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Abstract. The small perturbations evolution of two layers joint motion of ideal incompressible fluids
on a solid substrate is studied. It is shown that the linearized problem in Lagrangian coordinates allows
for the separation of variables. A system of amplitude equations is obtained, which contains two Weber
numbers, the ratio of densities and initial layer thicknesses, as well as dimensionless wave numbers.
The presented results of the asymptotic and numerical analysis of the amplitude equations indicate the
stability of the layers motion.
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1. Description of the basic flow

Consider the joint unsteady motion of two immiscible layers of ideal fluids with densities
p1 and ps. Let Iy and I3y be the corresponding layer thicknesses at the initial time. Then the
formulas

kx ky .
uj:m, vj:il—&—k:t’ k=const >0, j=1,2,
p1 = e [p213(t) + (p1 — p2)IF (1) — p1y®], 0 <y <h(t), (1)
(1 + kt)2 ’

2

p2 = (1pj2t)2 [13(t) —v?], L) <y<lat)
describe the specified two-dimensional motion in the layers |z|<oco, 0< y < l19(1 + kt) 1= 11(¢)
for j = 1 and I1(t) < y < lao(1 + kt)~! = Iz(t) for j = 2. Here, the line y = 0 is a fixed,
impermeable solid wall; the line y = Iy(¢) is the interface, and on it p; = po, while the line
y = la(t) is the free surface, with the pressure on it being zero. As time increases, the layers
thicknesses tend to zero as ljo(kt)~!. Note that the flow domain can be considered finite; for
example, at t = 0, the lines z = 0 and x = &y can be taken as a solid walls. For ¢ > 0, the
wall = 0 remains fixed, while the other moves according to the law z(t) = & (1 + kt). A
uniform stretching of the layers occurs with velocity k&y. The motion defined by formulas (1)
is a potential. Since the free surface and the interface are flat and the contact angles are /2,
capillary forces do not affect this motion. It is this motion that will be investigated for linear
stability hereafter.

*andr@icm.krasn.ru
(© Siberian Federal University. All rights reserved
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2. Linearized problem

As a rule, the theoretical study of fluid motions with free boundaries is conveniently car-
ried out in Lagrangian coordinates, see, for example, [1,2]. In our case, we introduce Lagrangian
coordinates &, n such that x = (1 + kt)¢, y = (1 + kt)~'n. For j = 1, we have 0 < & < &,
0 <n <ly,and for j =2 —0< €< &, lip < n <l Assuming the perturbations are
also potential, we use the equations from [1], where the pressures perturbations in the layers are
PJ = —p; W, and the velocities are U/ = M*'VWI, M* = diag(1 + kt, (1 + kt)™1), j = 1,2.
After some transformations, we arrive to the following problem: the potentials W7 (¢, n,t) satisfy
the equations

Ul 4+ (1+kt)' W), =0 (2)
in the domains 0 < £ < &, 0 <n <l for j =1, and 0 < & < &, l1o <1 <ly for j =2.
On the free surface n = lag:
2/)2]62[20 g2
U2(€, g0, t) = — =22 R%2(&,1) + ———— R? t 3
P2 t(fv 20, ) (1+kt)3 (67 )+ (1+kt)2 Ef(fa )7 ( )
On the interface n = l1p:
U, (&, o, t) = W7 (€, lo, 1),
W26l t) — prUN(E Dos ) + ot (s pr)RA(E.) = 0
P2¥ (S, 10, P1LY (S, 10, (1+kt)3 P2 P1 3
= L RL(&1), 0<E<E, t>0.
(L+ k)2 e
On the solid walls £ =0, £ = &y, n = 0 we have
1 _ P2 _ 1 _ p2 _ 1 _
R (Oat) =R (Ovt) - Oa R (vat) =R (ébvt) - 07 \I/n(£307t) =0. (5)

The functions R?(€,t) are the normal components of the perturbation vectors [1], related to the
potentials ¥ by the equalities

1 t

RI(&,t) = Tk,

(1+ kt)* W (&, Lo, t) dt, j=1,2, 0<E< &, t20. (6)

In equations (3), (4), the quantities o1, o9 are the surface tension coefficients.
Now conditions (5) can be rewritten in terms of the potentials:

UI(0,Lj0,t) =0, W) (&o.ljo,t) =0, W, (£0,6)=0, j=1,2. (7)
The initial data must be added to the formulated problem
W(€,m,0) = W3(&,m), AVG=0, j=1,2, (8)
as well as the compatibility conditions

U, (6. ho) = U3, (€, 1o), P45, (£,0) =0, ), (0,150) =0, ¥, (€0,150) = 0. (9)
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3. Amplitude equations

In problem (2)—(9), the variables £ and (n,t) are separable. Taking into account the
boundary conditions on the solid walls, (5) or (7), we seek the solution in the form of Fourier

W&, m,t ZAj n,t sm( £§> RI(&,1) ZN] sin (ng‘f) (10)

0

series:

From the first condition (4) and the last one (5), we obtain the representations:

nmn

Ay (n,t) = C1p(t)ch [50(1+kt)2

], 0 <n <lp;

and the relation

CSn(t)—Cln(t)—an(t)cth[ nlio }

So(1+kt)2 ]

The dynamic conditions (3) and the second one (4) yield the relations (p = p1/p2)
2]{)2 120 27T202

(kP Bpall + R

Al )+ | [z =0

(13)

2k2110(1 — p) n’nrloy } 1

A2, (lio,t) — pAL(1 Ni(t) = 0.
nt( 10, ) p nt( 10’t)+[ (1+/€t)3 +§3p2(1+kt)2 n() 0

Henceforth, let 7 = 1+kt, 7 > 1, and, moreover, we will restrict ourselves to a single harmonic
by fixing n. We introduce new unknown functions
Al (11, 7) A2 (a0, T) TN(T) TNZ(T)
Y1 = ) Y2 = ) Ys = ’ Ya = : 14
kiZo k3o lo lio 1)
Computing A}, (l10,7), A2, (I20,7) from (11) and using equalities (6) and conditions (13),
after transformations we obtain the system of amplitude equations (the prime here denotes
differentiation with respect to 7)

1 1 n?We
Y= [2(;) —1>+11}y3—q(;)y4,

T4 p73
2 n2Wes n1
vo=—a(Mys, a(r) =35+ =5 vh=mth oy, (15)
/ nith(ni /%) 2
= + nith[(ny/7)(1/lg — 1)]ys.
Yy Ch[(nl/’rz)(]./lo _ 1)] Y1 1 [( 1/ )( / 0 )]y2
The initial data for system (15) follow from (6), (8), (10), (11):

y1 = Y10, Y2(1) = y20, y3(1) =ya(1) = 0. (16)

Here and then notations are used in system (15): p = p1/p2; lo = lio/l20; n1 = wlon/&o
is the dimensionless wavenumber; We; = o;/(k%p;l3,) are the Weber numbers; y;jo are the
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perturbations of the velocity amplitudes at the interface and the free surface at the initial time
t=0(r=1).

The initial data (16) correspond to non-zero velocity perturbations at the free surface and the
interface. A different type of perturbation is associated with a change in the initial domains [1].
In this case, the system of amplitude equations (15) remains unchanged with a different set of
initial data

y1(1) =92(1) =0, y3(1) =ys0, ¥a(l) = yao- (17)

In conclusion of this section, we present the asymptotic behavior of system (15) for 7 — oo
and lp = 1. We will use the results of the monograph [3]. It is easy to show that y} ~ y} for
7 — 00. Then for 7 > 1 y1(7) is a solution of the equation (74y})’ + 2n2772y; = 0. Hence [3],

y1 ~ C1 + Cor™3, T — o0,

C C. C C
ys~ =i =+ = )+ Co oy~ i+ 2 ) +Cs (18)
T 47 T 4t

with constants Cj, j =1,...,4.

The asymptotics (18) hold in the absence of surface forces We; = 0, j = 1,2. Otherwise, for
7> 1, the function y; (7) is a solution of the equation

2
n
(1) + TTIQ(W% — Wey)y: =0,
so that [3] y1 ~ C1 + Co/72, 7 — 00. Since y4 ~ v}, we easily find
c: C
ygNCB_n%(’]}—i_T?)’ ya~Ci+ys, T—o00.

According to the substitution (14), the amplitudes of the normal perturbations of the interface
and the free surface tend to zero by the same laws:

, Cos
Ni(r)y~ 22 7 500, j=1,2. (19)
T
Therefore, the basic motion described by equations (1) is stable according to the linear approxi-
mation.

4. Some numerical results

The numerical solution of the Cauchy problems for the system of ODEs (15) was performed
in the Maple environment using the Runge-Kutta—Fehlberg method.

Fig. 1 shows the evolution of the amplitudes N'(7), N?(7) in the absence of surface forces.
The modulus of the amplitude increases with the dimensionless wavenumber n;. Note that the
curves for N7 (1), 7 = 1,2, "merge" for such parameter values.

Fig. 2 illustrates N'(7), N?(7) as functions of the change in [ — the ratio of the initial layer
thicknesses. Finally, Fig. 3 shows the behavior of N*(7), N?(7) depending on the Weber number
We,. As it increases, oscillations arise with amplitudes many times larger than those in Figs. 1
and 2.

In conclusion, we note that for 7 > 1, the behavior of the perturbation amplitudes follows
the asymptotics (19). This confirms the stability of the basic motion (1). As 7 — oo, the fluids

- 152 —



Viktor K. Andreev On the Joint Motion Stability of Two Ideal Fluid Layers
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o001 ® . (®)

Fig. 1. Behavior of the perturbation amplitudes of the interface N1(7), N%(7) for Wel = 0,
We2=0,p=05,1=1,y10=—1, y20 = 1, yso = ya0 = 0 and ny = 0.5 (a), n; = 10 (b)

Fig. 2. Behavior of the perturbation amplitudes of the interface N(7), N%(7) for Wel = 0,
We2 =0, p=0.5,n1 =10, y10 = —1, y20 = 1, Y30 = yao = 0 and I = 0.5 (a), I =2 (b)

are "pressed" against the solid wall y = 0 (n = 0), which stabilizes the free surface and the
interface.

This work is supported by the Krasnoyarsk Mathematical Center and financed by the Ministry
of Science and Higher Education of the Russian Federation in the framework of the establishment

and development of regional Centers for Mathematics Research and Education (Agreement No.
075-02-2025-1606).
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Fig. 3. Behavior of the perturbation amplitudes of the interface N'(7), N%(7) for Wel = 0,
p = 0.5, ny = 10, = 2, Y10 = —1, Y20 = 1, Y30 = Y40 = 0 and Weg =2 (a), Weg =5 (b)
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O06 ycTOMYNBOCT COBMECTHOTO JIBUXKEHUS JBYX CJIOEB
naeaJIbHBIX >KNIKOCTEe

Bukrop K. Anjnpees
WucruryT BBIYMCIMTEIbHOrO MOseuposanus CO PAH
Kpacnosipck, Poccuiickas @eneparus

Awnnoranusi. Vzygaercst 95BOTIONMST MAJIBIX BO3MYIIEHUI COBMECTHOTO JIBUYKEHUSI IBYX CJIOEB UI€aTbHBIX
HEC)KUMAaEMBbIX YKUJIKOCTEN Ha TBepmoil momiokke. [lokazano, 4To IrHeapuU30BaHHAS 33/a9a B JarpaH-
2KEBBIX KOODJMHATAX JOIYCKaeT pas/iejieHne nepeMeHHbIX. [losyueHa cucrema aMILIUTYIHBIX ypaBHe-
HUi, comep:Kalas JaBa 4ducia Bebepa, OTHOIIEHWE IJIOTHOCTEH M HAYAJIBHBIX TOJIIWH CJIOEB, & TaK¥XKe
0e3pa3MepHBIX BOJIHOBBIX uncesi. [IpuBenennbie pe3yibTaThbl aCHMITOTHIECKOTO M YUCJIEHHOTO AHAIN3a
aMIUIUTY/IHBIX YPaBHEHUH YKa3bIBAIOT Ha YCTOMYUBOCTD JIBUKEHUS CJIOEB.

KuroueBbie ciioBa: ujeasibHast XKUJIKOCTh, CBOOOHAS TPAHUIA, TOBEPXHOCTH Pa3esa, YCTONINBOCTh
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Abstract. Formulas for calculating at any point the stress state of binding material of rods reinforced
with elastic fibres are presented in this paper. The proposed solution method is called "conservation laws
of differential equations". It allows one to construct an elastic-plastic boundary in a twisted rod and
thereby evaluate its bearing capacity. The obtained relations provide the basis for developing computer
programs that allow one to find the elastic-plastic boundary of the rod under study. As an example
results of calculations for rods of the "H-beam" type profile are presented for various values of the
torque parameter a and parameter A.

Keywords: conservation laws, elastic-plastic boundary, rod torsion, composite materials.
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Introduction

Rolled section rods are widely used in industry and construction. Let us consider some types
of section rods.

Round section is one of the most used rolled sections. It takes up a considerable share of the
total production volume. Round sections are used both for reinforcement or construction and as
raw material pieces for lathe machining in various facilities.

Square section rods are used more frequently as raw material pieces for machine-building
facilities. They are used in many products from fastening elements to components of jet engines.
Also, They are used in construction for building frameworks, fences, and other metal structures.
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Angle beam with "I'-shape" has high strength with relatively low weight. It is a basic element
in construction of framed and trussed structures, including supports of water towers, booms of
column cranes, and electric power lines.

"TI-shape" section beam is used as supporting element in construction and heavy machine
building. It is suited for building floor framings, stairs, elements of construction and special-
purpose machinery. It can have straight and sloping flanges.

T-section beam and double T-section beam ("H-shape" beam) are used mainly in construction
and heavy machine building. The presence of strengthening rib provides the profile with extra
strength. That is why it withstands bending loads well. Double T-section beam can have parallel
or sloping flanges.

Z-section beam was developed specially for railway carriage building industry. It is widely
used in production of flat-cars and semi-railcars.

C-section beam is similar to channel bar in terms of its purpose. It is also used in construction
and installation of various structures.

Channel-bar is used for building metal structures, various frameworks, supports, masts and
floor framings. Also, they are used for making gates, fences, and fence doors.

