this paper we present the results of a FMR study of composite superparamagnetic powders
Fe2O3/SiO2. We remark that silicon dioxide coating significantly improves the dispersibility of
magnetic nanoparticles in biological fluids and, moreover, provides a platform for improving
their functionalization [18]. The here-presented data was obtained in two independent series of
experiments. In the tests of the first type, frequency scanning was performed at room temperature
under a fixed bias field. In the tests of the second type, the microwave field frequency was fixed
(X-band, f = 9.48 GHz) and the FMR measurements were carried out in the temperature range
from 20 K to 300 K. As the Fe2O3/SiO2 nanoparticles possess a non-negligible intrinsic magnetic
anisotropy, to interpret the experimental results, the anisotropic superparamagnet model [11] was
used.

1. Materials and methods

To prepare a γ-Fe2O3 powder, iron salts (FeCl3 and FeCl2) were used in a 2 :1 molar ratio in
an aqueous solution. 500 mg of the salt mixture was dissolved in 92 mL of distilled water and
subjected to mechanical stirring for 10 minutes. Then, 8 mL of a 25% aqueous ammonia solution
was added to the mixture and incubated under constant stirring for 30 minutes. The final pH
after adding the aqueous ammonia was 10–11. The resulting magnetic precipitate was collected
using a neodymium magnet and washed with distilled water until the pH reached neutrality. The
particles were coated with silicon oxide using tetraethoxysilane (TEOS). 20 mg of nanoparticles
were suspended in an ethanol-water mixture (9 :1) and sonicated for 3 minutes using an UZTA-
0.4/22-OM ultrasonic dispergator. Then, under continuous mechanical stirring, 500 µL of TEOS
was added dropwise to the suspension. The mixture was incubated at room temperature for
3 hours under constant stirring. The γ-Fe2O3/SiO2 nanoparticle precipitate was washed with
distilled water and collected using a magnet.

Particle morphology was studied using a Hitachi HT7700 transmission electron microscope.
Temperature-dependent FMR studies were performed using a Bruker ELEXSYS 560 spectrome-
ter operating in the X-band (9.48 GHz). Differential absorption curves (dP/dH) were recorded,
where P is the absorbed power and H is the magnetizing field strength. The field-frequency de-
pendences of the powders were studied using a broadband ferromagnetic resonance spectrometer
at 300 K in the frequency range from 100 MHz to 10 GHz and fields up to 1500 Oe [19]. In the
experiment, the real and imaginary parts of the magnetic permeability µ were measured.
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2. Results and discussion

Fig. 1(a) shows a transmission electron microscope image of Fe2O3/SiO2 composite powders.
The Fe2O3 particles had a nearly spherical shape. Fig. 1(b) shows the particle size distribution
of Fe2O3 in the Fe2O3/SiO2 composite.

Fig. 1. TEM image of particles (a) and size distribution (b)

Fig. 2 shows the differential microwave absorption characteristics (FMR curves) of the pre-
pared Fe2O3/SiO2 powders, recorded at different temperatures. The resonance field Hr and the
line width ∆H, determined from the experimental FMR spectra, are shown in Fig. 3a. The
temperature dependence of the normalized intensity I of the FMR resonance curve, which was
determined as the product of the line width ∆H and the height of the differential absorption
curve I = ∆H · dP/dH, is shown in Fig 3b. The maximum in the temperature dependence I(T )
at T = 200 K may within reason be associated with the superparamagnetic blocking temperature
TFMR
B of the nanoparticles. The maximum intensity of the FMR resonance curve at the blocking

temperature TFMR
B has previously been repeatedly observed in γ-Fe2O3/SiO2 composite systems

[20] and in γ-Fe2O3 nanoparticles [21].

Fig. 2. Experimental FMR spectra at different temperatures
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Fig. 3. (a) Temperature dependences of the resonance field Hr and line width ∆H, (b) temper-
ature dependence of FMR intensity

Fig. 4 shows the frequency dependence of the imaginary component of magnetic permeability
µ′′ = 4πχ′′ for different values of external field. The dependence of resonant frequency fr =
ωr/2π on the magnitudeH of magnetizing field is shown in Fig. 5. For the prepared γ-Fe2O3/SiO2

particles, the field-frequency dependence can be approximated by expression 2πfr ≈ γ∗H +
2πf0 at γ∗ ≈ 2·107 Hz/Oe for magnetization fields H > 600 Oe. The 2πf0 term indicates the
presence of magnetic anisotropy in the nanoparticles. For comparison, the inset in Fig. 5 shows
the field-frequency dependence of isotropic superparamagnetic (intrinsic magnetic anisotropy is
negligible) NiFe2O4 powder taken from [17]. For an isotropic superparamagnet, the frequency-
field dependence is in general well approximated by a straight line passing through the origin:
2πfr ≈ γH for γ = 1.8·107 Hz/Oe. Deviations from the linear dependence 2πfr ≈ γH occur
only in weak fields (H . 300 Oe).

Fig. 4. Frequency dependences of the imaginary µ′′ part of the complex magnetic permeability
for different values of H

The average size of γ-Fe2O3 magnetic inclusions in γ-Fe2O3/SiO2 composite powders is 10
nm (see Fig. 1). The blocking temperature TFMR

B , estimated from the temperature dependence
of the intensity of the FMR absorption curve (see Figs. 2 and 3b) is ≈ 200 K. This value is in fair
agreement with the estimation of TB for γ-Fe2O3/SiO2 composites on the base of magnetometric
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measurements of M(H,T ) [22]. In Ref. [22] using the ZFC-FC protocol, the average blocking
temperature was determined to be TM(H)

B ≈ 77 К.
In [11], the temperature dependences of the resonant frequency ωr and dynamic magnetic

susceptibility of a superparamagnetic particle with uniaxial magnetic anisotropy were calculated.
After averaging over random distribution of the anisotropy axes, the expression for the resonant
field (resonant frequency) has been presented in the form

Hr = ω/γ −Ha
L2
2

L1
−Hu, (3)

where L1 = coth ξ − 1/ξ and L2 = 1 − 3L1/ξ are the Langevin functions, ξ = (ωµP )/(γkBT );
here µP is the magnetic moment of the particle, and Ha is the magnetic anisotropy field. We
have added one more term to the right-hand side of equation (3): the unidirectional exchange
anisotropy field Hu [9]. This type of surface anisotropy is caused by a spin-glass state acquired by
the atomic magnetic moments of the surface. The peculiarity of this type of surface anisotropy
is that orientationally the Hu field follows the direction of the externally applied field. Fig. 3
shows the experimental data on the resonance field, as well as the fitting curve plotted using
expression (3); for that, Ha, Hu и µP were used as fitting parameters. Assuming the saturation
magnetization to be equal to magnetization of maghemite (300 G), the particle diameter d and
the anisotropy constant K were calculated and are also listed in the table. The table also shows
the exchange anisotropy constant Ku, which was determined using formula Ku = (HuMd)/6.

Table 1. Fitting parameters of the experimental curves: Hr(T ), ∆H(T ) and ω(H). M is the
magnetization, Ha is the internal anisotropy field, µP is the magnetic moment of the particle, d
is the particle diameter, K is the uniaxial magnetic anisotropy constant

Ha, Oe µp, emu Hu, Oe Ku, erg/cm2 d, nm K, erg/cm3

Hr(T ) 1000 16.12·10−17 310 1.4·10−2 11.0 1.22·105

∆H(T ) 1519 15.7·10−17 – – 10.0 1.80·105

ω(H) 1170 20.8·10−17 245 1.2·10−2 10.8 1.85·105

The FMR line width ∆H, defined in [11] as the distance along the field axis between the
maximum and minimum of the curve dχ′′/dH has the form:

∆H(T ) =
3

2
Ha

L2

L1
+

2αω(ξ − L1)√
3ξγL1

. (4)

In the anisotropic superparamagnet model that we used, the FMR linewidth, see equation (4), is
described by the sum of two contributions: the inhomogeneous broadening (the first term), caused
by the spread in the anisotropy field directions, which dominates at low temperatures, and the
superparamagnetic contribution, which dominates in the fluctuation region at high temperatures.
Fig. 3 shows the fitting curve for the experimental points of the ∆H(T ) dependence, obtained
using equation (4). The fitting parameters are given in the Tab. 1. It renders also the uniaxial
anisotropy constant, which was determined from relationship K = HaM/2.

The field-frequency dependence shown in Fig. 5 was also fitted using expression (4). The
fitting parameters are listed in the Tab. 1.

The parameters given in Tab. 1, were obtained as a result of fitting the experimental curves
Hr(T ), ∆H(T ) and ω(H), first, on the requirement that they agree with each other, and secondly,
that they agree with the literature data obtained on γ-Fe2O3 powders of the corresponding
sizes [9].
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Fig. 5. Dependence of the resonant frequency ωr on the external field H, determined by the
permeability imaginary component µ′′. Inset: field-frequency dependence of isotropic superpara-
magnetic NiFe2O4 powder [17]

Conclusion

Composite powders of γ-Fe2O3/SiO2 with average maghemite inclusions of size ∼ 10 nm were
prepared using coprecipitation. FMR curves were measured at frequency f = 9.48 GHz in the
temperature range from 20 K to 300 K. The imaginary part of the magnetic permeability was
measured using a broadband FMR spectrometer in the frequency range from 100 MHz to 10 GHz
and in the fields up to 1500 Oe. The obtained temperature dependences of the resonance field
Hr(T ), linewidth ∆H(T ), and field-frequency dependence ωr(H) were analyzed in the framework
of the anisotropic superparamagnet theory. Fitting the experimental curves Hr(T ), ∆H(T ), and
ωr(H) we have arrived at the following evaluations: the saturation magnetization M ≈ 300 G, the
magnetic anisotropy constant K ≈ 1.8·105 erg/cm3, the exchange surface anisotropy constant
Ku = 1.2·10−2 erg/cm2. This set of magnetic parameters — extracted with the aid of FMR
measurements — turns out to be in fairly good consistence with the literature data obtained by
a variety of methods.