Round pipes are used for making pipeline systems of various scales and purposes, for example,
main pipelines, gas lines, domestic heating systems, water supply, sewage. In special cases pipes
can be used as supporting elements in installations of special complexity.

Flat blank of metal is used virtually in all production and construction fields. In addition, it
is used in parts of motor vehicles, tools, cases of various mechanisms and assembly units.

Recently, rolled section rods reinforced with elastic fibres are gaining acceptance. They
possess a number of advantages over metal rods. As a rule, they weigh less and reinforcement
allows them to withstand more loads before destruction than their metal analogues. At present,
there are virtually no established methods of calculating their load-carrying capacity. The results
of this paper will make a certain contribution to creating the appropriate calculation methods.

For quite some time now, equations of elasticity and plasticity are studied with the use
of symmetries [1]. It was shown that symmetries allow one to build the exact solutions of
these equations, some of which can be used for solving the boundary value problems. More
detailed study of differential equations have shown that conservation laws are more suited for
solving boundary value problems. They were used for solving boundary value problems for two-
dimensional equations of plasticity [2,3,4]. It was shown that conservation laws are more suited
for solving boundary value problems than the point symmetries [5]. This is explained by the fact
that the symmetries are local in nature but conservation laws are global. Conservation laws were
used for solving the elastoplastic problems of rod twisting and cantilever bending, and for solving
elastoplastic problems for plates of finite sizes weakened by holes. Conservation laws were also
used for solving boundary value problems for composite materials [6].

A method of constructing the elastoplastic boundary in twisted rolled section rods reinforced
with elastic fibres is proposed in this study. This method allows one to evaluate the load-carrying
capacity of such rods.

1. Problem setting

Let us consider elastoplastic twisting of a rolled section rod under the influence of torque.
It is assumed that rod is reinforced with elastic fibres. The boundary of the contact layers is
located along z axis. The lateral boundary of the rod is free from strains but the boundary is
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in plastic state. Strain tensor components at a point are calculated with the help of contour
integrals deduced from conservation laws formulated on the lateral boundary and the boundary
of fibres. Further, the second strain tensor invariant is compared with yield limit. If yield limit
is reached at some point then plastic state occurs at this point otherwise there is elastic state.
This allows one to determine the boundary between plastic and elastic areas. This procedure
provides a way to calculate elastoplastic boundaries for rods of basic rolled sections. One should
note that boundary value problems for elastoplastic twisting of isotropic rods and elastic media
for bodies of finite sizes were solved with the help of conservation laws.

Let us consider a rectilineal rod made of an elastoplastic material reinforced with elastic n
fibres.

Matrix of the rod has elasticity modulus G and yield limit at pure shear k.The fibres are
located along the rod in random order, and they are parallel to z axis. Each fibre has round
cross-section, and its centre is located at the point with coordinates (z;,y;). Radius of fibre is
equal to R, and elasticity modulus is G;. The yield limit of the fibres exceeds the yield limit of
the matrix. Tangential stress between the fibre and the matrix is equal to 7 < k.

The given process is described by the equilibrium equation

0Ty, | OTys

ox Jy

=0 (1)

and by equation of strain compatibility

07y 07y
oy  Ox 2)

The lateral surface of the rod is free from stresses, and it is in plastic state
TzzMo + Ty2mo = 0, Tmzz + Tsz = k2,
where ng, mg are components of the vector normal to the lateral surface which can be written as
Ter = Fmk, 7, = £nk. 3)
On the boundary between the fibre and the matrix the following conditions
Toali = Tyally =T, Toy + Ty, = k2,

are formulated, where n;, m; are components of the vector normal to the lateral surface of ¢ fibre
which are written in the form

Tox =mT EnVk? =712, 1, =nt £ m\ k% — 12 (4)

Further, the upper sign is selected in relations (3)—(4).

2. Conservation laws for equations (1)-(2)
For convenience of further calculations, let us introduce the following notations
Tpz = U, Ty, =70.
Then problem (1)—(4) is written as

Fi=uz4+v,=0, Fo=uy—v,=0. (5)
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Conditions on the lateral surface are
u = Fmk, v==+nk,

and conditions on the boundary of the fibre and the matrix are

uzmT:I:n\/m, Uzm':l:m\/ﬁ.
Definition 1. Conservation law for system of equations (5) is expressed in the following form

Ag(@,y,u,v) + By(2,y,u,v) = w1 F1 + ws Fy, (6)
where wy,ws are some linear operators that are not simultaneously identically zero.

Let us assume that
A=alu+plv++t, B=cd*u+ B ++2 (7)

where o'!, 8%, 4" are functions of only x and y.
Inserting (7) into (6), one can obtain

ap +ay =0, B +8;=0, o' =w,

Bl = —ws, &®=wy, BE=uwi, 72 +fy§ =0.
It follows that
al— By =0, Bi+a, =0, 72+72=0. (8)
Let us consider two solutions for system of equations (8):
1.
ol — xz— Xo - 51 _ yz_ Yo - (9)
(x —0)" + (y — %) (z —0)" + (v — %)
2.
al = v , Bl = 4t =0,4%=0, (10)

(z — 300)2 +(y — yo)2 (z — 20)” + (¥ — o)

where zq, Y9 are constants.

3. Calculating stress condition at point z, y

Let us assume that xg,yg is an arbitrary point that belongs to the bonding material. It is
also assumed that at this point the conserved current has singularity of the form (9) or (10) (see
Fig. 1). Then it follows from (6) that

// (A, + By)dxdy = %dy—Bd:c—Z}{Ady—de—?{Ady—de:O (11)
S i:lpi

1) 15
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=
O
Of

\®)

(>0, y0)

© O

Fig. 1. Rod’s cross-section

Let us consider solution (9) and assume that x — xg = c0sd, y — yo = esin¢. Then taking
into account (9), one can obtain from (11) for ¢ — 0 that

T —Zo Y — Yo
27T (To, Yo) = j{ <m0k: — nok )dy—
(x—20)" + (y — %) (= 20)* + (¥ — o)

o

Y — Yo T — Zo
— mok + ’I”Lok )dI—F
( (z —20) + (y — w0)° (z —20)° + (y — y)°

(12)
+Z %( sz—FTszk‘z —TQ)(x_xO) n k(_niT+mi k.2 _T2)(y_y0)>dy
o v —
(z — 20)* + (¥ — o) (z —20)” + (y — w0)°
—(mir—kni k2 — 72 nyyo 5 + T +myV k2 — 12 x;xo Q)d%
(x — o)+ (y — yo) (x—20) "+ (y —y)
Y— Yo L — To
277y (T0, Yo) = f (mok + nok >dy—
Y 2 (x — on)2 +(y — y0)2 (z — 560)2 +(y — y0)2
T — To Y—Yo
| —mek + nok dx+
( (@ — 20)2 + (¥ — y0)? (z— o)2+(yyo)2>
3 S22 (e
+Zj{<mn+m\/k T = 90) g T VR ) - ffo))dy (13)
(x—20)* + (y — yo)* (x —x0)”" + (y — o)
Xr — X
—| = (miT + iV k2 — 72
( ( >(x—xo>2+<y—yo>2
+n;m +m;\ k2 — 12 y2_y0 2>d$
(x —20)" + (y —¥)

Expressions (12) and (13) allow us to calculate the stress condition at any point of the bonding
material. Those points where 77, + 7., = k? are in plastic state. The remaining points of the
medium and the fibre remain in elastic state. The proposed method allows us to construct the
elastoplastic boundary in the twisted rod, and to evaluate its load-carrying capacity.

Let us use these formulas to construct the elastoplastic boundary for rolled section rods.
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4. Construction of elastic-plastic boundary for a rolled
profile rod

Computer programs in the Maple environment was developed [7]. The calculation results are
presented below. The change in the elastic-plastic boundaries of the rolled "H-shaped" section
with the change in the value of the torque parameter a is shown in Fig. 2. The radius of the
reinforcing fibre is equal to 0.5 in these figures. The areas that are marked in red are the plastic
areas in these figures. The areas that are marked in green are the elastic areas.

1(6;6)

H(6;-6)

A(-4:6)

D(-4;-6)

D)

©

Fig. 2. The elastic-plastic boundary of the "H-shaped" section for various values of the torsional
parameter a; A) a=—0.6, B)a=-1,C)a=-1.6,D) a= -3

Conclusion

The paper presents formulas that allow one to calculate the stress state at any point in
the bonding material of rods reinforced with elastic fibres. The proposed method, called "con-
servation laws of differential equations”, allows one to construct elastic-plastic boundary in a
torsionally loaded rod and assess its load-bearing capacity. The formulas obtained with the use
of conservation laws provide the basis for creating computer programs. They enable to deter-
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mine the elastic-plastic boundary of the studied rod. The results of application of the developed
computer program to the "H-shaped" section rod for various values of the torque parameter a
and parameter A are presented.
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Yipyro-mjiacTudeckoe KpyJdeHne CTepKHeil TPOKaTHOTO
nmpoduisd, apMAPOBAHHBIX YIPYTUMHU BOJIOKHAMMU

Oabra H. YepenanoBa
Cubupckuit deiepajbHbIl YHUBEPCUTET
Kpacnosipck, Poccuiickas Pejrepariust
HNpuna JI. CaBocTbsiHOBaA
Cepreit 1. Cenanion

Henuc O. EBTuxos

Cubupckuii rocyJapCTBEHHBIN YHUBEPCUTET HAYKHM U TeXHOJIOruil nmenu akajiemuka M. @.Pemernesa
Kpacuosipck, Poccuiickas @enpeparms

Awnnorarusi. B crarbe npusenesbl hoOpMyITbl, KOTOPBIE MTO3BOJISIIOT BBIYUC/IUTEL HAIPSIXKEHHOE COCTOSI-
HHE B JIIOOON TOYKe CBSA3YIOIIEr0 MaTephaja CTPEXKHEW, apMUPOBAHHBIX YIPYTMMHU BOJOKHAMHU U TIOJ-
Bepraomuxcs KpydeHunio. [1pejjiosKeHHbI MeToy pellieHnsi, KOTOPbIil HA3BIBAETCS «3aKOHBI COXPAHEHUS
udHEPEHITUATBHBIX YPABHEHHIT», TTO3BOJISIET MIOCTPOUTH YIPYTO-TIJIACTHYECKYIO TPAHUILY B CKPYJYUBae-
MOM CTEpXKHE U TeM CAMBIM OIEHUTH €r0 HECYIIYI0 CIOCOOHOCTH. POpMyJIbl, KOTOPBIE ObLIN BHIBE/IEHBI
C TIOMOIIBIO 3aKOHOB COXPAHEHUs, CTAJIM OCHOBOM CO3aHusl nporpamm s 9BM, nozBosisiionmx HaiTh
YIPyro-IJIaCTUYeCKUEe TPAHUIIBI UCCIEyeMbIX CTEPXKHEN. B 3aK/ItoueHre CTaThy MPUBEIEHBI PE3Y/IbTaThI
paboTs! porpaMmsl st 9BM ¢ pasnuaHbIME 3HAYEHUSIME KPYTSINETO apaMeTpa @ U mapamMeTpa A JiIs
CTepXKHe TPOKATHOrO IPOMUIIst TUIA «ABYTaABD>.

KiroueBblie cjioBa: 3aKOHBI COXpaHeHUusd, YIIPYTro-IJjlaCTUu4IeCKasd I'paHUulla, KPydYeHue CTpe)KHefI, KOMIIO-
SUIMOHHBbIEC MaTepHuaJibl.
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Abstract. In current paper we present numerical evaluations of electrovortex flows in a melt of In-Ga-Sn.
A hemispherical copper container is filled with the melt. The flows were induced by applying low
frequency (0.1-20 Hz) alternating current. Velocity, temperature, and mass concentration of the same
melt admixture were obtained. An influence on the motion and heat transfer by the sinusoidal current
was demonstrated.
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Introduction

Electrovortex flows (hence in the text: EVFs) has a significance matter in such industrial
areas as metal remelting, electrical welding, blanket liquid metal cooling systems in fusion re-
actors, breeder nuclear reactors, and promising liquid-metal batteries. In metallurgical furnaces
knowledge of the vortex topology is important in view of output metal quality; purity and crystal
grid structure are important factors for manufacturing end products. In this case mass transfer
plays important role in research field of electrically induced flows. Our paper is tied with elec-
troslag and electric-arc furnaces, however we don’t consider our results as a direct simulation of
any metallurgical setup.

The EVFs are generated by Lorentz forces Fy, in a liquid medium. Non-uniform distributed
electrical current j that flows through the liquid metal medium and any non-parallel to the
current magnetic field with induction B cause Lorentz force to appear: Fy, = j x B. Magnetic
fields could be internal (self-induced by the current) and external (e.g., Earth’s magnetic field).
Non-uniformity of the current flow guarantees existence of non-zero curl of Lorentz force (rot),
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which is needed to rotate the fluid in an enclosed geometry; in such conditions potential force,
e.g. gravity, is not able to move the medium particles anywhere.

Studies of the EVFs trace to the paper written by S. Lundquist [1], where the author consid-
ered semi-infinite space filled with electrical conducting fluid, whither vertical external current
is conducted through a point on a surface. Further works by Shercliff [2], Sozou [3,4], Ajayi [5],
Andrews [6], Davidson [7], Shatrov and Gerbeth [§] are devoted to theoretical description and
numerical evaluation of the EVFs in hemispherical containers induced by a direct current with
absence of an external magnetic field. Moreover, in the Soviet journal «Magnitnaya Gidrodi-
namika» numerous important papers [9-12] were published in the theme of EVFs. The pioneer-
ing experimental investigations of vortices induced by currents were performed in [14] in the
Institute of Physics at Salaspils, Latvian SSR. Main equations and results are summarized in
the [15] monograph. The idea and general scheme of the experiments were later adopted by
JIHT RAS, where series of numerical and experimental works were carried [16-19]. In [20] it
was shown, that external magnetic field of induction approximately 10~° T significant swirl flow
appears. Numerical investigations with cylindrical and hemisperical geometries with presence of
vertical external magnetic fields with various inductions (107¢...107! T) provided by Kharicha
and his research group [21,22] were performed to find fluid patterns and map them. In the last
mentioned papers it was shown that vortex structure dramatically changes with increasing the
external magnetic field.