This study was carried out within the State Assignment for the "Krasnoyarsk Science Center",
Siberian Branch of the Russian Academy of Sciences.
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Аннотация. Методом ферромагнитного резонанса (ФМР) изучены порошки γ-Fe2O3/SiO2 со сред-
ним размером 10 нм. Частотные и температурные зависимости параметров ФМР анализировались
в рамках модели анизотропного суперпарамагнетика. Определены намагниченность насыщения M
= 300 Гс, константа магнитной анизотропии K ≈ 1.8·105 erg/cm3, константа обменной поверхност-
ной анизотропии Ku = 1.2·10−2 erg/cm2 изготовленых порошков.
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Abstract. The goal of this paper is to present a brief comprehensive review text on the theoretical
framework that provides basic description of the magnetodynamics of single-domain superparamagnetic
particles. It is shown how the classical framework (Landau–Lifshitz and Gilbert equations) are modified
for the case of superparamagnetic behavior where temperature explicitly enters the equations since the
deterministic dynamics is replaced by the stochastic one that is rendered by either the kinetic (Fokker-
Planck-like) equation for the distribution function or by the set of equations which link the statistical
moments of growing order. As an initial step, the conventional macroscopic (phenomenological) descrip-
tion of magnetodynamics of a ferromagnet particle is outlined and discussed.
Keywords: superparamagnetism, single-domain particles, orientational distribution function, magne-
todynamics.
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Introduction
Well below the Curie temperature, the fine particles of ferromagnets and ferrites in a certain

size range acquire non-trivial behavior known as superparamagnetism that in some way may be
looked at as the rotary Brownian motion of the particle magnetic moments. As a result, the ob-
servable properties of the particles as such and of their assemblies become strongly temperature-
affected. In here we do not touch the nanosuspensions of such particles in fluids although these
systems, which are widely known as magnetic fluids or ferrocolloids, make an important and
interesting class of composite media of multi-purpose destination including biotechnology and
medicine. The point is that all the new and newest applications notwithstanding, the standard
situation, where the nanoparticles are considered as fully trapped in a solid matrix still attracts
a lot of attention. The ‘customers’ for the knowledge of the behavior of fine magnetic particles in
wide temperature ranges and under magnetic fields of arbitrary frequency and amplitudes come
from the numerous community of researches and engineers who work on developing and improve-
ment of materials and methods of magnetic data recording or intentional heating (hyperthermia)
of the composites whereto the nanoparticles are embedded.

The mathematical basis for the theory of superparamagnetism is formed by the technique of
solving the orientational rotary diffusion (Fokker–Planck-like) equation by reducing this partial
derivative equation to an infinite set of ordinary differential equations that describes the time
evolution of the statistical moments of the distribution function. The latter renders either the
probability density W (µ, t) for the angle coordinates of the magnetic moment µ or W (n, t)
that is the distribution for the components of the orientational tensor of the particle geometry
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axis n. In a number of cases the joint distribution function W (µ,n, t) is considered. The
obtained equations are finally solved numerically by sweep methods. It has turned out that the
said algorithm is very efficient for this type of problems since the emerging matrices are rather
sparse. A completely different (at the first sight) method is described in the book [1]. It uses
the formalism of the continued fractions and provides the expressions for the solutions of the
Fokker–Planck equation which, when written symbolically, look as exact ones, see [2]. However,
any conversion of a continued fraction into some particular result needs a numerical procedure.
In fact, both methods (sweep and continued fraction) are identical by its content, meaning and
ability. In Sections 5 and 6 we present in detail the scheme of application of the sweep method
taking the case of a single-domain particle with easy-axis magnetic anisotropy as an instructive
example. However, first, to be consistent, in Sections 2–4 the necessary basic notions of the
theory of superparamagnetism are given.

1. Single-domain ferromagnetic particles

Fine magnetic particles are unique physical objects with remarkable properties which differ
greatly from those of their parent massive materials. The source of this difference, which has
numerous and diverse manifestations, is the fact that in fine particles surface effects become
comparable with or dominating over the bulk ones. Notably, just this condition suffices to
outline the range of spatial scales where the notion of a fine magnetic particle turns up.

Here we discuss the fundamental issues, estimations and analysis of the equilibrium and
dynamic properties of fine particles made of a ferromagnet or ferrite. That is why from the very
beginning we introduce the most important notations for ‘global’ usage. In particular, we adopt
the macroscopic (continuum) approach to magnetodynamics assuming simultaneously that the
temperature is well below the Curie point. This viewpont was shaped up by W.F. Brown [3]
and since then is known as micromagnetism. In the micromagnetic framework one treats the
magnetization of the ferromagnetic material as a vector of constant length that we denote as

M =Me, (1)

thus introducing e, the unit vector of magnetization. The value of magnetization M is of the
order of saturation magnetization Ms of the corresponding bulk material and typically ranges
from 0.3 to 1.5 kG. Another unit vector, n, we associate with the uniaxial magnetic anisotropy
whose direction is imposed either by the crystallographic structure of the particle or by the
anisometricity of its body. For estimates we suppose that the particle non-sphericity is not too
strong, so that all the three dimensions are close to d, the mean diameter; thence for the particle
volume one gets V ≃ πd3/6. This formally excludes the cases of needle-like (acicular) or disc-like
fine magnetic grains. However, if necessary, the estimates could be easily modified for these
cases.

In the absence of external fields, the volume density of free energy of a magnetic material
with a uniaxial internal anisotropy writes

F =
1

2
αM2 (∇e)2 −Kv(e·n)2 −

1

2
M(e·Hd). (2)

Here ∇e = ∂ei/∂xj is the second rank tensor, α ∼ 10−12 cm2 is a parameter called the exchange
rigidity constant, Kv is the volume density of the magnetic anisotropy energy which normally
ranges Kv ∼ 104 − 106 erg/cm3. The first term in Eq. (2) yields the macroscopic form of the
non-uniform exchange interaction induced by spin non-collinearity. The second one renders
the contribution of the spin-orbit interaction (crystal field) that determines the energetically
favorable directions of the magnetization inside the ferromagnetic (ferrite) sample. The last
(magnetostatic) term is caused by the so-called demagnetizing field Hd, i.e., the energy of the
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‘magnetic poles’ emerging at the surface of a sample either magnetized by an external field or
possessing a spontaneous magnetization.

The volume energy density in the form (2) implies that a sample of finite size is considered.
Indeed, the presence of the demagnetizing, also called the magnetostatic, term is solely due to
the assumed existence of a surface or interface where the magnetic poles appear. Following the
authors of review papers [4, 5], one may divide the fine-particle effects in two categories. The
effects of the first category stem from just the finiteness of the size. The other category comprises
the effects which are due to the specific properties of the surface that differ from those of the
bulk: broken atomic bonds, deficiency of neighboring atoms, etc. In this context, the appearance
of the magnetostatic term in Eq. (2) is a finite-size effect, see Ref. [3] for example.

By definition, the demagnetizing term in Eq. (2) is non-zero for the cases where the particle is
magnetized in such a way that it creates in the outer space a magnetic (stray) field. We remark
that the magnetostatic term does not require that magnetization is uniform over the sample. It
is right its interplay with the the first two terms of Eq. (2) that entails the most well-known
magnetic surface effect: the existence of uniformly magnetized, i.e., single-domain particles. We
remind that ordinary magnetic materials, either metals or ferrites, on a usual spatial scale (µm
and greater) in the absence of an external field are always multi-domain.

Fig. 1. Schematic view of nanoparticle domain structures: (a) a magnetically soft particle, no
distinctive domain wall, in the central part the structure is 3D to avoid singularities; (b) a
magnetically hard particle with a narrow domain wall; (c) a single-domain particle

To estimate the spatial scale below which single-domain state becomes possible, let us compare
alternative situations illustrated by Fig. 1. In a uniformly magnetized particle Fms is minimum,
and the energy increment is caused by the stray field. Near the surface the magnitude of Hd

equals 4πM/3 that yields the particle energy δFms ∼ −HdMv ∼ µM ∼ M2d3, where µ = MV
is the total magnetic moment. On the other hand, a sample with a closed magnetic flux (multi-
domain) has zero net magnetic moment and thus is in the minimum with respect to Fms = 0
‘paying’ for that by a non-uniform spatial distribution of magnetization and thus causing the
energy increment from the non-uniform exchange term:

δFex ∼ α(M2/d2) v ∼ αM2d; (3)

note that here we assume that M2 ≫ Kv so that the sample is effectively isotropic. Evidently,
the particle will be magnetized non-uniformly (the reference length is the particle dimension) as
long as δFex < δFms. Under the reversed condition, the state of minimal energy corresponds to
a uniform magnetization, i.e., the particle becomes a single magnetic domain. Estimation of the
maximum size of single-domainnes for a magnetically isotropic particle yields

d∗ =
√
α ∼ 10−6 cm = 10 nm. (4)

In the case of magnetically hard particles (M2 ≪ Kv) the main term opposing the magnetostatic
one is the uniaxial anisotropy. Here, as the first step, one needs to estimate the surface tension
of the domain wall. On doing that, see textbooks [6, 7] or the original paper [8], instead of Eq.
(4) one gets

d∗ =
√
αK/M. (5)
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At K ∼ 106 erg/cm3 and M ∼ 103 G this estimation is of the same order of magnitude as that
of Eq. (4). Therefore, one arrives at the conclusion that the conventional term single-domain
particles has in fact quite a precise meaning expressed by the condition d . 10 nm.†

Denoting the interatomic distance in a crystalline substance by a0, one gets a well-known
estimate for the fraction of the atoms residing at the particle surface. For d ≃ 10 nm and a0
about 0.2 nm, one has

c ∼ 6a0/(d− 6a0) ≃ 14% (6)

which number grows drastically when d goes below 10 nm. Evidently, c renders also the fraction
of spins deprived of a full set of neighbors.

Incomplete and distorted atomic surrounding creates for a spin a situation where those crystal
field contributions, which self-average for a bulk spin, remain non-zero. Under such conditions, a
surface spin experiences an enhanced crystal field, and its local (single-ion) magnetic anisotropy
is different (usually, higher) than that for a bulk one. This mechanism does not reduce to
just geometrical restrictions and, right as implied by the classification of Ref. [4], represents the
situation where the surface possesses some special properties different from those of the bulk. The
existence of surface magnetic anisotropy has numerous experimental verifications in both films
and fine particles but its origin is still not completely clear. In fact, the modern phenomenology
did not proceed much beyond the fundamental concept worked out by Néel in 1954 [12]. In
this approach the surface anisotropy is described at the macroscopic level by a specific energy
parameter Ks and the direction of the local easy (or hard) magnetization axis. Then the surface
energy density is written as

Fs = −Ks (e·ν)2 , (7)

where ν is the unit vector of the surface easy axis. From the symmetry considerations Néel [12]
and, after him, Brown [3] associated ν with the direction of the normal to the particle surface.
According to the same work by Néel, the surface energy density is estimated as Ks ∼ πℓM2,
where ℓ ∼ 10 nm is some characteristic length of the order of 10 nm. For example, for a well-
known ferrite γ-Fe2O3 (maghemite) which has M ≃ 400G this gives Ks ∼ 5× 10−2 erg/cm2.

2. Superparamagnetic effect

The main idea of superparamagnetism first put forward in 1949 by Néel [13] and cast to
a comprehensive form by Bean and Livingston [14], is that thermal fluctuations inside a solid
particle can strongly affect the state of magnetization of this particle. The superparamagnetic
effect in its basic form is expressed by a simple relationship

τ = τ0 exp(Ua/kT ), (8)

where Ua is the particle magnetic anisotropy energy‡. The pre-factor τ0 in Eq. (1) is some
microscopic time characteristic of a particular magnetic material; typical values of τ0 lie in the
range 10−9–10−11 s. The estimations for Ua follow from the above-given expressions for the
anisotropy energy: Ua ∼ KvV or Ua ∼ KsS, where V and S are the particle volume and lateral
area, respectively.

By its physical meaning, Eq. (8) is the reference time, which the magnetic moment µ of a
single-domain particle spends in a given energy minimum of the depth Ua at a given tempera-
ture T . In other words, during time intervals t < τ the particle behaves as a permanent magnet.

†We remark that the given estimation examples are rather heuristic. A more rigorous approach to the problem
was outlined by Brown [9]. Concerning the modern developments of the problem see Refs. [10,11] and references
therein.

‡Here we do not distinguish between free energy F and internal energy U of the particle since no change of
its aggregate state is expected. The possible thermal effect is included in the thermal dependence of the material
parameters like M or K.
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At longer times, t > τ , the probability is high that under thermal fluctuations µ will reverse at
least once. This means the loss of ‘memory’ of the initial state. At t ≫ τ the particle magnetic
moment behaves exactly as that of an atom in a paramagnetic gas. The only difference is in the
value of the magnetic moment. Indeed, we discuss room (and lower) temperatures, i.e., the range
well below the Curie point of usual ferromagnets/ferrites. This means that microscopically the
particle remains a spin-ordered object comprising about 105 coherently oriented spins. Thence
its magnetic moment µ = MV e (albeit randomly rotating) is super-high in comparison with
that of a paramagnetic atom. That is why the effect had acquired its name.

Imagine that we use a PC with a hard disk, where the size of the magnetic grains in the
working layer is progressively diminished. At first, one will see a positive effect: with smaller
particles the resolution of recording will enhance, and the PC will be able to write and read a
growing amount of data. Then, on further diminution of the particle size, the time τ will become
comparable with the mean time interval between writing and reading, and some symptoms like a
dementia disease will show up — fits of forgetfulness and occasional memory blackouts. Further
‘grinding’ of the particles will finally lead to a complete mess: the disk, consuming huge lumps
of data will be forgetting them immediately. At the attempt of reading, only random (white)
noise will emerge, complete amnesia. According to the existing estimates [15], we enter the epoch
when the areal density of records in commercially available devices will reach 1Tbit = 1012 bit
per square inch. How far one may go beyond that? The main limitation on miniaturization of
the magnetic recording devices is imposed by superparamagnetism.

This fundamental law of magnetic recording is expressed by Eq. (8). Such non-hysteretic
(superparamagnetic) behavior is universal and occurs in any ferrite or ferromagnet had it been
sufficiently dispersed to the nanosize range.

Let us estimate the size at which the superparamagnetic behavior of the particles becomes
important. A reasonably high value of the volume magnetic anisotropy is K ∼ 1.5·106 erg/cm3.
Using it, we find that at room temperature (kT ∼ 4·10−14 erg), the ratio (Ua/kT ∼ 40 (stability
of the record during 10 years) is ensured with the particles of volume V & 10−18 cm3. Assuming
the particle to be spherical, for its linear size (diameter) one finds d ∼ 12 nm. Comparing that
with the estimations given in Section 1, one finds that superparamagnetic behavior should be
inherent to single-domain particles.

Now let us estimate the density of particle distribution over the surface. The area that one
particle occupies equals S1 ∼ d2 ∼ 1.5 ·10−12 cm2. Consider the grains organized in a square
lattice with the minimal center-to-center distance 2d in order to reduce the stray fields of the
neighbors. With such a pattern the number density of the particles is ∼ 1012 per square inch,
that is right about 1 Tbit/inch2. About the same value one finds if for the particles not bulk but
surface magnetic anisotropy with the density Ks ∼ 1 erg/cm2 is assumed. This simple estimate
coincides by the order of magnitude with that derived in a more sophisticated way [15]. To be
reasonable, one has to consider 1 Tbit level as a prospective rather than real assertion, since it is
based on the assumption that the dimensions of the writing and reading heads are of the order
of d. As yet, with allowance for a finite size of a head and the fact that one bit is written at the
cluster of several grains.

We remark, however, that the above-discussed transition to the regime of spontaneous re-
magnetizing of particles is an undesirable effect only if to look at it from the magnetic data
storage viewpoint. It to treat the problem more broadly, from the position of general physics,
it becomes clear that to investigate both the spontaneous motion of the magnetic moment (free
orientational diffusion) and its forced diffusion motion makes not at all less interest than the
magnetodynamic studies restricted effectively to the T = 0 domain. The main merit of the
physics of nanoparticles is that the theory that is being developed, allows to go through all the
important size range and to get an adequate account of the rôle of thermofluctuational effects. By
this, one gets the description of the phenomena from its dynamic-like end (large particles and/or
low temperatures) to its essentially diffusional limit (small particles and/or high temperatures).
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In particular, with respect to the magnetic recording this shows where one should part with the
hopes for further condensing of the stored data.

As it has been found, the fluctuational domain, where noise effects are very pronounced,
is very interesting as such and is very rich in novel effects [16]. Right in the systems, where
the ability to oscillations is suppressed by strong noisy motion (overdamped oscillator), there
were discovered the so-called stochastic resonance [17,18] and, maybe yet less known but not to
the least interesting noise- and force-induced resonances [19–22]. The fact that single-domain
magnetic particles in the superparamagnetic regime (Ua/kT ∼ 1) are extremely convenient
(one may say, perfect) objects for observation and investigation of the phenomena of such a
kind had been commented on many times [23–29]. Inspired by the idea, theoretical models
equivalent to that of a single-domain particle were introduced to describe the functional properties
of magnetoresistive heads [30–32].

3. Superparamagnetiic effect on closer inspection

3.1. Reference time scales. Magnetodynamic equation

The phenomenological equation which determines the motion of the magnetic moment of a
ferromagnetic sample is known under the generic name of Landau–Lifshitz–Gilbert equation and
has two basic modifications. The first form

de

dt
= −γ (e×He)− αγ (e× (e×He)) (9)

had been proposed in [8]. When applied to a single-domain particle, the notations in Eq. (9)
mean: e the unit vector of the magnetic moment, γ is the gyromagnetic ratio for electrons, α is
the non-dimensional constant (the constant of spin-lattice relaxation) which determines the rate
of damping of the Larmor precession of the vector µ. The magnitude of the latter is µ =MVm,
where Vm is the volume of that part of the particle which possesses bulk ferromagnetic properties.
Thus we allow for the fact that a particle of a total volume V may bear a ‘dead’ shell on its
surface [33, 34] or that the particle surface layer may be effectively demagnetized due to its
specific magnetic structure, see [4, 35, 36] for particular examples. The effective magnetic field
He in Eq. (9) sums up all the internal and external fields acting on the vector µe. The schematic
presentation of the torques acting on vector e — according to (9) they contribute to the angular
velocity de/dt — is given in Fig. 2.

Fig. 2. Schematic view of the torques experienced by the magnetic moment perturbed from its
equilibrium position

– 542 –



Yuriy L.Raikher Superparamagnetic Particles: Introduction to Theoretical . . .

The alternative form of the magnetodynamic equation was introduced by Gilbert in [37,38]:

de

dt
= −γ∗ (e×He) + α0

(
e× de

dt

)
. (10)

As one sees from comparison, Landau-Lifshitz and Gilbert equations do differ in the form of the
damping term. Specifically, the Gilbert equation embodies explicitly the hypothesis of linear
irreversible thermodynamics which states that dissipation is proportional to the rate of change
of the corresponding dynamic variable. Note the presence of the time derivative of e in both
parts of the equation. Soon afterwards it had been proven — see [39] — that Eqs. (9) and (10)
are in fact identical and transform into each other upon the replacement:

γ∗ = γ(1 + α2
0), α = α0 . (11)

Owing to the coincidence of α and α0, further on we omit the subscript at the damping parameter.
However, for the magnetic materials with enhanced level of dissipation the Gilbert form is more
appropriate. Indeed, consider it for a simple isotropic ferromagnet under the combination of
a constant (magnetizing) field and a weak probing field ∝ exp(−iωt). Setting He = H0 and
associating (as in a standard experiment) the resonance field with the value of H0 which delivers
maximum to the out-of-phase (imaginary) component of the linear dynamic susceptibility χ(ω)
at ω0 = γH0, in the α≪ 1 limit we find

H
(res)
0 =

ω0

γ∗

√
2
√
1 + α2 − (1 + α2) ≃ ω0

γ∗

(
1− 1

8
α4

)
. (12)

With regard to that, one may consider the dependence of Hres on α as a weak one. Meanwhile,
in the Landau-Lifshitz terms one has in the same limit:

H
(res)
0 =

ω0

γ

√
2

(1 + α2)3/2
− 1

1 + α2
≃ ω0

γ(1 + α2)
. (13)

Comparing Eqs. (12) and (13), one sees that the Landau-Lifshitz resonance field contains addi-
tional factor ∝ 1/(1 + α2), and thus is more sensitive to α than the Gilbert one. Of course, at
α→ 0 both approaches coincide. The dependences of the Gilbert and Landau–Lifshitz resonance
fields on α are shown in Fig. 3. Turning of Hres

0 into zero at α =
√
3 and its nonexistence at

greater α’s means that in this range function χ′′(H0) has no maximum and diminishes monoton-
ically as its argument grows.