Despite presence of plenty valuable proceedings in the EVFs, alternating current gained vir-
tually little attention. The doctoral thesis [23] by A.Chudnovsky contains one section devoted
to an effect of an alternating current on liquid metal EVF between two semi-infinite conductive
plates. It was theoretically demonstrated that enlarging value of the current frequency leads to
flattening of the cross-section velocity profile.

The importance of investigation on the EVFs induced by an alternating current heads from
the paper [24] and doctoral thesis [25], in which reported that output quality of metal, produced
in AC electrometallurgical furnaces, is better than that of DC units. However, these publications
deal with the EVFs very little; conclusions there were made on basis of material science methods
without deep understanding of internal fluid flow structure.

In our paper computations of the EVFs induced by an alternating current with absence of
any external magnetic field in a hemispherical geometry are presented. Velocity, temperature,
and mass concentration fields were calculated and are presented here with various diagrams.

1. Problem statement

1.1. Computational domain

In our investigation the EVFs were calculated in a 2D, axisymmetrical domain that represents
experimental setup used in [26]. On the Fig. 1 the domain is drawn. Here, the melt 1 is located
in the copper cylindrical container 3 that has the hemispherical cavity with radius r,y; = 94 mm.
The upper conductor 2 made of copper or steel is situated upon the open surface of the melt,
whereas only spherical ending with radius 7y, = 2.5 mm is deepened in the fluid. Around the
electrical setup an air is modelled to provide a region to set room temperature and availability
of heat transfer from the setup to an external medium.

The current terminals are By and By that are connected to an external source of sinusoidal
current and ground respectively.
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B1

Fig. 1. The computational domain Fig. 2. The grid of the problem

For computations the finite-volume method is used. The method is realized in COMSOL 6.1
Multiphysics code. A grid of the domain is presented in Fig. 2; it has 17,922 cells, including a
majority of triangle elements and quadrangle boundary layers near walls and the open surface.
Linear dimensions of the elements in the volume vary from 0.0036 to 1.21 mm. In the electrodes
the grid has coarser quality with dimensions up to 10 mm in account of the fact that there are
only electromagnetic equations are solved.

Properties of the melt were taken from the experimental investigation conducted by Plevachuk
et al [27]. The In-Ga-Sn euthectic composition is considered in account of two factors: the first
one is experimental setup that contains this melt as working fluid; the second — its availability,
relatively low melt temperature (283.7 K), and non-toxicity to researchers in comparison with
mercury. Used empirical relations for the properties are listed in the following Tab. 1.:

Table 1. Properties of the In-Ga-Sn, taken from [27]

Property Expression

Electrical conductivity, S/cm o(T) = 09 — 49.8(T — T),,) + 0.0476(T — T, )?
Thermal conductivity, W/(m-K)  Ag + 0.0614(T — T,,,) +4.9-107>(T — T;,,)?
Viscosity, mPa-s n(T) =noexp(E/RT)

Density, g/cm? p=po+ dp/dt(T —Tp,)

In the table above, 0o =33170 S/m; T,, =283.7 K is the melting temperature; Ag =23.4 W/(m-K);
R = 8.3144 J/(mol-K) is the specific gas constant; 1o = 0.4352 mPa-s; pg = 6.58 g/cm ™3 and
E = 3904 J/mol are fitting parameters. Although specific heat capacitance ¢, of the melt wasn’t
considered in the mentioned paper, the constant value of 296 J/(kg-K) was used; it had been
described in [28].
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1.2. Governing equations

The electrovortex flows are multidisciplinary phenomena; they are described by coupled hy-
drodynamics and electromagnetics equations. In our investigeation heat and mass transfer equa-
tions were also evaluated.

There is a list of assumptions chosen to calculate the EVFs:

1. Electromagnetic field equations are considered with low frequency approximation to avoid
displacement field consideration;

2. Physical properties of the melt are non-isothermal,

3. Air movement and melt’s open surface deformation are not considered;
4. Free charges in the melt are absent;
5

. All the setup is non-magnetic: u = 1.

The liquid metal medium of In-Ga-Sn is considered as incompressible, viscous fluid with prop-
erties depended on temperature. Therefore further motion equation is used in the calculations:
Ou

p(T) | 5+ (w V)u| = ~Vp + V (T)Vu] + Fy, 1)

where p — density, kg/m3; T — temperature, K; u — velocity, m/s; ¢t — time, s; p — pressure,

Pa; n — dynamic viscosity, Pa/s. From the experiments mentioned above it’s known that the
EVFs are turbulent therefore K — w — model of a turbulence is used.

On account of considering the medium as continuous, the mass conservation equation in the

following form is used:
V(p(T)u) = 0. (2)

Heat transfer is considered to investigate its effect on velocity fields of the flows; its equation
is following;:

o(T)ey(T) <3T fu W) — V- (AD)VT) + av. 3)

where ¢, — heat capacity at constant pressure, J/(kg-K); A — thermal conductivity, W/(m-K);
qv — a volumetric source of a heat. The primary source of heat is Joule’s heating process which
is described as:

v = j|/o(T), (4)

where o — electrical conductivity, A /m?.
As mentioned in the Introduction, the EVFs source of motion is the electromagnetic force
F1,, therefore the following set of equations that descrives electric and magnetic fields has to be

introduced:
V-j=0; (5a)
j=—V xB; (5b)
Ho

V x A = B; (5¢)

OA
-Vo — e E; (5d)
j=0o(T)(E+uxB). (5e)
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Here g ~ 1.26-107% N/A% — the vacuum magnetic permeability; A — magnetic vector potential,
Wb/m; & — electrical potential, V; E — electric field, V/m. The equation (5a) represents the
conservation law of charges in the considered medium. Maxwell’s equation in general form and
magnetic vector potential representations are described by (5b)—(5d). The last expression (5e)
is Ohm’s law in general form with effect of the velocity field u on the current j.
Lorentz’s force Fy, couples hydrodynamics and electromagnetic fields; the following equation
sets the force:
FL =jxB. (6)

Mass transfer calculation is intended to investigate mixing quality. In this article neutral
admixture method is used: in small area of a computational domain working fluid is marked
as admixture, while all other properties are the same. The following expression describes the
mixing process:

%—fﬂx-vczzmc, (7)

here C' — concentration, mol/m?3; D — self-diffusivity coefficient (equals to 5 x 107 m? /s for the
In-Ga-Sn melt).

Governing equations and the domain were defined therefore it’s necesserarily to define bound-
ary and initial conditions shown in the Tab. 2.

Table 2. Boundary conditions. Here, f is the current frequency, Hz; q is a heat flow, W/m.

Boundary \ Hydrodynamics Electromagnetics Thermal
MELT
Inner wall u=20 E/M-continuity ~ Heat from upper conductor
Outer wall u=20 E/M-continuity Heat to container
Open surface Uy =0 E/M-continuity Room air heat exchange
UPPER CONDUCTOR
Upper border N/A j = jocos(2mft) q=0
Outer wall N/A E/M-continuity Room air heat exchange
Spherical ending N/A E/M-continuity Heat to melt
CONTAINER
Spherical wall N/A E/M-continuity Heat from melt
Outer walls N/A E/M-continuity Room air heat exchange
Lower border N/A ®=0 q=20
AIR
Walls/open surface N/A E/M-continuity Heat exchange with setup
Outer boundaries N/A A=0 q=0

1.3. Mass transfer problem additions

For the mass transfer problem some modifications in the domain were made. In the melt
zone a square with 10 X 10 mm linear dimensions was situated. The upper edge is located on the
depth of 35 mm from the open surface of the melt, while one of the vertical sides is placed onto
symmetry axis. In this small region the same In-Ga-Sn melt is mapped, however here there is a
mark of concentration, while in the remaining zone such mark is absent. Marking of the neutral
admixture is made by setting non-zero concentration value.
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2. Results

2.1. Calculation approach

To compute the EVFs in the problem stated above the following scheme was used. Firstly,
electromagnetic equations (5a)—(5e) are solved, which result in the magnetic field B and current
density j. Secondly, heat exchange is computed, as electromagnetic heating can be included in
a solution. The next stage is calculating hydrodynamics in the domain; the Lorentz force and
physical properties are available. Finally, mass transfer equation is solved.

In total, 40 regimes were solved. Total current in the upper electrode along with its frequency,
and upper electrode’s material were varied. Current values were 250, 500, 750, and 1000 A;
frequencies: 0.5, 1, 5, 10, and 20 Hz. Upper electrode’s material was either copper or steel. Each
regime was solved for time length of 100 electrical periods (1/Hz) to calculate stabilized behavior
of the vortices.

2.2. Velocity fields

As mentioned in the Introduction, a flow structure is of the great importance in the in-
vestigation. On the Fig. 3 four EVF formation stages are shown. The subfigure (a) depicts jet
initiation under the upper electrode, which forms a small counter-vortex (seen at (b)) that downs
to the bottom of hemispherical container (¢) and finally merges into a single EVF (d). Such flow
structure is the same to that can be seen when the electric current is direct.

(b) (d)

Fig. 3. An electrovortex flow formation

The main distinction between AC and DC induced EVFs is a jet pulsation in the former case.
These pulsations can be represented by axial velocity diagrams like shown in Figs. 4 and 5. On
the subplots axial velocities on four depths (10, 30, 50, and 70 mm) are shown. These depth
values are chosen in account of forecoming experimental tests. The points of consideration are
situated on the symmetry axis. Two distinct variants of representation were made: with fixed
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frequency (Fig. 4) and fixed electric current (Fig. 5). The pale thin lines are real-time values of
the velocities that have distinctive oscillation behavior, while thick lines represent mean values.
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Fig. 4. Axial velocity. Frequency, Hz: 1. Cur- Fig. 5. Axial velocity. Current, A: 1000. Fre-
rent, A: (a) 250, (b) 500, (¢) 750, (d) 1000. The quency, Hz: (a) 0.5, (b) 5, (¢) 10, (d) 20. The
upper electrode is made of steel upper electrode is made of steel
The following colors are used: black for 10 mm depth, red: 30 mm, green: 50 mm, and blue:
70 mm

From the velocity plots two important conclusions can be derived. The first one is that
the higher the current the greater oscillations and mean velocities are. Such behavior is simple
to be predicted. The second one is that amplifying frequency leads to abating the oscillation
amplituides but not the mean velocity values, which stay virtually the same.

Oscillation behavior of axial velocity profiles on the symmetry axis is presented in Fig. 6.
In these plots four lines are depicted; each one corresponds to an immediate time period of
stabilized oscillations. Black color is used for the time when oscillating electromagnetic force
has its maximum, while red for the minimum one. Blue and green are used for intermediate
(around a half) positions in time between maximum and minimum and vice versa respectively.
Such flattening of the velocity profiles was predicted in doctoral thesis by Chudnovksy [23].

2.3. Temperature fields

Temperatures in the EVFs distribute from the upper electrode with thermal conductivity,
and heated zones are concentrated in the jet.Heat data on the axis were collected and are shown
of Figs. 7 and 8, which are calculated in the same conditions as velocities are.

The following phenomena could be seen from plots metioned above. Increasing the current
with fixed frequency leads to mean temperatures and their oscillations augmenting and further-
more slight positive slope appearing. In contrast, increasing the frequncy with constant current
diminishes temperature and its oscillations. The latter phenomenon is known effect caused by
an AC Joule’s heating.
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2.4. Temperature influence on the electrovortex flows

To catch effects on the fluid flows caused by heating in the upper electrode, two series of
simulations were provided. In these series material of the upper electrode was changing between
copper and steel, which properties are defined in COMSOL 6.1. Due to the fact that steel has
lesser electrical conductivity than copper, more heat is generated in it. Electrical conductiv-
ity common values are approximately 60 MS/m for copper and 1.5 MS/m for steel, therefore
accroding to (4) a difference around of one order should be considered in heat generation.

In the Fig. 9 two plots are presented. The left one depicts axial velocity on the 10 mm depth,
while the right one — temperature in the same point. Red line represents copper electrode
case, black — steel one. As seen here, when the upper conductor has copper properties, the
temperature increases at about 1 K, while oscillations are little. Changing material to a steel
leads to significant increase of temperature; at the computational finish the difference between
room temperature and the point’s one is around 10 K. However the axial velocity decreases in
such conditions.

0.8
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Fig. 9. Effects of the upper electrode material changing. In this case current is 1000 A, frequency
is 5 Hz

2.5. Mixing results

The neutral admixture method was used to evaluate mixing quality in the hemisphere under

an AC induction. Following criterion was introduced to make an attempt of evaluation:

CVmax - 6
(=1 Zm 2 8
Cmax ( )
here Cyay is a maximal concentration, mol/m?3; C' is an average concentration, mol/m?. In the
Fig. 10 the diagram of the { criterion is shown. The lowest rate of mixing has a regime with
the lowest current frequency (red in the plot). Increasing frequency leads to enhancing mixing
parameter, to values resemble that of direct current (black in the plot).

Conclusion

In our paper a number of numerical computations of the electrovortex flows were carried out in
the hemispherical geometry under an AC induction; the external magnetic field and other external
forces are absent. Velocity and temperature fields, as well as mass transfer evaluations were
acquired in the computations. The simulation included electromagnetic equations along with
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Fig. 10. Effects of the upper electrode material changing. In this case current is 1000 A, frequency
is 5 Hz

hydrodynamics expressions with non-isothermal physical properties, consequently heat transfer
was calculated.
From the results discussed above following summary could be formulated:

e Flow structure of an AC-induced EVFs is the same as of DC-induced ones, except jet
pulsation;

e Increasing the current leads to enlarging values of both axial velocities and temperatures.
The phenomenon is similar to that during applying a corresponding DC;

e Temperature and velocity oscillations are diminished when frequency amplifies; mean values
of velocity are not affected, however of temperature are;

e Axial velocity profiles flattening is appeared during amplifying the current frequency;
e When more heat is generated by the upper conductor, the axial velocity depresses;

e According to the ¢ parameter the fastest mixing is possible when the current frequency
increases.

The AC induced EVFs description given here is incomplete. In future works it’s necessary
to introduce a vertical external magnetic field to take into account, e.g. Earth’s magnetic field.
In addition, we have to carry out experimental tests and theoretical surveys on this theme.
Forecoming investigations will be devoted to a flow structure mapping as was done with DC
induced EVFs in papers by [20-22]. Thorough experiments and theoretical expressions will make
able to predict liquid metal flows in hemispherical geometry which is resemble to real-world
applications — electrometallurgical furnaces. However for each concise problem it’s necessary to
simulate corresponding case, but our works are valuable source of calculation methodics.