In the framework of the standard linear response theory the relaxation times of precession
are determined in the α ≪ 1 limit according to the generic formula τ = (αγH)−1. Setting the
field equal to its resonance value, one gets

τ =

{
1/αω0 Gilbert case,
(1 + α2)/αω0 Landau-Lifshitz case.

For the case when the external magnetizing field is absent, the reference relaxation time of
precession is defined upon assuming that the particle possesses uniaxial magnetic anisotropy
with the energy density K. Then the Larmor precession in the intrinsic anisotropy field is
considered, and the generic formula for the relaxation time emerges as τ =M/2αγK. Specifying
it for the two representations, one gets

τ0 =

{
M(1 + α2)/2αγ∗K Gilbert case,
M/2αγ∗K Landau-Lifshitz case,

– 543 –



Yuriy L.Raikher Superparamagnetic Particles: Introduction to Theoretical . . .

Fig. 3. Comparison of the resonance fields as functions of the damping parameter in the Gilbert
(1) and Landau–Lifshitz (2) representations.

which expressions coincide at α → 0. Therefore, τ0 provides a basic reference time scale for
high-frequency magnetic processes in a single-domain particle in the absence of external fields
and thermal fluctuations. To estimate τ0 by the order of magnitude we take M ∼ 400G and
K ∼ 106 erg/cm3 that is typical for a nanodispersed ferrite, set α = 0.1 (moderate quality factor
of the precession) and recall that γ ≃ 1.7·107 rad/Oe. This yields τ0 ∼ 10−10 s.

3.2. Rotary mobility coefficient of the magnetic moment
We choose a spherical coordinate frame with the polar axis directed along vector He. Then

the basic vectors of the problem write as

He = (0, 0, He), e = (sinϑ cosφ, sinϑ sinφ, cosϑ).

According to Eqs. (9) and (10), when having been deviated from its equilibrium position e ∥ He

or ϑ = 0, the magnetic moment e begins to precess around the direction of He . Scalar multipli-
cation of Eq. (9) by He, shows that under zero dissipation (α = 0) this precession is unceasing.
At non-zero damping the same multiplication yields(

He ·
de

dt

)
= −αγ (e ·Heff)

2
+ αγH2

e ,

where from after dividing by He one gets

dez
dt

= −αγHe

(
cos2 ϑ− 1

)
or

dϑ

dt
= −αγHe sinϑ. (14)

The quantity dϑ/dt is the component of the angular velocity Ω of the magnetic moment in
the direction perpendicular to Oz axis, i.e., to the field Heff. In Eq. (14) it is the dissipative
torque which strives to bring the magnetic moment back to its equilibrium position ϑ = 0. With
allowance for the constancy of the length µ of the magnetic moment, Eq. (14) in vector form
writes as

Ω⊥ =
αγ

µ
(µe×He)⊥ . (15)

As it shows, the coefficient
b(LL) = αγ/µ (16)
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has the meaning of the rotary mobility of the magnetic moment with respect to its relaxational
(i.e., towards its equilibrium position) motion. Indeed, in the Landau–Lifshitz equation this
coefficient establishes proportionality between the torque exerted on the vector µ and the angular
velocity of the latter normal to the precession axis. Using the correspondence relationships (11),
one finds that the mobility coefficient rendered by Gilbert equation (10) has the form

b(G) =
αγ∗

µ(1 + α2)
. (17)

In the afore-presented forms of the magnetodynamic equation, the mobility coefficients in
different ways depend on the precession damping parameter. The one found from Landau–Lifshitz
equation is directly proportional to the parameter α, see formula (16). The respective coefficient
from Gilbert equation, see Eq. (17), turns out to be a non-monotonic function: b(G)(α) passes
through a maximum at α ∼ 1. As Eqs. (9) and (10) show, in this range the angular velocities
dφ/dt of the precessional (azimuthal) and dϑ/dt of the relaxational (meridional) motions become
comparable. This is a crossover between two limiting regimes. At low dissipation (α ≪ 1) the
magnetic moment prior to settle in the equilibrium position makes a lot of turns around the
direction of He. In the opposite case α & 1 the motion of vector e hardly has time to accomplish
a single turn. In qualitative terms, at small α the non-equilibrium ϑ ̸= 0 ‘lives’ due to the
gyromagnetic properties of the magnetic moment: one may treat gyromagnetism as a kind of
rotary inertia. Consequently, in this limit the growth of α accelerates relaxation. In the opposite
case, at large α gyromagnetism is irrelevant, see formula (17), and the motion of vector e is the
meridional ‘crawl’ to the direction of the field. In this situation the parameter α plays the same
role as the viscosity in an ordinary fluid: its growth stretches the non-equilibirity lifetime, so it
is quite natural that the mobility is inversely proportional to α.

3.3. Rotary diffusion coefficient for the magnetic moment
In the presence of thermal fluctuations, i.e., at a finite temperature T , the magnetic moment,

quiescent or moving, experiences perturbations with the reference energy 1
2kT per each degree

of freedom. To take the thermofluctuational factor into account, one has to insert a random
torque to the magnetodynamic equation. This can be done by adding formally random magnetic
field Hf to the regular one. Then the random torque will take the form µ(e × Hf ). At the
next step, assuming that the noise is white, the correlation function ⟨H2

f (t) ⟩ is evaluated. This
approach was first used by Brown [40] and afterwards was advanced, see review articles [41,42],
and book [2]. Being interested in brevity and simplicity, we shall use another method based on
the equation of motion for the distribution function of the magnetic moment. Under the action
of fluctuations the magnetic moment, no matter is it or not entrained in some regular motion,
is with necessity subjected to a Brownian process and undergoes random thermal walks. Given
that, the angular coordinates of e are no longer dynamical variables; for instance, the notion
of angular trajectory of e becomes meaningless. Instead, the description is formulated in terms
of distribution function W (e, t) of the coordinates of the vector e. Namely, W (e, t) de equals
the probability to find the magnetic moment vector in the element de of the solid angle; it is
convenient to define this function on the surface of a unit sphere. The relationship rendering
the evolution of W (e, t) (the Fokker–Planck equation) emerges as a continuity equation for the
probability flux at this surface:

∂W

∂t
= −DivQ, (18)

where the operator Div involves only the angular variables.
To construct the probability flux vector Q, one starts with the relationship

Heff = − 1

µ

∂U

∂e
,
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where U(e) is the part of the magnetic energy of the particle which depends solely on the magnetic
moment orientation. Then formula (15) writes

Ω = −αγ
µ

(µe×∇) U,

where the gradient is taken only with respect to the angular variables. Evidently, the angular
velocity Ω pertains to the regular (drift) motion of e so that the full probability flux is the sum

Q = ΩW +Qdiff ; (19)

here the second term accounts for the diffusion flux. We take the latter in the weak non-
equilibrium approximation, i.e., as the Fick law:

Qdiff = −D(e×∇)W (20)

where the diffusion coefficient D has to be evaluated. In Eq. (20) when writing the spatial
derivative we have taken into account that the function W is defined at the surface of a unit
sphere with no radial (parallel to e) gradients. Thence the gradient operator reduces to

Ĵ = (e×∇),

which coincides, see book [43], for example, with the infinitesimal rotation operator or (adding
a numeric factor) with the angular momentum operator in quantum mechanics.

Substituting the explicit expressions for Ω and Qdiff in Eq. (19), we transform it to

Q = −αγ
µ
W Ĵ U −DĴW = −W Ĵ

[
αγ

µ
U +D lnW

]
. (21)

In equilibrium, the Boltzmann distribution

W0 ∝ exp(−U/T ), (22)

holds, and the probability flux vanishes. (From now on we set the Boltzmann constant k equal
unity.) Substituting Eq. (22) in (21), one gets

−W0Ĵ U

[
αγ

µ
− D

T

]
= 0,

which is evidently satisfied at [
αγ

µ
− D

T

]
= 0.

From here follows the rotary diffusion coefficient

D(LL) = αγT/µ = αγT/MVm . (23)

Note that as soon as the rotary mobility coefficient had been found, Eq. (23) might have been
written down right away using the Einstein formula. This is equally valid for both Landau–
Lifshitz and Gilbert representations of the magnetodynamic equation. Using formula (17) one
finds

D(G) = αγ∗T/MV (1 + α2). (24)

Defining operation Div as scalar multiplication of operator Ĵ by the flux vector, one rewrites
the continuity equation (18) as

∂W

∂t
= −Ĵ Q,
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and then with the aid of Eq. (21) obtains the Fokker–Planck kinetic equation (FPE) in the form

2τD
∂W

∂t
= ĴW Ĵ

[
U

T
+ ln W

]
; (25)

here the rotary diffusion (Debye) time is

τ
(LL)
D = (2D)−1 =MVm/2αγT. (26)

This relaxation time — to be specific, we have written it in the Landau-Lifshitz representation —
has the anticipated behavior: the smaller the precession damping constant the slower the particle
magnetic moment approaches its equilibrium position. For nanoparticles, typical values of the
material parameters are M . 103 G, Vm ∼ 10−18 cm3, α ∼ 0.1. Substituting them in formula
(26) at γ ≈ 2× 108 rad/Oe·s and room temperature one obtains τD ∼ 10−9 s.