The work is done with support by the Ministry of Science and Higher Education of the Russian
Federation (State assignment no. 075-00269-25-00).
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Abstract. With the advent of a new class of materials—metamaterials—mathematical modeling has
become an indispensable tool. Its application significantly accelerates the acquisition of new knowledge,
as well as broadens the understanding of the deformation mechanisms in metamaterials. Typically,
metamaterials are designed and optimized under the assumption of idealized geometry; however, this
study develops an approach based on topological transformations. The subject of investigation is the unit
cell of a metamaterial with a tetrachiral structure. The case of sequential transformation of the walls of a
cubic cell, specifically the change in chirality, is considered. Despite a minor difference in porosity (0.4%),
a substantial change in the effective Young’s modulus (59.7%) was observed. It has been demonstrated
that a 50% transformation of the unit cell can result in a 148% increase in the effective Young’s modulus
compared to a regular unit cell. A correlation between stiffness and the loading-twist coupling effect of
the cell induced by the chiral structure was established.
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Introduction

The advancement of materials science and manufacturing technologies has fostered the emer-
gence of a new research direction — the study of metamaterials [1]. Metamaterials are character-
ized by properties that depend less on the chemical composition of the base material and more
on the artificially engineered structure. It can be posited that metamaterials reside at the in-
tersection of materials science and structural engineering. Essentially, mechanical metamaterials
are assemblies constructed from discrete blocks (unit cells) or elements [2-4]. Their design and
optimization generally assume ideal geometry and a homogeneous base material [5]. The base
material can vary-plastics, metals, wood, among others-depending on the fabrication method
and intended application. Consequently, an alternative paradigm has supplanted the classical
approach to materials development. The classical paradigm focuses on refining the chemical com-
position of materials [6, 7], whereas the alternative paradigm embraces fundamentally different
strategies.

In crystalline materials, unit cells consist of atoms or ions; conversely, metamaterials are
composed of much larger cells, several orders of magnitude greater than atomic dimensions
[8]. When numerous such elements are present, the structure may be treated as an effective
continuum [9]. By carefully tuning the geometry, size, shape and arrangement of structures in
mechanical metamaterials, their deformation behavior and properties can be controlled [10, 11].

* Akhmetshin.lr@gmail.com https://orcid.org/0000-0002-9926-6567
(© Siberian Federal University. All rights reserved

- 175 -



Linar R. Akhmetshin Relationship Between the Structural Organization. ..

The term "metamaterial" is applied when a medium exhibits effective properties unattainable
in conventional materials [12]. For chiral metamaterials, a distinctive feature is the twisting
deformation observed under uniaxial loading [13]. Chirality refers to the property of an object
being non-superimposable on its mirror image. Chiral metamaterials, like other mechanical
metamaterials, have demonstrated significant potential across a broad range of applications,
including energy-absorbing structures [14, 15|, vibration isolation systems [16,17], and flexible
electronics [18]. This capability arises from their porous framework, which efficiently redistributes
stresses.

The overwhelming majority of studied metamaterials are fabricated from polymers, as they
generally exhibit the capacity to withstand large deformations [19,20]. However, it is important
to keep in mind that polymers may exhibit viscoelastic properties, which will affect the overall
mechanical characteristics [21]. For practical applications, the load-bearing capacity of polymers
is often insufficient. Therefore, metals or ceramics must sometimes be employed to fabricate
metamaterials [22]. Innovative strategies have been employed to find a compromise between
different properties of the final sample. One such strategy involves the introduction of additional
stiffening ribs [23] or the incorporation of soft fillers [24] to achieve the desired mechanical
performance.

Another approach is the topological transformation of the structure. A.S.Meeussen et al.,
drawing an analogy with ferromagnetic and antiferromagnetic binary spin interactions, pro-
posed a method for identifying and analyzing mechanical defects in two- and three-dimensional
metamaterial cells of arbitrary geometry [25]. From the perspective of mechanical properties,
the introduction of topological defects enables control over the behavior of such metamaterials
[26,27]. Purposeful structural design allows for the creation of materials with optimized mechan-
ical and novel functional properties [28]. Nevertheless, the role of topological transformations in
the properties of metamaterials remains insufficiently explored.

The metamaterial structure is meticulously designed during the prototyping phase. Subse-
quently, the model can be employed for mathematical modeling, which serves as an essential
tool in the research and development of new metamaterials. Modeling minimizes production and
testing costs. When describing a metamaterial as an effective medium with averaged proper-
ties, approaches from composite mechanics based on homogenization theory for heterogeneous
materials with periodic or random structures are applicable [29].

This article aims to fill the gap in research concerning the influence of topological defects on
the stiffness of metamaterials. A topological defect is defined as a topological transformation. The
metamaterial with a tetrachiral structure has been selected as the object of study. Translation:
In this context, a topological transformation entails a change in the chirality of any wall of the
unit cell. The focus is on its unit cell, which is cubic and contains one ring with four ligaments
on each wall. The connection between walls is made through ligaments at the vertices of the
unit cell.

1. Materials and methods

This study focuses on a tetrachiral metamaterial. The tetrachiral structure consists of a
ring and four ligaments tangentially connected to the ring. This structure is defined by five
parameters: [ — the length of the structure, i.e., the distance between two vertices; h — the
thickness of the structure; ¢t — the width of the ligament; ro — the outer radius of the ring; and
r1 — the inner radius of the ring. The thickness of the structure emerges during the extrusion
process, resulting in a two-dimensional tetrachiral structure and subsequently a two-dimensional
metamaterial. In this study, the parameters of the tetrachiral structure are related to the size
of the unit cell as follows: 1 (I/1), 0.1 (h/l), 0.1 (¢/1), 0.35 (r2/1), 0.25 (r1/1). The spatial
(topological) arrangement of the two-dimensional structures in three-dimensional space enables
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the creation of the unit cell of the metamaterial (Fig. 1a). Here, a three-dimensional tetrachiral
metamaterial with a regular cubic shape is considered. The unit cell is the smallest repeating
volume of the cellular material, composed of deliberately designed geometric elements, and serves
as the basis for the creation of the chiral metamaterial. To form the unit cell, a three-dimensional
figure must be constructed from two-dimensional tetrachiral elements. In our case, this figure is
a cube. When the cubic cell is unfolded onto a plane, a left-handed chirality direction can be
observed.

Uniaxial compression of the unit cell is investigated. Three loading schemes are implemented,
corresponding to each of the three orthogonal axes. Boundary conditions for the vertical axis
are described as follows (Fig. 1b):

- The bottom wall S(bot) = {x,y, 2} is rigidly fixed, which means displacement constraints along
the three coordinate axes are applied: u = Uy s(por), U1 = 0 mmy;

- The top wall S(top) = {x,y, 2z} is uniformly loaded along the Y-axis: u = Us|g(top); Uz =
1.5 mm,;

- The lateral walls S(oth) = {z,y, z} are free from external loads.

The problem was solved numerically, simulating quasi-static compression of the modeled
tetrachiral metamaterial samples. The deformation behavior of the samples was studied using
the finite element method. Tetrahedral finite elements were used in the three-dimensional models.
To ensure mesh-independent results, a mesh convergence analysis was performed, resulting in
an average element size of 1 mm for the simulations (Fig. 1c). An elastic material model was
adopted for the analysis, with the following material properties: Young’s modulus F = 2.6 GPa
and Poisson’s ratio v = 0.4. To account for geometric nonlinearity, a large displacement theory
module was employed in the model.

1518
1516
g 1514 —
21512
3 =
E 1.51
1.508 SO
1.506
0 1 2 3 4 5

Size of finite elements, mm

c
Fig. 1. Preparation for mathematical modeling: (a) creation of the cubic cell with tetrachiral
structure, (b) application of boundary conditions, (¢) mesh convergence analysis

The subject of this study is structural transformations. The work considers a unit cell not only
with a regular arrangement of tetrachiral structures but also with structural transformations. In
the cell with a regular arrangement, the tetrachiral structures are oriented in the same direction.
Structural transformations, in this context, refer to changes in the chirality (w;) of one or more
tetrachiral structures (Fig. 2). These transformations are performed while preserving the original
geometry; for example, w3 indicates that three structures have been transformed. It should be
understood that ws represents the midpoint of possible structural transformations. Further
changes lead to pairwise symmetry: wy and wg, wy and ws, ws and wy. Thus, wg, like wp, can
also be considered a cell with a regular structure.

2. Results and discussion

The transformation of a single structure, namely the change in chirality, leads to a new
configuration of the unit cell. First, the porosity variation of cells with different structural
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Fig. 2. Stepwise scheme (left to right) of chirality direction changes in the unit cell: one wall,
two walls, three walls, four walls, five walls, and six walls
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transformations is examined. For this, the following formula was used:

‘/con_%

P = ™ % 100%. (1)

Here V.., is the volume of the cell assuming it is a continuum material (volume of base material
plus pore space), and Vi, is the volume of the base material in the metamaterial framework.
As shown in Fig. 3, the porosity changes insignificantly, by approximately 0.36%. The graph
is symmetric with respect to the third transformation because the cell contains three structures
with right-handed chirality and three with left-handed chirality. The extreme values coincide
because all six tetrachiral structures have switched from right-handed to left-handed chirality.

1 2 3 4 5 6 7
Number of topological transformations

Fig. 3. Graph of porosity variation during structural transformations of the metamaterial’s unit
cell

The uniaxial loading process of the tetrachiral metamaterial’s unit cell can be schematically
described as follows:
- A displacement is applied to the upper wall, which moves along the OY axis toward the fixed
lower wall;
- The force generated by the displacement of the upper wall is transmitted to the lateral walls,
which deform. The deformation of the lateral walls includes rotating of tetrachiral structures,
bending of ligaments, and changes in the ring shape;
- The rotating structures on the lateral walls affect both the lower and upper walls.

The lower wall is rigidly fixed, and the force required to deform the cell is calculated. This
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force F' is then converted into the effective Young’s modulus using the formula:

Fl
Eepr = SAI (2)

Here F' is the reaction force at the fixed wall, S is the cross-sectional area of the cubic cell, Al
is the displacement after longitudinal compression by 3%. The rotating of the four lateral walls
causes a rotation of the upper wall of the metamaterial cell. The twisting angle can be calculated

by the formula:

180 2
ay=-—— arcsin Tx (3)

. . . 180 )
Here the subscript y indicates the loading axis, — converts radians to degrees, and x denotes
g

displacement from the original position along the OX axis. As seen from the formula, the twisting
depends solely on the displacement. Therefore, comparison of results can be conducted based on
displacements [30, 31].

In a regular unit cell under uniaxial loading along any of the three orthogonal axes, the final
deformed shape remains the same. The values of the effective Young’s modulus also do not
change. This result is achieved due to the topologically rational arrangement of the tetrachiral
structures. Disruption of the regularity of the structures within the cell leads to a different
deformed shape, and this change varies depending on the loading direction. Therefore, the
response of cells with such structural transformations was studied under compression along the
three orthogonal loading axes (Fig. 4). Similar to porosity, the graph of E. ;s versus the number
of structural transformations is symmetric: 1) results for E, are mirrored around ws, and 2)
results for F, are symmetric to those for E,. The highest value obtained in this study is
57.3 MPa, which is 45.4 times lower than the Young’s modulus of the base material.

Let us first consider the case of loading along the OX axis (purple markers). The effective
Young’s modulus values for the regular cell (wp) and the cell with six structural transformations
(wg) are both 23.11 MPa. Upon transition to (w;), this value increases by 34%. Structural
transformation (ws) results in an additional 67% increase. The value of E,, differs from E,,
by 148%. Due to the symmetry of the values, the remainder of the graph does not require
description. Thus, by increasing the number of structural transformations, the stiffness of the
unit cell can be tuned. The highest value is achieved with an equal number of structures having
opposite chirality directions.

Let us consider the case of loading along the OZ axis (blue markers). Structural transforma-
tions still lead to an increase in the effective Young’s modulus. Transformation (ws) resulted in
a 34% increase. Similarly, wo provides an additional 67% increase, which represents the highest
point for this case. A cell with three tetrachiral structures oriented left-handed and three oriented
right-handed reduced this maximum by 17%. Subsequent transformation w, did not produce sig-
nificant changes. Structural transformations ws and wg further decreased the effective Young’s
modulus by 22% and 48%, respectively.

The final case is loading along the OY axis (dark blue markers). As mentioned earlier, the
results for this case are symmetric to those for the OZ axis.

According to Ashby [32], cellular structures can be theoretically characterized using their rel-
ative density. Accordingly, the theoretical elastic modulus (Fy,) can be averaged and calculated
using the following formula for a cellular metamaterial exhibiting bending-dominated behavior:

Einr = Eymp; = 0.1(GPa), (4)
m 24
where E = 2.6 GPa is the Young’s modulus of the base material, and p, = mV = o70 =
mVieon 125000
is the relative density. Here Vj,, is the volume of the base material, and Veon = 3l is the

continuum volume of the unit cell. The obtained theoretical value is 26 times lower than the
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Fig. 4. Graph illustrating the relationship between the effective Young’s modulus and the struc-
tural organization of the metamaterial’s unit cell

Young’s modulus of the base material and 1.7 times higher than the maximum effective Young’s
modulus observed. Ashby himself suggested that the proportionality coefficient equals 1 but did
not insist on this. Most likely, such discrepancy is related to the shape of the cellular structure
or the high porosity percentage [33].

Despite minor differences in the porosity of the cells, variations in the effective Young’s
modulus have been observed. This phenomenon may be related to the cell’s internal structure or
the nontrivial mechanical response of the tetrachiral metamaterial cell (Fig. 5). To demonstrate
the influence of the cell’s structure, attention should be paid to the contact areas between the
tetrachiral structures (highlighted in red, Fig. 5a, b). The contacting elements in the cubic cells
are the ligaments of the tetrachiral structure. In the wq cell, these are the ends of the ligaments,
whereas in the ws cell, some parts of the ligaments are in contact. It was found that the larger
the contacting area, the more difficult it is to deform the cells. It is also clear that this factor
is challenging to quantify and directly affects the twisting behavior. Separating the influence of
structural organization and twisting is important, as the latter also contributes significantly.

Fig. 5. Schematic of the rotation of tetrachiral structures in unit cells wy and w3 with indication
of contact areas between cube walls
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To clarify this, the maximum displacement values in wy and ws (Tab. 1) were analyzed
and compared with the effective modulus E.f;. It is evident that in wg, displacement values
are consistent, which is not the case for ws. The ws cell exhibits a considerable spread of values
depending on the loading axis. On average, displacement values in w3 are smaller than in wg, while
E.yy is higher. This suggests that the deformation mechanisms in the sample hinder compression.
For instance, some walls rotate in the opposite direction, thereby generating additional resistance.

Consider loading along the OX axis. In the regular cell (Fig. 5a), four structures in the
XY and XZ planes induce rotation of the structure in the YZ plane. The cell twisting is
directed oppositely, despite the chirality indicating the opposite rotation direction. In the ws
cell, two structures are oriented in one direction and two in the other, thus impeding twisting.
This explains the reduced displacement in the X7 plane. Correspondingly, F.ss increases to
the highest value among those considered. Taken together, these observations indicate a direct
correlation between the loading-twist coupling effect and the effective Young’s modulus.

Table 1. Displacement values for wy and ws

Loading wo w3

xmaac/zma:c /ymax xmax/zmaac /ymaac
along X -/1.51/1.51 -/0.64/0.79
along Y 1.51/1.51/— 1.63/2.49/—
along Z 1.51/-/1.51 1.62/-/0.36

An open question remains beyond the scope of this study: the extent of the influence of
structural transformations during various non-sequential modifications of the cubic cell.

Conclusion

This study investigated the properties of an unit cell with a tetrachiral structure. The results
were obtained using mathematical modeling. Uniaxial loading was applied along three orthogonal
axes, and seven structural organizations of the cell were considered. Structural transformations
refer to changes in the chirality of the cell walls. An unit cell in which all tetrachiral structures
share the same chirality direction is referred to as regular.

The study revealed variations in the effective Young’s modulus depending on the structural
organization of the unit cell. Sequential structural transformations of the cell lead to an increase
in the effective Young’s modulus. The cell with 50% of its structures transformed exhibited the
highest effective Young’s modulus value of 57.3 MPa. The constructed graph revealed symmetry
in the values for certain loading cases and structural transformations. The theoretical value of
Young’s modulus was obtained, which is 1.7 times greater than the obtained effective value.

A correlation between the effective Young’s modulus and the loading-twist coupling effect
of the tetrachiral structure was established. It was shown that some structural transformations
reduce the twisting angle of the cell compared to the regular cell, resulting in an increased
effective Young’s modulus. Additionally, the consideration of contact area was proposed when
analyzing the effective Young’s modulus.

Structural transformations significantly influence the properties and mechanical behavior of
the metamaterial, as demonstrated by the example of the unit cell with a tetrachiral structure.
The key factor governing the stiffness of a unit cell in a tetrachiral metamaterial is the degree
of suppression of twisting response achieved through the symmetric arrangement of structures
with differing chirality.

This work was carried out within the state assignment no. FWRW-2026-0007 of the Ministry
of Science and Higher Education of the Russian Federation.

— 181 —



Linar R. Akhmetshin Relationship Between the Structural Organization. ..

References

(1]

2]

13l

[4]

[5]

16]

7]

18]

19]

[10]

[11]

[12]

[13]

[14]

M.Y .Khalid, Z.U.Arif, A.Tariq, M.Hossain, R.Umer, M.Bodaghi, 3D printing of active me-
chanical metamaterials: A critical review, Mater. Des., 246(2024), 113305.
DOLI: 10.1016/j.matdes.2024.113305

A .Sangsefidi, J.Kadkhodapour, A.P.Anaraki, S.Dibajian, S.Schmauder, Enhanced energy
harvesting by devices with the metamaterial substrate, Phys. Mesomech, 25(2022), is. 4,
106-121. DOI: 10.1134/5S1029959922060091

L.R.Akhmetshin, I.Yu.Smolin, Analysis of some methods of integration of cells in a mechani-
cal metamaterial, Vestnik Tomskogo gosudarstvennogo universiteta. Matematika i mekhanika
— Tomsk State University Journal of Mathematics and Mechanics, (2022) is. 77, 27-37.
DOI: 10.17223/19988621/77/3

L.Akhmetshin, I.Smolin, Characterization of a chiral metamaterial depending on the type
of connection between unit cells, Proc. Inst. Mech. Eng. C: J. Mech. Eng. Sci., 236(2022),
is. 19, 10214-10220. DOI: 10.1177/09544062221101832

B.C.White, A.Garland, B.L.Boyce, Topological homogenization of metamaterial variability,
Mater. Today, 53(2022), 16-26. DOI: 10.1016/j.mattod.2022.01.021

E.Davoodi, M.Hossein, M.A.Sadat, et al., Additively manufactured metallic biomaterials,
Bioact. Mater., 15(2022), 214-249. DOI: 10.1016/j.bioactmat.2021.12.027

R.Rahmani, N.Kamboj, M.Brojan, M.Antonov, K.G.Prashanth, Hybrid metal-ceramic bio-
materials fabricated through powder bed fusion and powder metallurgy for improved impact
resistance of craniofacial implants, Materialia, 24(2022), 101465.

DOLI: 10.1016/j.mtla.2022.101465

X.Yu, J.Zhou, H.Liang, Z.Jiang, L. Wu, Mechanical metamaterials associated with stiffness,
rigidity and compressibility: A brief review, Prog. Mater. Sci., 94(2018), 114-173.
DOI: 10.1016/j.pmatsci.2017.12.003

X.Zhang, Y.Wu, Effective medium theory for anisotropic metamaterials, Sci. Rep., 5(2015),
is. 1, 7892. DOI: 10.1038/srep07892

Y.Gu, Z.Wei, G.Wei, Z.You, J.Ma, Y.Chen, Kirigami-Inspired Three-Dimensional Meta-
materials with Programmable Isotropic and Orthotropic Thermal Expansion, Adv. Mater.,
36(2024), is. 50, 2411232. DOI: 10.1002/adma.202411232

X.Wang, L.Zhendong, D.Junjie, G.Tianyu, et al., Unprecedented Strength Enhancement
Observed in Interpenetrating Phase Composites of Aperiodic Lattice Metamaterials, Adv.
Funct. Materials, 35(2025), is. 1, 2406890. DOTI: 10.1002/adfm.202406890

B.E.Jenett, Discrete mechanical metamaterials, Massachusetts Institute of Technology,
School of Architecture and Planning, Program in Media Arts and Sciences, USA, 2020.
[Online: https://hdl.handle.net/1721.1/130610]

M.-H.Fu, B.-B.Zheng, W.-H.Li, A novel chiral three-dimensional material with negative
Poisson’s ratio and the equivalent elastic parameters, Comp. Struct., 176(2017), 442-448.
DOI: 10.1016/j.compstruct.2017.05.027

P.Wang, Y.Fan, Zh.Bailin, et al., Breaking the Tradeoffs between Different Mechanical Prop-
erties in Bioinspired Hierarchical Lattice Metamaterials, Adv. Funct. Materials, 33(2023),
is. 45, 2305978. DOI: 10.1002/adfm.202305978

- 182 —



Linar R. Akhmetshin Relationship Between the Structural Organization. ..

[15]

[16]

[17]

[18]

[19]

[20]

21]

[22]

23]

[24]

[25]

[26]

[27]

28]

[29]

Y.Nian, S.Wan, M.Avcar, R.Yue, M.Li, 3D printing functionally graded metamaterial
structure: Design, fabrication, reinforcement, optimization, Int. J. Mech. Sci., 258(2023),
108580. DOI: 10.1016/j.ijmecsci.2023.108580

W.Liu, S.Janbaz, D.Dykstra, B.Ennis, C.Coulais, Harnessing plasticity in sequential meta-
materials for ideal shock absorption, Nature, 634(2024), is. 8035, 842-847.
DOI: 10.1038/s41586-024-08037-0

C.Zeng, L.Liwu, H.Yungiang, Zh.Wei, X.Xiaozhou, L.Yanju, L.Jinsong, Stair?Stepping
Mechanical Metamaterials with Programmable Load Plateaus, Adv. Funct. Materials,
34(2024), is. 49, 2408887. DOI: 10.1002/adfm.202408887

J.K.Choe, Y.Jiyoon, J.Hanhyeok, et al., Digital Mechanical Metamaterial: Encoding Me-
chanical Information with Graphical Stiffness Pattern for Adaptive Soft Machines, Adv.
Mater., 36(2024), is. 4, 2304302. DOTI: 10.1002/adma.202304302

M.F.Berwind, A.Kamas, C.Eberl, A Hierarchical Programmable Mechanical Metamaterial
Unit Cell Showing Metastable Shape Memory, Adv. Eng. Mater., 20(2018), is. 11, 1800771.
DOI: 10.1002/adem.201800771

C.El-Helou, R.L.Harne, Exploiting Functionally Graded Elastomeric Materials to Program
Collapse and Mechanical Properties, Adv. Eng. Mater., 21(2019), is. 12, 1900807.
DOTI: 10.1002/adem.201900807

D.M.J.Dykstra, J.Busink, B.Ennis, C.Coulais, Viscoelastic Snapping Metamaterials, J.
Appl. Mech., 86(2019), is. 11, 111012. DOI: 10.1115/1.4044036

S.C.L.Fischer, L.Hillen, C.Eberl, Mechanical Metamaterials on the Way from Laboratory
Scale to Industrial Applications: Challenges for Characterization and Scalability, Materials,
13(2020), is. 16, 3605. DOI: 10.3390/mal3163605

J.Zhang, G.Lu, Z.You, Large deformation and energy absorption of additively manufactured
auxetic materials and structures: A review, Compos. B. Eng., 201(2020), 108340.
DOI: 10.1016/j.compositesb.2020.108340

L.Du, S.Wei, G.Han, J.Hongxing, Zh.Qiuting, L.Mingjie, X.Ye, Mechanically Programmable
Composite Metamaterials with Switchable Positive/Negative Poisson’s Ratio, Adv. Funct.
Materials, 34(2024), is. 22, 2314123. DOI: 10.1002/adfm.202314123

A.S.Meeussen, E.C.Oguz, Y.Shokef, M.V Hecke, Topological defects produce exotic mechan-
ics in complex metamaterials, Nat. Phys., 16(2020), is. 3, 307-311.
DOI: 10.1038/s41567-019-0763-6

A .S.Meeussen, E.C.Oguz, M.V.Hecke, Y.Shokef, Response evolution of mechanical metama-
terials under architectural transformations, New J. Phys., 22(2020), is. 2, 023030.
DOI: 10.1088/1367-2630/ab69b5

L.R.Akhmetshin, I.Yu. molin, The influence of the structural organization of chiral metama-
terials on their physical and mechanical characteristics, PNRPU Mechanics Bulletin, (2023)
is. 5, 17-25. DOI: 10.15593 /perm.mech/2023.5.02

S.Bonfanti, R.Guerra, M.Zaiser, S.Zapperi, Digital strategies for structured and architected
materials design, APL Materials, 9(2021), is. 2, 020904. DOI: 10.1063/5.0026817

W. Xia, E. Oterkus, S. Oterkus, 3-Dimensional Bond-Based Peridynamic Representative
Volume Element Homogenization, Phys. Mesomech., 24(2021), is. 5, 541-547.
DOI: 10.1134,/S1029959921050052

- 183 —



Linar R. Akhmetshin Relationship Between the Structural Organization. ..

[30] H.-Wang, C.Zhang, Q.-H.Qin, Y.Bai, Tunable compression-torsion coupling effect in novel
cylindrical tubular metamaterial architected with boomerang-shaped tetrachiral elements,
Mater. Today Commun., 31(2022), 103483. DOL: 10.1016/j.mtcomm.2022.103483

[31] L.R.Akhmetshin, I.Yu.Smolin, Effect of the type of unit cell connection in a metamaterial
on its programmable behavior, Nano Sci. Technol. Int. J., 14(2023), is. 3, 63-71.
DOI: 10.1615/NanoSciTechnolIntJ.2022044662

[32] M.F.Ashby, The properties of foams and lattices, Phil. Trans. R. Soc. A., 364(2006), is.
1838, 15-30. DOI: 10.1098/rsta.2005.1678

[33] C.T.Wanniarachchi, A.Arjunan, A.Baroutaji, M.Singh, Mechanical performance of addi-
tively manufactured cobalt-chromium-molybdenum auxetic meta-biomaterial bone scaffolds,
J. Mech. Behav. Biomed. Mater., 134(2022), 105409. DOI: 10.1016/j.jmbbm.2022.105409

CBsi3b CTPYKTYPHOII Opranmsanuy TeTpaxupajabHOTO MeTaMa-
TepuaJjia ¢ moayJjieMm FOnra

Jlunap P. AxmeTtiiimu
NucruryT dusuku npounocru u marepuasioseaenuns CO PAH
Towmck, Poccuiickass ®eneparys

Awnnporanusi. C nosiBjIeHHEM HOBOI'O THIIA MATEPUAJIOB — METAMATEPHAJIOB, aKTyaJbHBIM HHCTPYMEH-
TOM CTAHOBHUTCSI MAaTEMAaTUYECKOe MOJeJIupoBaHue. Ero mpuMeHeHne 3HAYUTEILHO YCKOPSIET IOJIyYeHHe
HOBBIX CBEJICHUI, a TaKKe PACIIUPSIET IOHUMAHNE MEXaHU3MOB J1e(DOPMUPOBAHNS METAMATEPUAJIOB. a-
IIIe BCero MeTaMaTepUaJIbl IPOEKTUPYIOTCA, ONTUMU3UPYIOTCA B IIPEJIIOJIOKEHNN UAeajlbHOW eOMeTpUH,
HO B JIaHHOI paboTe pPa3BHBAETCS IOJXOJ TOIOJIOIMYECKHX IpeobpasoBanuili. B kadecrBe oObekTa mC-
CAeNOBAHUII pacCMaTPHUBACTCA JIEMEHTApHAsdA AdeiKa MeTaMaTephaJsa ¢ TeTPaXUPAJIbHONR CTPYKTYPOM.
Paccmotpen ciyuait mocsienoBaTesibHOrO Ipeodpa30BaHus IpaHeil KyOMYeCKON d9elKn — U3MEHEHUEe XU-
pasnbHocTH. [Ipy HesHauuresbHOM orymunu nopucroctu (0,4%) HabIIOJANIOCE 3HAYNTE/IBHOE U3MEHEHNEe
acbdbexrusroro mogyna FOura (59,7%). Ilokasano, uro npu npeobpasosannn sueiiku va 50% sdpdexrns-
HbIi MoyTb FOHTA MOKeT GBITh yBesudeH Ha 148% 110 CpaBHEHUIO C PETYJISIPHON S49efKON. YCTaHOBIEHA
CBS3b MEK/Iy YKECTKOCTBIO, BPAllleHNEM sT9€iiKM, BBI3BAHHBIM XHPAJIbHOU CTPYKTYPOH.