Note a close resemblance between the reference time of the internal rotary diffusion of the
magnetic moment and Debye time

τB = 3ηV/T (27)

of ‘external’ rotary diffusion of a spherical particle of volume V in an isotropic liquid with viscosity
η. Comparing formulas (26) and (27), one introduces the coefficient of effective magnetic viscosity
of a ferromagnet [41] as

η(LL)
m =M/6αγ. (28)

In the Landau–Lifshitz representation the orientational diffusion time (26) is the greater the
weaker is the precession damping coefficient. However, as it was already noted, such a behavior
looks reasonable at small damping but is difficult to understand under strong one when the
motion is aperiodic. In this respect, the interpretation of magnetic viscosity that follows from
the Gilbert representation seems rather intelligible. Indeed, using the diffusion coefficient from
Eq. (28), one finds for the orientation relaxation time

τ
(G)
D = (2D)−1 =Mvm(1 + α2)/2αγ∗T. (29)

Accordingly, from comparison of Eqs. (29) and (27) for the effective magnetic viscosity one gets

η(G)
m =

M(1 + α2)

6αγ
∝

{
1/α for α≪ 1

α for α≫ 1
. (30)

which means different characteristic behaviors in weak and strong precession damping limits.
From FPE (23) it follows that in the absence of internal and external fields (U = 0) the

parameter τD exhaustively determines the response time of the system to a weak external ex-
citation. For example, it is τD and only it which determines the dispersion of the magnetic
susceptibility in a magnetically isotropic particle.

3.4. Relaxation of the magnetic moment in an anisotropic particle
Thermofluctuational behavior of the magnetic moment in a magnetically anisotropic particle

acquires new features in comparison with the isotropic case and, accordingly, extends the set of
relaxation times. Consider a single-domain particle with the easy-axis anisotropy given by

Ua = −KVm (e · n)2 = −KVm cos2 ϑ, (31)

where n is the unit vector of the easy axis and ϑ is the angle between the direction of the particle
magnetic moment e and n. Expression (31) establishes that in the internal configurational space
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of a particle at ϑ = π/2 there exists the energy barrier of the height Kvm, which separates the
two minima, ϑ = 0 and ϑ = π corresponding to the orientations e ∥ n and e ∥ −n. At finite
temperatures, i.e., in the presence of fluctuations, the characteristic parameter for the system is
the non-dimensional ratio

σ = KVm/T (32)

of the magnetic energy to the thermal one. Evidently, at σ ≪ 1 the motion of the particle
magnetic moment very much resembles the case of free diffusion (U = 0); thence in this limit
the relaxation time τ(σ) is close to τD.

Essentially different is the situation of a high potential barrier or, equivalently, of low tem-
perature; both these conditions are expressed by the relation σ ≫ 1. Applying the Boltzmann
law (22) to the two-well potential (31), one arrives at the conclusion that the orientational prob-
ability is almost totally localized in exponentially small vicinities of the easy directions ϑ = 0
and ϑ = π; at full equilibrium the populations of both wells are equal.

Kinetics of establishing orientational equilibrium in a single-domain particle in the presence
of thermal fluctuations is described by FPE (25). We write it down in spherical coordinates at
the surface of a unit sphere. Assuming that all the functions in depend only on the meridional
angle ϑ, we get

∂W

∂t
= −DivQ = − 1

sinϑ

∂

∂ϑ
[ sinϑ ·Qϑ ] =

1

2τD

1

sinϑ

∂

∂ϑ

[
sinϑ

(
W

T

dUa

dϑ
+
dW

dϑ

)]
. (33)

The expression for the probability flux vector

Q = Qϑ iϑ , Qϑ = − 1

2τD

(
W

T

dUa

dϑ
+
dW

dϑ

)
, (34)

(in the considered situation it has only the ϑ-component) coincides with the above introduced
definition (21).

Full solution of FPE (33) is a rather complicated task. There exists numerous literature on
the analysis of the problem for various forms of the potential function, see review article [44]
or book [2], for example. To get a simple estimation of the orientation relaxation time of the
observable (i.e., statistically averaged) magnetic moment at σ ≫ 1 we follow Ref. [40], where
Kramers approximation [44,45] is used. The main point is that the full non-stationary problem is
replaced by an effective steady one. It is assumed that inside the energy minima (potential wells)
the equilibrium is achieved in a short time and is not affected by the interwell diffusion. Between
the wells there exists a stationary flux as it is required by the balance between the diffusion
and force terms in FPE. Therefore, the probability flux Q couples two compact spots in the
orientational space which are localized at the poles (ϑ = 0, π) of the unit sphere. Accordingly, on
the total flux the requirement of non-divergency is imposed stating that in the whole coordinate
interval except for the vicinities [0, ϑ1] and [ϑ2, π], the quantity B ≡ sinϑ · Qϑ is constant.
Substituting here Qϑ from Eq. (34), one arrives at the condition

B = − sinϑ

2τD

(
dW

dϑ
+
W

T

dUa

dϑ

)
. (35)

That states that the interwell probability flux is non-zero and vanishes only in the case of true
equilibrium, i.e., when the global Boltzmann distribution is attained.

Denoting the populations of the wells as n1 (around ϑ = 0) and n2 (around ϑ = π), we write
the normalizing condition for the distribution function W (ϑ) as∫

W (ϑ) dΓ = 2π

∫ π

0

W (ϑ) sinϑdϑ = 1,
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so that n1 + n2 = 1. Now we multiply Eq. (33) by sinϑ and integrate the result over ϑ in
the interval [0, π]. Then the left-hand part of the equation turns into zero as a derivative of a
constant. On the same grounds — B is constant — will turn into zero the right-hand part as well.
In the high-barrier approximation the obtained probability conservation law means the balance
between the populations of the polar regions:

dn1
dt

+
dn2
dt

= 0. (36)

On the other hand, according to Eq. (36) the probability flux is

dn1

dt
= −dn2

dt
= −2πB.

Indeed, integration of the right-hand side of Eq. (33) on transforming the volume integral into a
surface one reduces to a sum of products of the quantity B and the unit outer normal vectors:
on entering the region (close to ϑ = 0) and on quitting it (close to ϑ = π). Moreover, the exact
position of the boundary over which the flux is calculated does not matter.

We multiply Eq. (35) by exp(Ua/T ) and integrate from ϑ1 to ϑ2, taking the latter as the
respective borders of the populated polar regions. This yields

W (ϑ2) e
Ua(ϑ2)/T −W (ϑ1) e

Ua(ϑ1)/T = −2τDB

∫ ϑ2

ϑ1

eUa/T dϑ

sinϑ
. (37)

In the right-hand side of this formula we make the following:
1) replace the potential by its expansion in series in the vicinity of the summit of the potential
curve:

Ua(ϑ)

T
=
Ua(π/2)

T
+

1

2T

d2Ua

dϑ2
(π/2− ϑ)

2
= −σ (π/2− ϑ)

2
; (38)

2) replace sinϑ by its value at the summit, i.e., by unity;
3) assuming drastic diminution of the integrand under deviation of the integration variable from
π/2, we proceed to infinite integration limits (−∞,∞). After that the integral evaluates easily,
and Eq. (37) assumes the form

W (ϑ2) e
Ua(ϑ2)/T −W (ϑ1) e

Ua(ϑ1)/T = 2τDB

√
π

σ
.

Upon substituting energy (38) the rate of population change is presented as

τD√
πσ

dn1

dt
=W (ϑ2) e

Ua(ϑ2)/T −W (ϑ1) e
Ua(ϑ1)/T . (39)

To close the last equation, we use the above-introduced hypothesis that in each well there
exists an independent local Boltzmann distribution. To be specific, let us take the region around
the pole ϑ = 0 and present the distribution function at the interval[0, ϑ1] in the form

W (ϑ)
∣∣
ϑ≤ϑ1

=W (0) e−Ua/T =W (0) eσ e−σϑ2

, (40)

whereW (0) is a constant. In the last of equalities (40), making use of being close to the minimum,
the exact potential is replaced by its expansion in a series up to quadratic order. The distribution
function integrated over the interval [0, ϑ1] must equal population n1, that is

n1 = 2π

∫ ϑ1

0

W (ϑ)
∣∣
ϑ6ϑ1

sinϑdϑ = 2πW (0) eσ
∫ ∞

0

e−σϑ2

ϑdϑ =
π

σ
W (0) eσ.
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This establishes the coefficient W (0) in formula (40). Repeating the same considerations for the
potential minimum located near ϑ = π, one finds finally for the ‘localized’ distribution functions:

W (ϑ)
∣∣
ϑ6ϑ1

=
σ

π
n1e

−σϑ2

(ϑ1 ≪ 1),

W (ϑ)
∣∣
ϑ>ϑ2

=
σ

π
n2e

−σ(π−ϑ)2 (π − ϑ2 ≪ 1). (41)

We use formulas (41) to transform the right-hand part of Eq. (39) and get

W (ϑ2) e
Ua(ϑ2)/T −W (ϑ1) e

Ua(ϑ1)/T =

=
σ

π
n2e

−σϑ2
2 e−σ eσϑ

2
2 − σ

π
n1e

−σϑ2
1 e−σ eσϑ

2
1 =

σ

π
e−σ (n2 − n1) . (42)

In result, one arrives at a simple kinetic equation, which describes the evolution of populations
in a two-level system:

eσ

σ

√
π

σ
τD

d

dt
n1 = −e

σ

σ

√
π

σ
τD

d

dt
n2 = (n2 − n1) .

Closing it, i.e., writing in terms of the non-equilibrium population (n1 − n2), one finally obtains

d

dt
(n1 − n2) = − 2σ

τDeσ

√
σ

π
(n1 − n2) ,

wherefrom immediately follows the expression for characteristic time of magnetic relaxation

τ(σ) =
eσ

2σ

√
π

σ
τD. (43)

Evidently, due to its exponential dependence on the parameter σ = KVm/T , the quantity
τ(σ) may grow virtually unboundedly. This is a specific property of the solution of any Kramers
problem.