KimroueBsle ciioBa: MexaHUYECKU MeTaMaTepuaJl, CBA3b PACTIXKEHUsI-CKPY YUBAHNS, CBOWCTBO C2KATHE-
ckpyuuBanue, apdexkruBHblii Momyb FOHra, Mexanusm gedopManym, MeTo ], KOHETHBIX JIEMEHTOB, sSve-
HCTBIA MeTaMarepuasl, CBsi3b MUKPOCTPYKTYDPbI U CBONCTB.
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1. Kurepa’s function and its properties

More than half a century ago Kurepa introduced the left factorial or Kurepa function [9-14]

n—1 n—1
K(n)=Y Kk=> T(k+1) (1)
k=0 k=0
and extended it to the complex domain

“+o0 z
t? -1
K(z) z/ e t——dt.

He set forward some properties and relations to the Gamma function, like

lim I(z)
x—+00 K(x)

=1
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whose simplified proofs and more details could be found in [4]. Other properties recently discov-
ered are in [3,5,17], which have plenty of references therein on the subject. The Gamma function
has the definition [18,20]

+oo
I'(z) = / e "t*71dt for Re(z) > 1.
0

Kurepa gave a hypothesis on K (n) [4] in this and some other equivalent forms
ged(K(n),I'(n+1))=2, forn>2, (2)
where gcd means greatest common divisor. Some examples:
ged(K(2),T(241)) = ged(2,2) =2,
ged(K(5),T(5 + 1)) = ged(34,120) = 2,
gcd(K(9),1(9 + 1)) = ged (46234, 362880) = 2,
ged(K(23),T(23+ 1)) = ged(1177652997443428940314, 25852016738884976640000) = 2.

This essentially states that K (n) and n! are coprime, except for the number 2. The hypothesis
has yet to be proven (in 2024), although there are hints and empirical evidence of numerical
simulations up to the value of n < 23 that confirm his hypothesis.

2. Energy levels

Consider the Schrédinger equation

H=—h (;i)z +V(x), (3)

where eigenvalues of energy are found by finding solutions to the eigenstates problem

[— K (;;)2 + V(x)} b(z) = By().

Those solutions depend on a quantum number k: Ej and ¢ (x), with its energy levels Fj, while
eigenvectors 9y give the probability of finding a particle in the position x, P(x) = | (z)|?.

In the canonical ensemble, the partition function, which describes statistical properties of a
system at thermodinamical equilibrium, is given by the expression

Z = Zexp(fﬂEk)a (4)
k

where E}, is the energy level of the microstate k, 8 is the inverse of the temperature.

Our aim is to find all energy levels of systems that have as partition function Kurepa’s function
and Gamma function [3,4]. Previously, in [8] and later in [1] this has been done assuming the
partition function to be Riemann’s zeta function (see for instance [2]), that is

+o0o
ZRiemann = (:(S) = Z % . (5)
k=1

This lead to the discovery of Riemann’s gas or so called primon gas, formed of non interacting
particles.

Another particular example is the hydrogen gas [6], which has the peculiarity of an infinite
partition function.
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2.1. Kurepa’s gas

Comparing Kurepa’s function to partition function, the result is given by:

n—1 n—1
Zrurepa = K(n) = Z k! = Z exp(—BEy) . (6)
k=0 k=0

In order to find E} we take the log termwise:
Ink! = —-BE.

For large k an excellent asymptotic expression for In k! is given by Ramanujan’s formula [20]

1 1 1
Ink!~klnk—k+-In(8k* +4k* +k+ — )+ ~In7 (7)
6 30 2
therefore,
Ink! ~k(lnk —1) = —BEy ,
leading to the energy level
1 1
Ey=——Ink!~—=k(lnk-1). 8
3 3 ( ) (8)

2.2. Gamma function’s gas
Proceeding in the same manner of Kurepa’s gas, the partition function is:
ZGamma =T(n+1)=nl= Zexp(—ﬁEk) . (9)
k=1

In order to compare terwise the two expressions, we need to select the kth term on both sides
using the derivative of Gamma function, given by:

D(2) =T (2)°(2)

d
PO(z) = - InT'(z) is the logarithmic derivative of I'(z) [18,20]. For k € N,
z
oyl
L(k+1) = k! (‘”Zi) = k!(—y + H(K)), (10)
i=1
ko1
where v is the Euler—-Mascheroni constant, H(k) = > - is the harmonic number [16,19]. For
i=11

k = 104, the error of the estimate is already smaller than 4.03 x 1073%, and goes quickly to 0
with increasing k.
Comparing termwise equation (10):
k= + H(k)) = exp(—SE}) ,

providing the expression for energy level

Ey, = —% Ink!+In(H(k) —7v)] .
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For large k the asymptotic expression of harmonic numbers is
H(k) ~Ink+~,
therefore, the energy level for large k is given by
1
Ej, ~ ~3 [k(lnk —1) +In(Ink)] (11)
that grows faster with k£ than the expression obtained for Kurepa’s gas.

2.3. Riemann’s gas

Proceeding in the same manner as shown before, for the partition function of (5),

+oo +oo +oo
1
ZRiemann = Z E = Zexp(_s In k) = Zexp(_ﬁEk) (12)
k=1 k=1 k=1
is provided the energy level Ej without approximations for large k:
Ek:%Ink:Clnk. (13)

3. Monotonic energy

Consider the expression [7] for the inverse function of the potential V(z) of Schrédinger’s
equation (3)
v
dk 1

V)y=2 — ———————dF 14
(V) /O dE [2m(V — B)/2° (14)
where (dk/dE) is the density of energy eigenvalues function. Applying this formula to (8) the

density of eigenvalues for Kurepa’s gas is given by
B
W B

€

k=— (15)

where W is the Lambert function that gives the principal solution for w in the equation z =
wexp(w) [15]. Plugging this solution back in equation (14), the result

v
1 1
z(V)=2 — dE 16
) /0 1+ W (=2)] 2m(V — E)]/? (16)
cannot be expressed in terms of elementary functions. The same applies to the statistics derived
from Gamma function gas.
Equation (14) suggests the following theorem.

Theorem 1. Suppose that the energy levels E are given by a monotonic function in the variable
k. Then, the potential energy V is monotonic in x.

1 dk
=—>0.9
(k) ~ dE ©
the density of energy eigenvalues I s again positive, and in this case increasing as a function
1
[2m(V — E)]1/2
result of the integral, (V), is a strictly increasing function of V. Its inverse, V(x), the potential
energy, is also a strictly increasing function of x. O

dE dE
Proof. A for simplicity that — . It foll hat — = E’
roof. Assume for simplicity that FTe 0. It follows that I (k), or T

of E. The other function integrand of (14) is again positive, > 0, therefore the
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Corollary 1. Suppose there are two thermodinamical systems with two different energy levels,
dFE, dEs

Eq(k) and Eq(k). If Tk > e then also their correspondent potential energies are ordered,
dV;

=L %, and the converse is also true.

dx dx

Referring to Table 1 of 7], the relation of growth of energy with respect to quantum number
and a power law potential could be read from the proportionality equations

Ej x k* equals V(z) 2(#) , (17)

where k,a are real numbers and k£ > 0, a < 2, x is the position of the particle subject to
the potential V(z), and the symbol o< means “proportional to”. For power law potentials that

1
have known explicit solutions, the equality ranges from the energy of Coulomb potential — and
x

Ej o k=2, to the harmonic oscillator 22 and Ej « k. Equation (17) shows that an energy value
of By oc k? is obtained from an infinite barrier of potential.

Equation (17) illustrates in a simple manner the results of Theorem 1. Starting from Kurepa’s
gas, the behaviour of the energy eigenvalues (8) translates to a potential energy V(x) being
steeper than a parabola. In this case the interaction between gas particles is stronger than the
one given by the harmonic oscillator.

For Gamma function gas, formula (11) shows than the rising of energy eigenvalues with
increasing quantum number k is even larger than the case of Kurepa’s gas, implying that the
potential energy V(z) is even stronger than the previous case. This fact is essentially due to
the presence of the supplementary term of the harmonic number H(k), leading to a gas particle
interactions similar to an anharmonic oscillator, that has a potential with a further term larger
than z2.

For comparison, Riemann’s gas has no particle interactions, as shown in formula (13). Tt
could be seen from the fact that the energy levels Ink are essentially indistinguishable from a
tiny power k¢, thus the potential energy has the same behaviour, V(x) « z¢, having a constant
value for € — 0.
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®Oyaknusa Kypenbl 1 HEKOTOPBIE CBA3U CO CTATUCTUYECKOI
MEeXaHUKOI

Hukona ®abuano
WMucturyT anepHbIX Hayk uM. Bunun
Benrpan, Cepbus
Besnrpajckuit yHuBEpCUTET
Benrpag, Cepbust

Crosin PagenoBu4
Benrpajckuit yauepcurer
Benrpag, Cepbus

Byk CroiinnkoBuyg
VYuusepcurer Hosu-Cana
Hoeu-Can, Cepbust
Maremarnyeckas rUMHA3US
Benrpan, Cepbust

Awnnoranusi. Vcxonas u3 dyuknuu Kypenbr u rumoTe3sl 4eTMMOCTH Ha TaMMa-(QyHKIINIO, CTPOSTCS UX
TepMOJAMHAMUYECKNE aHAJIOTH, M UX CBONCTBa CPABHUBAIOTCs CO CBOiicTBaMu J3era-dpyukuun Prumvana.

KuaroueBsbie cioBa: ¢dyukiust Kypemwr, runoresa Kypensi, m3era-dyHKIns:, KBAHTOBasT MEXaHUKA,
GDYHKITHST PA3/Ie/IeHUS.
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Abstract. We consider a system of n trinomial algebraic equations in n unknowns, where the exponents
of the monomials in each equation are fixed while all the coefficients vary. The discriminant locus of
such a system is defined to be the closure of the set of all coefficients for which the system has multiple
roots with non-zero coordinates. We study the limit-sets of the discriminant hypersurface which are
given by truncation polynomials of the discriminant on faces of its Newton polytope. The limit-sets are
characterized in terms of the discriminants of systems of lower dimension.
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1. Introduction and preliminaries

In paper [1], George M. Bergman studied "the behavior at infinity" of an algebraic variety
V C (C\ {0})", and introduced the concept of the logarithmic limit-set of the variety as a subset
of the unit sphere S"~1 C R", considering the limit values of the ratios log|zy| : ... : log|zy|,
where © = (z1,...,2,) € V. If V is a hypersurface defined by a polynomial P, then the
logarithmic limit-set of V is the intersection of the sphere S™~! with the set of faces of the
normal fan for the Newton polytope of the polynomial P.

In this paper, we consider the limit positions of the discriminant hypersurface of a system of
algebraic equations with a fixed support and variable coefficients. Our approach is based on the
parametrization of the discriminant locus of a system of n Laurent polynomials in n unknowns,
introduced and studied in detail in [2]. As a result, the limit positions of the discriminant
hypersurface are characterized in terms of parametrizations for discriminant loci of systems of
lower dimension.

We consider the following system of n trinomial algebraic equations

Qi =" 2@ Y _1=0,i=1,...,n (1)

with unknowns y = (yi,...,y,) € (C\ {0})", variable complex coefficients x = (1‘(1), .. ,x(”)),

A0

in which y‘”m, y~ ~ are monomials of yi,...,y, with integer exponents. The set of coeflicients

*iantipova@sfu-kras.ru https://orcid.org,/0000-0003-1382-0799
fsimontahkraa@gmail.com https://orcid.org/0009-0001-2344-7185
© Siberian Federal University. All rights reserved
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of system (1) runs through the vector space C7. It is assumed that the matrix w, composed
of vector columns w(®, is non-degenerate. A trinomial system in which all monomials have
independent variable coefficients can be reduced to form (1) using monomial transformations
of the coefficients due to the property of polyhomogeneity of its solution. The procedure for
dehomogenizing the system is detailed in [2].

Let us denote by V° a subset of C? of all coefficients z = (2(¥)), for which the polynomial
mapping @ := (@1, - .., Q) has multiple zeros in the complex algebraic torus (C\ {0})", that is,

0Q

= SE6") =047 € €\ {0,

Ve = {l‘ eCy: Q1(y0) =...= Qn(yo)

0
where 6—22 is the Jacobian of the mapping Q.

Definition 1. The discriminant locus V of the system (1) is defined to be the closure of V° in
the space of coefficients. If V is a hypersurface, then its defining polynomial A(x) is said to be
the discriminant of the system (1).

This approach to defining the discriminant of a polynomial system was proposed in [2] as an
extension of the concept of the A-discriminant developed by I. Gelfand, A. Zelevinsky and M.
Kapranov, in their monograph [3, Ch. 9|. In parallel, this theory was extended to polynomial
systems in papers by A. Esterov and co-authors (see, for example, [4]). Hereinafter we will denote
the discriminant locus and the discriminant of the system (1) by V,, and A, (z), respectively,
emphasising the number of equations in the system and the dimension of the coefficient space
with the index n.

This paper studies limit positions of the discriminant set V,, in the toric compactification of
the space (C\ {0})™ associated with the Newton polytope of the discriminant A, (z). Recall that
the Newton polytope Na, of the polynomial A, (x) is the convex hull (in the space R™) of its
support. Each monomial ® = z{* - ... 2% can be visualized as a point a = (a, ..., ay) of the
lattice Z™. The support of a polynomial is defined to be the set of all exponents of its monomials
with non-zero coefficients. The limit positions of the V,, are determined by truncations of the
discriminant A,,(z) to the faces of the Newton polytope Na,, .

Definition 2. The truncation of the polynomial A, (x) to the face h of the polytope Na, is
defined to be the sum of all monomials of A, (x) whose exponents belong to h.

It is known that the Newton polytope of the discriminant of an algebraic equation of degree

m is combinatorially equivalent to an (m — 1)-dimensional cube [3, Ch. 12]. For example, for
the quartic equation

vt +azy® +ayt +ary—1=0 (2)

the Newton polytope of its discriminant is a hexagon in R3. The discriminant itself has the
following form:

A =256 — 192a,a3 — 128a3 + 144aqa3 — 4a’tas — 4asas + 144a3ay — 6atai+
+16a5 — 27a} — 27a3 — 80aa3as + 18a1azal + 18a’asas + aa3a?. (3)

The truncations of the discriminant can be factorized into products of discriminants of lower-
degree equations. For example, one of the faces of the Newton polytope of polynomial (3) is a
parallelogram. Its truncation admits a representation as

Al = 1645 + a?a3a3 — 4a3a3 — 4atal = a*(a? — 4as) (a3 — 4as). (4)
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The binomials in parentheses on the right-hand side in (4) are discriminants of the semi-reduced
quadratic equations:

asy? +a1y+1=0 and y> +asy+as =0

respectively. E. Mikhalkin, V. Stepanenko and A. Tsikh in [5] developed a new approach to prov-
ing factorization identities for truncations of the classical discriminant. This method provides
a more elementary alternative to the intricate A-determinant theory employed in the original
proof [3, Ch. 10].

The combinatorial properties of the Newton polytope associated with a polynomial system
remain largely unexplored. Some observation are available in [6,7]. In this paper, we extend the
study of the limit-sets of the discriminant hypersurface of a system of trinomials, initiated in [8].
Let us consider the system of the following form

Q, ::yiJr:L'(i)y“’(i)—l:O, 1=1,...,n, (5)

where () € Z" . Tt can be derived from (1) by monomial transformation of coordinates. The
construction presented below can be implemented for systems of a more general form, but will
require cumbersome calculations.

Let us introduce the matrix ®, whose columns are exponents 1), ... (" of system (5), as
well as the matrix ® := ® — F,,, where E,, is the identity matrix. Rows of matrices ® and ®
are denoted by ¢1,...¢, and @¢1,..., @, respectively. We assume that both ® and ® contain no
zero entries. This ensures the discriminant locus is a hypersurface [2].

We assume that the Newton polytope of the discriminant of (5) has two families of hyperfaces
hi,...,h, and hi,... , h,, with outward normals ©1y--y0n and —@1, ..., —P, respectively (see
[6]). Let us fix an ordered set J := {j1,...,Jp} C {1,...,n}. We suppose that the intersections
of hyperfaces hj, N...Nh;, and hjiyn...N ij form the faces of codimension p. Let us denote
them by h; and h; respectively. The rows ¢;,j € J and ¢;,j € J form p X n matrices ®; and
® ;. We suppose that columns of matrices ®; and ®; indexed by j € J form minors § and &
that are not equal to zero.

Theorem 1. A. The zero locus of the truncation {A, ()|, = 0} C CI admits a parametriza-
tion of the form

é
v = (Z(k)(t)) ’ te C]P)n*p*17 k= 13 sy =D

Here, the vectors e, € Z™ form the basis of the kernel of the linear mapping defined by the
matriz ®;, and z*)(t) are coordinates of the mapping (14) that defines the discriminant
locus of the system of n — p trinomials.

B. The zero locus of the truncation {An(z)|;, = 0} C Cj admits a parametrization of the
form

_ 5
& = (z<k>(t)) . teCP"™ Pl k=1,....n—p.
Here, the vectors €y € Z™ form the basis of the kernel of the linear mapping defined by the
matriz ®;, and ) (t) are coordinates of the mapping (15) that defines the discriminant

locus of the system of n — p trinomials.

The proof of the theorem is given in Section 3.
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2. Parametrization and tropicalization of the discriminant
locus

In order to prove Theorem 1 we need the parametrization of the homogenized discriminant
locus of a system of n trinomials with n unknowns. In addition to the space of coefficients C7
we introduce the space C? with variables s = (s(V),...,5(™). We will treat s as homogeneous
coordinates for CP?~1. The support of system (1) is given by the block matrix (w|A), composed
of vector columns w® and A\ respectively. The parametrization is written in terms of the
elements of the matrices ¥ := w™!A and ¥ := ¥ — E,,, where w™? is the inverse matrix to w.

Let us consider an algebraic multivalued mapping x = z(s) from the projective space CP?~1
to the coefficient space CI! with coordinates

()

. g <,¢~)ka> Y ‘
2@ = —— i=1,...,n.
(14, 8) ]];‘[1 <<wk,5>> ) 1, ) (6)

Here, the angle brackets denote the dot product of vectors, 1 and 1/;;C are the rows of matrices

¥ and ¥ respectively. The mapping (6) parametrizes the discriminant locus of system (1).
The number of branches in (6) is equal to the absolute value of the determinant |w|, but some
branches may coincide. If the discriminant locus of the system (1) is an irreducible hypersurface
depending on all variables, then the mapping (6) parametrizes it with multiplicity equal to the
index |Z™ : L| of the sublattice L C Z"™, generated by columns of the matrix (w|A), and appears
to be the inverse of the logarithmic Gauss mapping [2].

If matrices ¥ and U are integer, then coordinates of the parametrization (6) are Laurent
monomials of linear forms, consequently the general combinatorial construction of tropicalization
of algebraic varieties proposed in [9] is applicable. In this situation, the tropical fan is encoded
by the pair of block matrices:

Usnxcn — (—En|\IJT|\TJT)T, Viyan = (En| - @T|¢T) . (7)

The rows of the matrix U define 3n linear forms, while the rows of the matrix V' define n Laurent
monomials that appear in (6). According to [9, Theorem 3.1], the tropicalization of the variety
V is a polyhedral fan trop(V), which is the image of the Bergman fan B(M) of the matroid
M associated with the matrix U under the linear mapping V. The Bergman fan is a geometric
model of the matroid M which tropicalizes the linear subspace given by the mapping s — Us
(see [10,13]). The structure of the tropical fan leads to factorization identities for the discriminant
truncations (see the example in Section 4).

3. Truncations of the discriminant

We examine the faces hy and hy of the Newton polytope Na, corresponding to the set J.
We will focus on the case of hjy; the case for h; is similar. The normal subspace to the face
hj is generated by the vectors ¢;,,...,¢; . We denote it by F -, We consider the sublattice
B :=Z"NF3} C Z". of rank p and choose a basis f31,..., 3, in B. Let 3 be the p x n matrix
with rows 1, ..., p. We denote the columns of this matrix by sm . pm),

In the complex algebraic torus (C \ {0})", we consider the complex p-dimensional torus
r=171=(71,...,7) € (C\ {0})P, where 77 denotes the monomial mapping with coordinates

() ZTﬂ(j), j=1,...,n.
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The relationship between the discriminant A, (z) and its truncation on the face hy can be
established using the function

(1) (n)
" u x x
Hy(r,z) =1 .77 - Ay (Tﬁ(l)"“775(")> , (8)

where d; is the weighted degree of A, relative to the weight f3;, defined as the maximum of all
dot products {(«, 3;), being taken over all exponents o of monomials in A, (z).

Lemma 1. The function H;(7,x) is a homogenization of the discriminant of system (5) with
respect to the weights B1,...,B,. Furthermore, it satisfies the property

Hy(rx) — An()[n- 9)

Proof of Lemma 1. The weighted degree, with respect to the weight 5;, of any monomial in
A, (x) that does not belong to the truncation on the face hy is strictly less than d;. Therefore,
in the limit (9) all monomials will disappear, except for those whose exponents lie on the face
hy. This completes the proof of Lemma 1. o

A similar statement holds for the truncation of the discriminant on the face hy and the
corresponding dehomogenization function.
Next, within the ordered set I = {i1,...,4,—p} :={1,...,n} \ J, we fix the element i;. We

then define the determinants 61 and 6/, I = 1,...,p, obtained by replacing in & (8) the j;-th
column of the matrix ®; (®;) with the i;-th column. Let us introduce the vectors

p p

e = de;, —25[l]ejl, & = dey, _ZSU]EJ‘“ E=1,...,n—p, (10)
1=1 1=1
here, eq,..., e, is a standard basis in R”.

Lemma 2. The vectors ey, (respectively, €) form a basis for the kernel of the linear mapping
defined by the matriz ®; (respectively, @ ;).

Proof of Lemma 2. A direct verification shows that the vectors ey and € are orthogonal to the
rows of the matrices ®; and ®; respectively. O

Note, however, that the vectors e, may not span the lattice among the columns of the matrix
® ;. The same statement holds to the vectors €, with respect to the matrix ® ;.

Proof of Theorem 1. We consider a multivalued algebraic mapping with coordinates

0
. i n D ka
20 — _ - H((‘Pk,@) ,i=1,...,n, (11)

which parametrizes the discriminant locus of system (5). The mapping (11) is defined in the

domain
S={scCP"':(p1,s) ... {@n,s)#0}.

To describe the values of the mapping (11) on the entire space CP" "1, we will treat it as a
"correspondence" according to the terminology of [11]. Specifically, we consider the set 7(Z) C
Cn, defined as the image of the projection 7 : CP?~1 — C” applied to the algebraic set

7 = {(s,x) e CP» ! x CP: g® H<‘Pk,8>‘p§:> + 5@ H<¢ka3>¢’(j) =0,i=1,... ,n} i
k=1 k=1
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Next, we consider the sets
W, :={xeC": Hy(r,z) =0}, 7 #0.

According to (11), they admit the parametrization

(%)
k

‘ NG R ¢
) = 805 H( >) Ci=1,....n (12)

(Giss
Then, we define the plane
oy ={seCPI " (p;,s)=0,j€J}
For all linear forms (y;, , s),i, € I we calculate the restrictions to the plane o; as follows

<507l7~7 S>|O’J = <9Ta Sl>7

here s = (s(1) ;... : sUn=p)) and 6, := ((¢i,,€1), ..., (@i, ,€n_p)). Henceforth, we denote the
vector t = (t(M, ... t("=P)) by s’. We take the restrictions of monomials z®* on o, thereby
eliminating the parameters 7 = (71,...,7,) from (12). As a result, we obtain:

(k)

e [ O™ g B
x |‘”_<_<ék,t>> 1:[1<<9T,t>> L k=1,....,n—p. (13)

r

The mapping
H:CP} Pt 5 cnp

with coordinates "
97‘

6tk T 0,1\

® = 2T (72> k=1 — (14)

Z , yeees—D
(O, t) =5 \ (Or,1)

parametrizes the discriminant locus V,,_, of the system of n — p trinomial equations, whose
support is given by the block matrix (0E,,_,|0), where © := (97(]‘;)). Thus, the limit set of the
discriminant locus V,,, associated with the face h; of the Newton polytope of the discriminant
of system (5), is given by the relations

5
a:e’“:(z(k)) L k=1,....,n—p,

where z = (z(k)) € V,—p. This completes the proof of the Part A of Theorem 1.
Next, we note that the mapping (11), which parametrizes the discriminant locus of system
(5), can be rewritten as

~(4)
) (2) n P
g =__° H(“O"’ ) Ci=1,....n.

90“ ona

Consequently, the proof of the part B of Theorem 1 follows the same pattern. The limit set of the
discriminant locus V,,, associated with the face h; of the Newton polytope of the discriminant
of system (5), is given by the relations
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where
L ()

*<’€>:— T (et fk:zl - 15
z Gt 1:[( ) , e, — D, (15)

and s, := ({(¢i,, €1),- -, (@i, €n—p)). The mapping

H:CPy Pt o ci™?

with coordinates (15) parametrizes the discriminant locus V,,_,, of the system of n — p trinomial
equations, whose support is given by the matrix (SEn,p\K ), where K := (%,gk)). This completes
the proof of Theorem 1. O

4. Example

We consider the system of equations

Y1+ ayiysys — 1 =0,
Y2 + byrysys — 1 =0, (16)
ys + cyryays — 1 =0,

with unknowns y = (y1,y2,y3) € (C\ {0})® and variable complex coefficients (a,b,c). The
support of the system is given by the matrix

100[3 11
(Bsl)=[ 0 1 0|1 3 1
00 1|1 1 3

Columns of this matrix span the lattice Z®. Since the matrices ® and ® have no zero entries,
the discriminant locus V3 of system (16) is a hypersurface. The rational mapping (CIP’ —-C3
given by the formulae

a,b,c’

_sM) (25(1) 4 5@ 4 53 ) 3(80) 4+ 252 4 S<3>) (Su) +5@ 4 25(3)>

T 250 + 5@ + 50 \ 350 1 5@ + 5O s 4+ 352) 4+ 503) )\ (D) 4 5(2) + 353)
—5( 250 4 5@ 1 5B\ 50 1252 4 @\ /5 4 5@ 1 256)
T s 1 25@ 1 O (35(1) +5(2) 5(3)> (s(l) +35(2) + 5(3)) <5(1) + 52 + 35(3)>
_s(3® 25D 4 5@ 4+ sB)\ /D) 1252 4 5B\ /5D 4 5 4 9253)\?
s(1) 4 5(2) +2503) <3s(1) + 52 + 5(3)> (5(1) + 352 + 8(3)) (3(1) +52) + 35(3))

(17)

parametrizes the discriminant locus with multiplicity 1. Here, s = (5(1),5(2),3(3)) € C? are
homogeneous coordinates in CP?2.
Calculations performed in Sage CAS [12] show that the discriminant As(a, b, ¢) of system (16)
contains 611 monomials. The Newton polytope AMa, has 24 facets, 57 edges, and 35 vertices.
Let us use this example to illustrate Theorem 1. We consider the set J = {1} C {1,2,3},
which defines the facet hy with the outward normal ¢; = (3,1,1). The truncation of the dis-
criminant Ag(a,b,c) on the hy has the form:

- 198 —



Irina A. Antipova, Semyon Yu. Chuvashov Limit-sets of the Discriminant Locus

As(a,b,c)|n, = a® - (1048576000000000000000000006%c® — 250482492702720000000000ab” ¢ +

+ 524012853657600000000000ab®c® — 3351458611200000000000ab” c® — 3351458611200000000000ab’c” +
+524012853657600000000000ab’ ¢ — 250482492702720000000000ab” ¢ + 149587343098087735296a°b"" —

— 2597002484341800960a°b" ¢ — 2553418530611527680a°b°c* — 2496669098201579520a°b" ¢® —
— 1262139526214414499840a°b° c* + 3223478052378963345408a°0°c® — 1262139526214414499840a°b" ¢® —

— 2496669098201579520a°b%¢” — 2553418530611527680a°b>c® — 2597002484341800960a°bc”+

+ 149587343098087735296a° ¢ + 752295975321600000a°b” — 365699432448000000a°b° c—
— 2111794585600000a°b°¢* — 2121708288000000a°b*¢® — 2121708288000000a°b%c* —
— 2111794585600000a°b%c® — 365699432448000000a>bc’® +
+ 752295975321600000a°c” 4 217145126953125a"b°¢?).