Wrapping up the calculation of formula (43), first performed by W.F. Brown [40], let us
remind the conditions under which the Kramers approximation may be applied. First of all,
this is a sufficient height of the barrier (σ ≫ 1) and, in gyromagnetic problems, a sufficiently
high value of the precession damping parameter. Recalling in this connection the above-presented
discussion of the expressions for the orientation diffusion time in the Landau–Lifshitz and Gilbert
representations, we settle on the decision that the Gilbert representation is more adequate. This,
in turn, means that τD should be expressed with the aid of Eq. (29). In fact, the problem
of the intrinsic relaxation time in a magnetic nanoparticle is much wider. For example, one
may justly ask what will happen if the magnetic damping would be sufficiently low, and the
Larmor precession would be a pronounced and a long-living process. An account on the theory
of thermally activated phenomena including the low- and high-damping limits as well as the
crossover behavior bridging them one can find in the review article by Coffey, Garanin and
McCarthy [44].

4. Moment equations
Equations for macroscopic characteristic of magnetic particles can be obtained by perform-

ing ensemble averaging, i.e., averaging corresponding microscopic quantities with a distribution
function that satisfies Eq. (25). In below, we use the standard notation for these averages:

⟨. . .⟩ =
∫
. . .W dΩ,

– 550 –



Yuriy L.Raikher Superparamagnetic Particles: Introduction to Theoretical . . .

where Ω is the set of pertinent phase variables; for a quiescent single-domain particle it is the
set of angles describing orientation of vector e.

For example, for the dimensionless magnetization ⟨e⟩ of an assembly of magnetically isotropic
particles, where

U = −µ(e·H),

one gets from Eq. (25)

2τD
∂

∂t
⟨ei⟩ = ξ (δik − ⟨ eiek ⟩) hk − 2⟨ ei ⟩, (44)

where ξ = µH/T and h = H/H is the unit vector of external field. Equation (44) describes
the evolution of the first moment of the distribution function. However, it contains the second
moment, and thus is coupled with higher terms. This chain-linking turns out to be infinite: the
equation for the second moment includes the third one and so on. Thus one may find out that, as
it usually happens in kinetic problems, the Fokker–Planck equation (partial derivative equation)
for the distribution function is equivalent to an infinite set of ordinary differential equations for
the moments of this function.

Another important and instructive example is a single-domain magnetic particle with a uni-
axial anisotropy described by the expression

U = −KVm (e·n)2 − µ (e·H), (45)

which is in use in this paper. With the energy function (45), the equation for the dimensionless
magnetization following from Eq. (25) writes

2τD
∂

∂t
⟨ ei ⟩ = 2σ (nink⟨ ek ⟩ − nknl⟨ eiekel ⟩) + ξ (δik − ⟨ eiek ⟩) hk − 2⟨ei⟩ , (46)

where the right-hand side incorporates both second and third statistical moments.
To write down Eq. (46) as well as (44), we used after Ref. [46] the distribution function

moments presented as Cartesian tensors. However, when solving the orientational problem, it is
more natural to use the set of spherical functions. Choosing spherical coordinates for the unit
vectors e, n, and h as (θ, φ), (0, 0), (ψ, 0), respectively, i.e., taking n as the polar axis of the
frame, one gets

(e·h) = cosψ cos θ + sinψ sin θ cosφ, (47)

so that Eq. (45) may be rewritten as

U = −KVm cos2 θ − µH (cosψ cos θ + sinψ sin θ cosφ), (48)

Then the non-stationary solution of the kinetic equation (25) with the energy function (48) is
sought in the form of the spherical harmonics expansion

We(θ, φ, t)=

∞∑
l=0

l∑
m=−l

bl,m(t)
2l + 1

4π

(l − |m|)!
(l + |m|)!

Xm∗
l (e,n). (49)

In Eq. (49) symbols Xm
l (a, b) denote the so-called non-normalized spherical harmonics defined

as
Xm

l (a, b) = Pm
l (cosα) eimβ , (50)

where Pm
l are associated Legendre polynomials. The angles α and β are the coordinates of the

unit vector a in the spherical coordinate frame with the polar axis set along the unit vector
b. Functions (50) are connected to the conventional (normalized) spherical harmonics by the
relationship

Y m
l =

√
2l + 1

4π

(l − |m|)!
(l + |m|)!

Xm
l . (51)
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The time dependence in Eq. (49) is determined by the quantities bl,m(t), which appear to be the
moments of the distribution function:

bl,m(t) =
⟨
Pm
l (cos θ)eimφ

⟩
, (52)

These complex coefficients one finds by solving numerically the infinite set of differential recur-
rence relations obtained by substitution of expansion (49) into Eq. (25):

2τD
d

dt
bl,m + l(l + 1)bl,m − 2σ

[
(l + 1)(l +m− 1)(l +m)

(2l − 1)(2l + 1)
bl−2,m +

+
l(l + 1)− 3m2

(2l − 1)(2l + 3)
bl,m − l(l −m+ 2)(l −m+ 1)

(2l + 1)(2l + 3)
bl+2,m

]
−

− ξ cosψ

2l + 1
[(l + 1)(l +m)bl−1,m − l(l −m+ 1)bl+1,m]−

− ξ sinψ

2(2l + 1)
[(l + 1)(l +m− 1)(l +m)bl−1,m−1 +

+ l(l −m+ 2)(l −m+ 1)bl+1,m−1 − (l + 1)bl−1,m+1 − lbl+1,m+1] = 0. (53)

Equations (53) are valid for m > 1, and one does not need to consider the negative values of
m because of the symmetry of Eq. (49) with respect to the replacement m → −m that yields
bl,−m = bl,m. However, the case m = 0 is somewhat special, and the corresponding equation
that closes the set (53) is to be derived separately. On doing that, it writes in the form

2τD
d

dt
bl,0 + l(l + 1)bl,0 − 2σ

[
(l − 1)l(l + 1)

(2l − 1)(2l + 1)
bl−2,0 +

+
l(l + 1)

(2l − 1)(2l + 3)
bl,0 −

l(l + 1)(l + 2)

(2l + 1)(2l + 3)
bl+2,0

]
−

− ξ cosψ

2l + 1
l(l + 1)(bl−1,0 − bl+1,0) +

ξ sinψ

2l + 1
[(l + 1)bl−1,1 + lbl+1,1] = 0. (54)

The kinetic equation (25) with the energy function (45) first studied by Brown [40] since then
has been investigated extensively [41,46–51]. However, due to mathematical difficulties the case
of arbitrary orientation of the external and anisotropy fields, i.e., vectors h and n, has been
addressed not so long ago. The numerical solution of the relaxation problem for h and n crossed
under an arbitrary angle for the first time was given in Ref. [52].

5. Methods of solution

In general case, Eqs. (53) and (54) present infinite sets of the five-term (pentadiagonal)
recurrence relations with respect to the index l. In certain special cases (ξ = 0 or σ = 0),
they reduce to three-term (tridiagonal) recurrence relations. In this section the sweep procedure
for solving of such sets is described. This method, also known as the Thomas algorithm, is
widely used for handling the recurrence relations entailed by the finite-difference approximation
applied for solving differential equations, see Ref. [53], for example. In our case, the recurrence
relation that follows from expansion (53) of the distribution function in the basis of orthogonal
spherical functions, treated with the sweep method, as explained below, renders the numerical
representation of the exact solution of the recurrence relations.
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5.1. Solution of the three-term scalar recurrence relationships

Consider the three-term inhomogeneous recurrence relationship

Albl−1 +Blbl + Clbl+1 = fl , l = 1, 2, 3 . . . , (55)

with b0 being a given quantity (initial condition). The sweep method is realized by Eq. (55) to a
two-term recurrence equation by means of the sweep coefficients, which relate to each other the
neighboring terms as

bl = αlbl−1 + γl , bl+1 = αl+1bl + γl+1 . (56)

Substituting Eq. (56) into (55), one gets

Albl−1 + (Bl + Clαl+1)bl + Clγl+1 = fl . (57)

Comparison of Eqs. (56) and (57) yields the two-term backward recurrence for the sweep coeffi-
cients

αl = − Al

Bl + Clαl+1
, γl =

fl − Clγl+1

Bl + Clαl+1
. (58)

For practical calculations one has to choose a large enough l = L and set αL+1 and γL+1 to zero.
Then, upon implementing the backward recurrence relationships (58) until l = 1, one evaluates
the full set of the sweep coefficients. By an upward iteration of (56) one can find all the terms
bl with the indices l = 1, . . . L. Due to the stability of both iteration processes the initial error,
caused by truncation of the infinite recurrences (58), dissolves in the course of iterations and
finally becomes less then computer zero. The desired accuracy is attained by varying the cutoff
index number L; normally, the higher σ or ξ in Eqs. (53 and 54), the higher L is to be used. In
this sense, one may call the solutions obtained numerically exact.

5.2. Solution of the five-term scalar recurrence relationships

Now we consider a five-term inhomogeneous recurrence relationship

Albl−2 +Blbl−1 + Clbl +Dlbl+1 + Elbl+2 = fl, l = 1, 2, 3 . . . , (59)

with b0 being a given quantity (initial condition). In the literature on the solution of the Fokker-
Planck Equation (see, for example, Refs. [1, 2]) the five-term scalar recurrence relationship is
usually reduced to a three-term vector one, by pairing the neighboring even and odd terms into
a two-component columnar matrices (vectors). Here we show how to solve Eq. (59) by the sweep
method, which is more feasible to realise. For this purpose, we introduce three sets of sweep
coefficients which couple the neighboring terms. They are as follows

bl = αlbl−1 + βlbl−2 + γl , bl+1 = αl+1bl + βl+1bl−1 + γl+1 ,

bl+2 = (αl+2αl+1 + βl+2)bl + αl+2βl+1bl−1 + γl+2 + αl+2γl+1 .

Substituting relations (60) into Eq. (59) one gets

Albl−2 + (Bl +Dlβl+1 + Elαl+2βl+1)bl−1 + [Cl +Dlαl+1 +

+El(αl+2αl+1 + βl+2)] bl = fl − (Dl + Elαl+2)γl+1 − Elγl+2 . (60)
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On comparing Eqs. (60) and (60) one finds the three-term backward recurrences for the sweep
coefficients which read

αl = − Bl +Dlβl+1 + Elαl+2βl+1

Cl +Dlαl+1 + El(αl+2αl+1 + βl+2)
,

βl = − Al

Cl +Dlαl+1 + El(αl+2αl+1 + βl+2)
,

γl =
fl − (Dl + Elαl+2)γl+1 − Elγl+2

Cl +Dlαl+1 + El(αl+2αl+1 + βl+2)
.

(61)

As in the above-described case, when performing practical calculations of sweep coefficients
one has to choose a large enough l = L and set all the sweep coefficients of the higher orders to
zero. Then implementation of the backward recurrence relationships (61) until l = 1 will render
the full set of the sweep coefficients. With the aid of the upward iteration of (60) one can find
then all the terms bl within interval l = 1, . . . L.

5.3. Solution of vector recurrence relationships

In the previous subsection we have mentioned a method to solve a pentadiagonal scalar
recurrence relation by reducing it to tridiagonal vector recurrence relationships. After that, the
problem may be solved as it is described in Subsection 6.2 with the only exception that all the
coefficients of Eq. (55) must be treated as matrices. The matrix sweep coefficients, calculated
according to the rules of the matrix algebra, now take the form

αl = −(Bl +Clαl+1)
−1Al , γl = −(Bl +Clαl+1)

−1(fl −Clγl+1) , (62)

where the superscript −1 means the inversion of the matrix. By the upward iteration of

bl+1 = αl+1bl + γl+1 (63)

one can find all the vectors bl.
Eqs. (53) and (61) are also able to yield the vector recurrence relationships for the case of a

skew bias field, that is when vectors h and n are not parallel. In this case one should ascribe
to each bl as many as 2l + 1 components, corresponding to different values of the azimuthal
index m. Another problem, involving vector recurrence relationships, is a steady-state nonlinear
oscillations of bl in a high AC field. To study the harmonic content of the nonlinear response,
one has to expand all the moments b(t)l in the Fourier series. Then the Fourier coefficients may
be treated as the components of a columnar vector. This situation will be considered more than
once throughout the present paper.

We end up this section with formulas delivering the solution of the pentadiagonal recurrence
relationships (59) and (60), where coefficients must be treated as matrices and the variables bl
as columnar vectors. Then for the matrix sweep coefficients one gets

αl = −∆−1(Bl +Dlβl+1 +Elαl+2βl+1) , βl = −∆−1Al ,

γl = ∆−1 (fl − (Dl +Elαl+2)γl+1 −Elγl+2) ,
(64)

where
∆ = Cl +Dlαl+1 +El(αl+2αl+1 + βl+2) .
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Conclusion

The above-presented explanations are, clearly, just the initial step introducing the theory
of magnetodynamics of superparamagnetic particles. As thermal fluctuations are the essential
factor affecting all throughout the particle properties, the theoretical description used the theory
of random (stochastic) processes to account for the situation. This framework is based on the
kinetic Fokker–Planck-like (also known as rotary diffusion) equation solved either directly or by
transforming it to a chain-linked set of moment equations. The specifics of fine particles is that
in the majority of cases they are single-domain, and this entails a relative simplicity (low order)
of the resulting equations.

For the pertinent sets of the moment equations, efficient numerical schemes of solution have
been developed nowadays. These schemes are rather flexible as to allow one include many
additional factors, e.g., surface magnetic anisotropy along with the bulk one [54, 55]. Although
not described here, the theory is also feasible to be extended to the cases of high and ultra-
high frequencies of the applied field where the ferromagnetic resonance comes to effect. Even
quite special cases where the ‘inertia’ of the magnetic moment should be taken into account
are considered [56]. As well, the above-developed conceptual framework is very useful for the
theory of magnetic fluids, the systems where fine particles are suspended in a fluid that adds
to their conventional (internal) superparamagnetism the external one caused by their ability
to mechanically rotate. Finally, the issue that is beyond the frame of the present subject —
single particles without interaction — but logically following from it, is the problem of how does
the interparticle interaction (magnetostatic or other) affect the properties of the fine particle
assemblies like magnetic fluids or solid nanocomposites, see [57] and the discussion therein, for
example.

The work was carried out in the framework of the state-budget financed theme No.
126020916888-9.
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Суперпарамагнитные частицы: введение в теоретическое
описание магнитодинамики

Юрий Л. Райхер
Институт механики сплошных сред УрО РАН

Пермь, Российская Федерация

Аннотация. Цель работы — кратко и доступно изложить теоретическую схему, с помощью ко-
торой описывается магнитодинамика однодоменных суперпарамагнитных частиц. Показано, как
классическая картина (уравнения Ландау–Лифшица и Гильберта) модифицируется для случая су-
перпарамагнитного поведения, так что температура явным образом входит в уравнения, поскольку
детерминистическая динамика уступает место стохастической. Для этого используются или кине-
тическое (типа Фоккера-Планка) уравнение, или система уравнений, связывающая статистические
моменты возрастающего порядка. В качестве первого шага, вводится с пояснениями стандартное
макроскопическое (феноменологическое) описание магнитодинамики частицы ферромагнетика.

Ключевые слова: суперпарамагнетизм, однодоменные частицы, ориентационная функция рас-
пределения, магнитодинамика.
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Abstract. We investigate the dynamics of two dipolar-coupled magnetic vortices with different polarities
in a small-diameter spin-transfer nano-oscillator under the influence of a spin-polarized electric current.
Using micromagnetic modeling, we demonstrate the existence of three distinct vortex motion regimes
separated by two critical current values. A near-linear dependence of the oscillation frequency and the
vortex core orbit radius on the spin-polarized current magnitude is obtained. The results are compared
with the case of coupled vortex dynamics of identical polarity.
Keywords: generalized Landau–Lifshitz–Gilbert equation, magnetic vortices, spin-transfer nano-
oscillator, coupled oscillator dynamics.
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Introduction
A promising direction in spintronics is the development of nanoelectronic devices in which

the magnetization dynamics of a system can be excited by a spin-polarized current [1–3]. Such
magnetic nanostructures are used for creating advanced radiofrequency applications, as their
magnetization oscillation frequencies can be tuned by applying external magnetic fields and
currents [4, 5].

Spin-transfer nano-oscillators (STNOs) attract significant research interest [6–9]. Often, such
multilayer structures consist of two magnetic layers separated by a non-magnetic spacer [10].
Given certain geometric dimensions, a magnetic vortex can be realized as the ground state in
these structures [11, 12]. At the center (or core) of the vortex, in a region approximately 10 nm
in size, the magnetic moment points out-of-plane perpendicularly. In other areas, the magnetic
moment lies within the plane of the magnetic film. The magnetization at the vortex center can
have two opposite directions, or vortex polarities (up or down), which can be used to encode
digital signals "0" or "1". Vortex-based STNOs can also find application as vortex nanoscale
spin-torque generators [10] and as programmable building blocks for neuromorphic computing
systems [13].

For practical applications, the study of the structure, statics, and dynamics of magnetic
vortices is of great importance [14, 15]. The structure and static properties of magnetic vortices
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in isolated nanodisks and in STNOs with a vortex state in a single free magnetic layer have been
studied quite thoroughly [15, 16]. Cases where the second, fixed magnetic layer in an STNO can
have either uniform or non-uniform magnetization have been considered [10, 17–19]. It has been
shown that when a spin-polarized current is passed through a single-vortex STNO, the vortex
can start moving along different types of orbits (e.g., a stationary circular orbit, chaotic motion,
etc.) [20–22]. Effective differential equations for the vortex core coordinates, which accurately
describe the gyrotropic motion of the vortex, have been proposed [23, 24]. The mechanisms
for switching the chirality and polarity of a magnetic vortex, both by polarized current and by
pulsed or constant magnetic fields, have also been investigated [25, 26]. In [27], laser excitation of
magnetization dynamics without applying external fields was used to induce transient changes in
the structure and dynamics of a magnetic vortex. The linear and nonlinear dynamics of mutually
coupled magnetic vortices in two STNOs, excited either by an external harmonic magnetic field
or by a spin-polarized current, have been studied [28].

Numerous experimental and theoretical works have been devoted to studying the dynamics of
magnetostatically coupled magnetic vortices in STNOs where both magnetic disks are in a vortex
state (see, e.g., [29–35]). The properties of such a system significantly depend on the mutual
orientation of the magnetization in the vortex cores. The influence of the STNO diameter on
the coupled vortex dynamics under a spin-polarized current has been investigated [34–39]. The
existence of several critical current values separating different regimes of coupled vortex dynamics
was discovered. One of them is the gyrotropic oscillations of magnetostatically coupled vortices
with a constant frequency, which has current limitations. When the current magnitude exceeds
a critical value for large and medium-diameter STNOs, after the vortex in the thicker layer
reaches a critical velocity, a dynamic switching of this vortex’s polarity occurs [34, 39, 40]. This
indicates the possibility of controlling vortex polarity using direct current under zero magnetic
field conditions. For small STNO diameters, in the case of vortices with identical polarity and
chirality, vortex expulsion from the disk edge is observed [37–39]. However, it has been shown
that in modern experiments, a signal can only be observed for the case of vortices with different
polarities [41]. Therefore, this work investigates the influence of current on the dynamics of
coupled vortices with different polarities and identical chirality in a small-diameter STNO equal
to 120 nm.

1. Fundamental equations and results

The generalized Landau-Lifshitz equation (GLE) describing the nonlinear magnetization dy-
namics in each magnetic layer includes an additional spin-transfer torque term Ts.t. [3] respon-
sible for the interaction between the current and the magnetization, and can be written as:

Ṁ = −γ [M×Heff ] +
α

Ms

[
M× Ṁ

]
+Ts.t. (1)

where M is the magnetization vector, γ is the gyromagnetic ratio, Ms is the saturation magne-
tization, α is the Gilbert damping parameter. The effective field Heff represents the sum of the
external magnetic field, and the magnetostatic and exchange interaction fields.

Ts.t. = −γ0aj
Ms

M× [M×mref ] + γbj [M×mref ] ,

aj =
~

2 |e|
1

d
P

1

Ms
Je, bj = βaj , β ∼ 0.05− 0.2,

(2)

where ~ is Planck’s constant, e is the electron charge, d is the thickness of the magnetic layer,
Je is the current density, P is the current polarization, and mref is the unit vector along the
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magnetization of the reference layer. The GLE is a complex integro-differential equation that,
in the general case, can only be solved using numerical methods.

We investigate a spin-transfer nano-oscillator in the form of a multilayer nanocylinder with a
circular cross-section and a diameter of 120 nm, which has been previously studied experimentally
[30]. It consists of three layers: a "thick" magnetic permalloy layer (15 nm thick), an intermediate
non-magnetic spacer layer (10 nm thick), and a "thin" magnetic permalloy layer (4 nm thick).
The permalloy composition is Ni80Fe20, abbreviated as Py. For numerical calculations, we
use the following magnetic parameters [30]: Ms = 700 ergGs /cm3 for the "thick" and Ms =
600 ergGs /cm3 for the "thin" magnetic layers; exchange stiffness A = 1.2× 10−6 erg / cm for
the "thick" layer and A = 1.12× 10−6 erg / cm for the "thin" magnetic layer; Gilbert damping
constant α = 0.01; gyromagnetic ratio γ = 2.0023× 107 (Oe s)

−1.
(a) (b)

Fig. 1. Dependence of (a) the frequency and (b) the radius of stationary coupled vortex core
oscillations on the current magnitude

For the numerical calculation of the structure and coupled dynamics of the magnetic vortices,
we used the SpinPM software package for micromagnetic modeling [10]. With its help, the
dependencies of the magnetization projections on the coordinate axes versus time (e.g., Mx =
Mx(t))) were obtained. Using these dependencies, the oscillation period and the corresponding
frequency value were determined from the peaks in the magnetization. To verify the accuracy of
the determined frequencies, Fourier analysis was also used, which provided identical values.

The motion of the coupled magnetic vortices in the STNO was excited by a spin-polarized
current with a polarization of P = 0.1, flowing perpendicular to the plane of the layers. For
definiteness, the case where the current flows from top to bottom, from the thin layer to the
thick one, is considered. We further investigate the structure in which, at the initial moment,
the vortex chiralities in both Py layers are identical and correspond to the twist direction of
the Oersted field induced by the current. The vortex polarities are opposite: in the upper thin
layer, the core magnetization is directed downward, while in the lower thick layer, it is directed
upward.

For the case of coupled vortex dynamics with identical polarity in a similar STNO, it is known
that there exist three critical values of current on the dependence of oscillation frequencies on
the magnitude of the spin-polarized current [37]. The first of these limits the region of decaying
vortex motion, the second limits the region of stationary vortex motion, and the third limits
the region where the vortex in the thick layer is expelled beyond the disk edge. For the case
of coupled vortex dynamics with opposite polarities, the numerical calculation results revealed
the presence of two critical current values (Fig. 1a). The first one, I1 = 2.77 mA (4.64 mA for
the case of vortices with identical polarity), limits the region where decaying oscillations of the
vortices in the thin and thick layers exist. The interval of current values between I1 = 2.77 mA
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and I2 = 9.15 mA (between 4.64 mA and 7.35 mA for the case of vortices with identical polarity)
defines the region where stationary oscillations of the vortices in both layers exist. It should be
noted that for the case of vortices with opposite polarities, the range of currents supporting
a stationary regime of coupled vortex oscillations increases substantially, and the value of the
minimum required current decreases significantly. Due to their coupled motion, the oscillation
frequencies of both vortices have identical values. Their values increase almost linearly with the
current. The oscillation radii of the vortex cores also increase almost linearly with the current
magnitude (Fig. 1b), with the increase in the oscillation radius of the vortex core in the thick
magnetic layer being much greater than that in the thin layer. At a current equal to or greater
than I2 = 9.15 mA, the regime of vortex expulsion beyond the disk edge is observed in both
magnetic layers.

t1 = 0 ns, t2 = 8 ns t1 = 8 ns, t2 = 12 ns t1 = 50 ns, t2 = 55 ns

Fig. 2. Trajectory of the vortex core motion in the thin layer (top row) and in the thick layer
(bottom row). The first column corresponds to the time interval from 0 ns to 8 ns, the second
column from 8 ns to 12 ns, and the third column from 50 ns to 55 ns. I = 6.78 mA

Let us examine how the system under study transitions to a stationary oscillation regime.
For this purpose, we take a current magnitude greater than the first critical current, for example,
I = 6.78 mA. At the initial moment, the vortex cores are located on opposite sides relative to the
disk center. This is caused by magnetostatic interaction. Note that in the case of identical vortex
polarities, the core of the vortex in the thin magnetic layer and the core of the vortex in the
thick magnetic layer are located on the same side of the nanocylinder center. After the current
is switched on, a nonlinear stage of vortex dynamics is initially observed in both the thin and
thick layers (first row in Fig. 2). The vortices begin to move in different directions—clockwise
in the thin layer and counterclockwise in the thick one. Subsequently, due to interaction with
the vortex in the thick magnetic layer, the vortex in the thin layer stops and begins moving
counterclockwise, just like the vortex in the thick layer. It should be noted that a similar
motion scenario was previously observed for vortices with opposite polarities in medium and
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large-diameter nanocylinders [34, 38, 40]. This stage of vortex motion lasts several nanoseconds
after the current is switched on. After this, the vortices begin to spiral out (second row in
Fig. 2), and the trajectory of their core motion is a screw line. The figures show that at identical
moments in time, the vortex cores lie on a straight line passing through the center of their orbit
but on opposite sides of it and move in the same direction. Approximately 27 ns after the start
of motion, the vortices settle into a constant circular orbit (third row in Fig. 2).

Let us further investigate the dynamics of vortex expulsion from the layer. For this purpose,
we consider the case of a current equal to the critical value I = 9.15 mA. As in the previously
considered case, when the current is switched on, the vortices begin moving in opposite directions.
After several nanoseconds, the vortex in the thin layer stops and begins moving in the opposite
direction. Subsequently, the vortex cores move along a screw line in the same direction for several
tens of nanoseconds, after which they reach a certain maximum orbit radius (the vortex in the
thick layer is already practically at the very edge of the disk), and their orbits cease to increase
rapidly (Figs. 3a and 3b). The vortices move in this manner for approximately 150 nanoseconds
(Figs. 4a and 4b). Although the vortex in the thick layer has approached close to the disk

(a) (b)

Fig. 3. Trajectory of the vortex core motion before expulsion in (a) the thin layer and (b) the
thick layer. Points 1 and 2 correspond to time instances of 60 ns and 64 ns, respectively. I = 9.15
mA

(a) (b)

Fig. 4. Trajectory of the vortex core motion before expulsion in (a) the thin layer, where point 1
corresponds to 210 ns and point 2 to 217.8 ns; and (b) the thick layer, where point 1 corresponds
to 208 ns and point 2 to 212.2 ns. I = 9.15 mA
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edge, its circular structure outside the core region remains practically undisturbed. At 212 ns,
a noticeable portion of the vortex in the thick layer already extends beyond the disk edge. At
214.4 ns, the vortex is no longer present on the disk (see Fig. 5). After this, the nature of the
vortex motion in the thin layer changes abruptly (see Fig. 4a), the trajectory becomes highly
nonlinear, the vortex core position rapidly approaches the edge, and at 217.4 ns it is expelled
from the disk.

Fig. 5. Magnetization structure in the thick magnetic layer at different time instances: 1 – 212.2
ns; 2 – 212.4 ns; 3 – 212.6 ns; 4 – 212.8 ns; 5 – 213.0 ns; 6 – 213.2 ns; 7 – 213.4 ns; 8 – 213.6 ns;
9 – 213.8 ns; 10 – 214.0 ns; 11 – 214.2 ns; 12 – 214.4 ns

Conclusion
Using micromagnetic modeling, the dynamics of two coupled magnetic vortices with different

polarities in a small-diameter spin-transfer nano-oscillator under the influence of a spin-polarized
electric current has been investigated. The possible vortex trajectories over a time period of
approximately 250 ns are described. A comparison with the case of two coupled magnetic vortices
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of identical polarity is performed. It is found that, unlike the case of vortices with identical
polarity, only two critical current values exist, separating the different vortex motion regimes:
decaying oscillations, stationary oscillations, and vortex expulsion from the nanocylinder. The
possibility of controlling the frequency and radius of the stationary vortex motion over a wider
range of current values than in the case of vortices with identical polarity is demonstrated.

It is also worth noting that the long-standing friendship and collaboration between magne-
tologists from Ufa and their colleagues in Krasnoyarsk is largely linked to Walter Alexeevich
Ignatchenko. His seminal works on thin magnetic films—investigating domain and stochastic
magnetic structure, features of the remagnetization process, spin-wave and magnetoelastic reso-
nance, and domain wall resonance—have been thoroughly studied and actively cited by scientists
from Ufa. Our scientific community has also shown great interest in the comprehensive theoretical
and experimental approach he developed with his students for studying randomly inhomogeneous
media. His ideas, research methods, and results have been utilized in teaching special courses to
students specializing in theoretical physics at our university.

The work was carried out within the framework of the state assignment, Agreement No. 075-
03-2024-123/1 dated February 15, 2024, Topic No. 324-21.
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Связанная динамика магнитных вихрей разной
полярности в спин-трансферном наноосцилляторе
малого диаметра

Евгений Г. Екомасов
Радмир А. Фасхутдинов

Даниил К. Кабанов
Виктор С. Кудашев

Институт физики и технологий
Уфимский университет науки и технологий

Уфа, Российская Федерация

Аннотация. Проведено исследование динамики двух дипольно-связанных магнитных вихрей
разной полярности в спин-трансферном наноосцилляторе малого диаметра под действием спин-
поляризованного электрического тока. С помощью микромагнитного моделирования показано на-
личие трех возможных режимов движения вихрей, разделяемых двумя критическими значениями
тока. Получена близкая к линейной зависимость частоты и радиуса осцилляций вихрей от величи-
ны спин-поляризованного тока. Проведено сравнение результатов со случаем связанной динамики
вихрей одинаковой полярности.

Ключевые слова: обобщенное уравнение Ландау–Лифшица–Гильберта, магнитные вихри, спин
трансферный наноосциллятор, связанная динамика осцилляторов.
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