The polynomial in parentheses in (4) is irreducible. According to Theorem 1, the set
{As(a,b,c)|p, = 0} admits the parametrization

a='b’ = (ut))®, a'e® = (v(1)?,
here t € CP', and

oot 7t 4 26N\ ® 2t £ 72\ ?
= mm e s 2@ ) w0 @ )
@ = o) 7t 4 2N\ /2p0) L7\
YT 50 7@ \ st 126 )\ 200 1 8¢@)

The mapping (u(t),v(t)) : CP; — CZ, defines the discriminant locus of the system of two
equations

Y3 +uyfys —1=0, (18)
ys +oyiys —1=0.

The discriminant of system (18) is as follows

As(u,v) = 104857600000000000000000000 u®*v® — 250482492702720000000000 v v* +
+ 524012853657600000000000 u’v® — 3351458611200000000000 v v°® — 3351458611200000000000 u’v” 4
+ 524012853657600000000000 u°v® — 250482492702720000000000 u*v? + 149587343098087735296 u'° —
— 2597002484341800960 u”v — 2553418530611527680 u’v® — 2496669098201579520 v v —
— 1262139526214414499840 u°v* + 3223478052378963345408 u”v® — 1262139526214414499840 u*v° —
— 2496669098201579520 u”v” — 2553418530611527680 u”v® — 2597002484341800960 uv®+
+ 149587343098087735296 v'° + 752295975321600000 1" — 365699432448000000 u°v—
— 2111794585600000 u”v* — 2121708288000000 " v* — 2121708288000000 u*v* —
—2111794585600000 u*v° —365699432448000000 uv°®4752295975321600000 v” 4-217145126953125 u*v°.
The composition of Ay(u,v) with monomials v = a~/3b, v = a~'/3¢ yields the truncation
As(a,b,¢)|n,, up to a monomial factor.
We now consider the edge hy 2 := hi N hg. The normal space to the h; 5 is formed by vectors

w1 =(3,1,1) and 2 = (1,3,1). The truncation of the discriminant Ag(a,b,c) to the hq s is as
follows

As(a,b,c)|p, , = 1099511627776 - a® - b* - (9765625¢" — 11664ab), (19)
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here the polynomial in parentheses is irreducible and can be represented as

(5%)2c* — (223%)2ab. (20)
By Theorem 1, in the coordinates v = a~%/*p=1/4

discriminant locus of the trinomial equation

¢ the zero set of the polynomial (20) is the

vt ruyl® —1=0.

2.33/2
S

Theorem 1 does not characterize all faces of the Newton polytope. The tropical fan provides
a more complete description of the faces of Ma, and the factorization of their truncations.

Let us construct the tropicalization trop(Vs) of the discriminant hypersurface Vs C (Ca be>
given by the mapping (17). According to the general construction [9, Theorem 3.1], the mapping
(17) is encoded by a pair of matrices:

It consists of the two points u = £

-1 0 0

0 -1 0

0o 0 -1

3 1 1 100 -3 -1 -1 2 11
U=]11 3 1| and V 010 -1 -3 -1 1 21

1 1 3 001 -1 -1 -3 1 1 2

2 1 1

1 2 1

1 1 2

Let E ={1,2,...,9} be the row index for the matrix U. We consider the matroid M defined
on the ground set E. Then we construct the Bergman fan B(M) of the matroid M (also known
as the associated tropical linear space). In this example, it is a two-dimensional fan in R?/R1,
constructed from nested chains of proper closed flats of the matroid M. The list of proper flats
is as follows

()7()7()7(4)7(57<6)7( ()( )
(1,2),(1,3),(1,5),(1,6),(1,4,7),(1,8),(1,9),(2,3),(2,4), (2,6),
(2,7),(2,5,8),(2,9),(3,4),(3,5),(3,7),(3,8),(3,6,9), (4,5), (4,6),

(4,8),(4,9),(5,6),(5,7),(5,9),(6,7),(6,8),(7,8),(7,9), (8,9).

We refer the reader to [10,13] for the technique of constructing Bergman fans.

The image of the Bergman fan B(M) under the linear mapping V is a two-dimensional fan
that is the tropicalization trop(V3) of the discriminant hypersurface V3. The constructed tropical
fan shows that the Newton polytope indeed has 24 facets. Only 9 facets are explicitly predicted
by the parametrization (17). Their outward normals are as follows

= (-1, 0 0), :u(4) =(3,1,1), :u(7) =(-2,-1,-1),
2) = ( ) :U’(S) = (1737 1)7 /j‘(g) = (_17 _27 _1)7 (21)
u(3) (0 0 1), p®=(1,1,3), u® =(-1,-1,-2).

The fifteen "hidden" normals are formed by the intersection of the cones of the fan trop(Vs).
Their complete list is as follows
/L(lo) = (72’ 717 72)’ .UJ(H) = (727 *25 71)7 ‘u(12) = (717 *2a 72)7
pt = (=4,-2,-9), pM =(-2,0,-5)
M(IG) = (_97 -2, _4)7 /~L(17) = (_97 —4, _2)7 N(ls) = (_57 -2, _0)7
(=2,-5,-0), p =(-4,-9 -2), p®Y = (-2,-9,-4),
p?? =(0,-5,-2), u®)=(0,-2,-5), p®=(-2-4,-9).
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To see how these vectors arise, consider the normal vector u(m). The cone Cq, constructed
from flags 71 = {(3) C (3,8)} and F» = {(8) C (3,8)}, intersects the cone Cs, which is built
from flags F3 = {(2) C (2,9)} and F4 = {(9) C (2,9)}. Their intersection is the ray Rx(1,2,2)T.

Fig. 1. Two views of the Newton polytope Na,

Constructing the polytope Ma, (see Fig.1) as the convex hull of the exponent vectors of the
monomials in the discriminant Ag(a, b, ¢) reveals that all its "hidden" facets are parallelograms.
This observation is consistent with the fact that all truncations on "hidden" facets factorize (up
to monomial) into products of discriminants of trinomial equations. Furthermore, these factors
can be recovered from the matroid M. For example, the truncation on the facet with the normal
p1?) = (1,2,2) admit the representation:

3294172 -a” - b? - % - (3125a% + 108¢) - (3125a% + 108b).

The binomial factors in parentheses originate from truncations on the edges of facets associated
with the flats (3) and (8), and (2) and (9), respectively.

The research is supported by grant of the Russian Science Foundation (project 24-21-00217).
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IIpenenbHbIE TTOM02XKEHUS JTUCKPUMUHAHTHOTO MHOXKECTBA CH-
CTeMbI aJiIredOpandecKnux ypaBHEHUA

Npuna A. AutunoBa

Cemen 0. HysBaimos
Cubupckuii deepaibHblii YHUBEPCUTET
Kpacnosipck, Poccuiickas @eneparus

Awnnorausi. PaccmaTpuBaercst cucreMa N TPUHOMHAJIBHBIX AJIreOpanvecKuX YpaBHEHWI OT N HEW3-
BecTHBIX. [loKazaTesn MOHOMOB B KaK/IOM ypaBHEHNN (DUKCUPOBAHBI, & KOIMDMUITMEHTHI — IT€PEMEHHBIE.
JINCKpUMHHAHTHOE MHOXKECTBO CHUCTEMBI OIPEEJIsIeTCsl KaK 3aMbIKAHUe MHOXKECTBa Bcex Koddduimen-
TOB CHCTEMBI, IPA KOTOPBIX OHA MMeeT KPATHBIE KOPHU C HEHYJIEBBIMHU KoopawHatamu. VcciemyrooTcs
TIpe/ie/TbHBIE TIOJIOYKEHNUsT TUCKPUMUAHAHTHON TMIIEPIIOBEPXHOCTU CUCTEMBI, KOTOPBIE OMPEIEIISIOTCS CPEe3-
KaMi JUCKPUMHMHAHTA Ha I'PaHU ero MHororpannuka Heiorona. /lana xapakTepucTuKa MpeebHbIX 0~
JIOXKEHWI B TEPMUHAX JNUCKPUMUHAHTHBIX MHOYKECTB CHCTEM MEHBIIEH Pa3sMEepHOCTH.

KuaroueBrbie ciioBa: cucrema anrebpam<decKux ypaBHEHHH, TUCKPUMHUHAHT, MHOTOrpaHHuUK HbroTona,
Cpe3Ka, JUCKPUMMHAHTHOE MHOYXKECTBO, IIapaMeTPHU3AIIHs.
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Abstract. In [2], the author introduced the notion of P-compactness via the primal structure. This
paper extends that work by defining and exploring P-Lindel6fness in primal topological spaces, estab-
lishing its main properties and providing some results as natural generalizations of covering properties
within the primal framework.
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1. Introduction and preliminaries

The incorporation of algebraic structures such as grills, ideals, and filters has significantly
enriched the study of topology, see [6-11]. In this direction, et al. [12] introduced the concept of
a primal topological space (PTS), which has become a useful framework for extending classical
topological concepts. A space (X, 7)) equipped with a primal structure P on X is called a primal
topological space and is denoted by (X,T,P) [12]. Several authors have explored fundamental
properties such as P-regularity, P-Hausdorfiness and P-normality, see [1,3-5,13].

In 2024, Ohud Alghamdi introduced the notion of P-compactness in primal spaces as follows:
A PTS (X, T,P) is said to be P-compact [2] if every open cover U of X has a finite subfamily

Uy C U such that
Ut ¢ P.

A subset A C X is a P-compact subspace of X if, for every open cover U of A, there exists a
finite subfamily Uy C U satisfying

X\(A\Uuo) ¢P.

Motivated by this extension of compactness, the present paper introduces and investigates
the concept of P-Lindeléfness within the framework of primal topological spaces. The primary
goal of this study is to is to establish its fundamental properties, explore its relationship with
P-compactness, and demonstrate how it provides a broader and more flexible understanding of
covering properties within the primal framework.

In this work, We denote by (X,7T,P) a primal topological space and refer to it as (PTS).
For any subset A C X, its closure is written as CI(A). The symbol N denotes the set of natural
numbers, and 2% denotes the power set of X.

*cahis82@gmail.com https://orcid.org/0000-0003-3174-8516
(© Siberian Federal University. All rights reserved
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Definition 1.1 ([12]). Let X denote a nonempty set. We call a family P of subsets of X a
primal collection on X if the following conditions are satisfied.

(1) X ¢ P;
(2) whenever H € P and G C H, then G € P;
(3) for any subsets H G C X, if HNG € P, then H € P or G € P.

Corollary 1.2 ([12]). For a nonempty set X, a subfamily P C 2% constitutes primal collection
on X is characterized by the following:

(1) X ¢ P;
(2) H¢ P and H C G imply G ¢ P;
(3) HG ¢ P imply HNG ¢ P.
Definition 1.3 ([2]). Let (X,T,P) be a PTS. For any subset A C X, we define:

(1) The set A is called Pg-closed if, for every open set U € T such that (X\A)UU = X\ (A\U),
the condition X \ (A\U) ¢ P implies that C1(A) C U.

(2) The set A is called g-closed whenever Cl(A) C U for every open set U of X with A CU.

Lemma 1.4 ([2]). Let f : (X,T) — (Y,0) be a bijection. Then the following properties are
satisfied:

(1) If P a primal collection on X, then the family f(P) = {f(V):V € P} forms a primal
collection on Y .

(2) If K represents a primal collection on'Y, then the family f~*(K) = {f~*(B) : B € K}
constitutes a primal collection on X.

Lemma 1.5 ([2|). Let (X,T,P) be a PTS. Consider a function f : (X, T,P) — (Y,0) and
define Kp = {B CY : f~(B) € P}. Then the following statements hold:

(1) The collection Kp constitutes a primal collection on'Y ;
(2) When f is one-to-one, it follows that P C f~1(Kp);
(8) When f is onto, we have Kp C f(P);

(4) When f is a bijection, then Kp = f(P).

2. On P-Lindelofness spaces

Definition 2.1. Let (X,T,P) be a PTS. The space (X, T, P) is said to be a primal Lindelof
space (or P-Lindeldf space) if for each open cover {Vy : o € A} of X, there exists a countable
set Ao C A satisfying U,cp, Vo & P. Furthermore, for a subset A C X, we say that A is a P-
Lindelof subspace of X if, whenever {V, : « € A} is an open cover of A, there exists a countable

set Ag C A such that X \ {A \ Uaer Va} ¢P.

Theorem 2.2. Let (X,7T,P) be a PTS and let A C X. If A is Lindeldf as a subspace of X,
then A is P-Lindeldf as a subspace of X.
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Proof. Let {V,, : & € A} be an open cover of A. Since A is a Lindeldf subspace of X, there exists
a countable subfamily {V, : « € Ag}, with Ag C A, such that

AC U V..

aElNg
It follows that

x\|A\ [ Va

a€Ng

Hence, A is a P-Lindel6f subspace of X. O

—X¢P.

Remark 2.3. Let (X,7,P) be a PTS. If P = 2% \ {X}, then one can easily verify that the
concept of a Lindeldf space coincides with that of a P-Lindeldf space.

The converse of Theorem 2.2 fails in general, which can be seen from the next example
Example 2.4. Consider (R,T,P), where it represents a PTS. determined in the following:
T={0u{VCR:0eV}, P={VCR:0¢V}

Let {Vy : a € A} be any open cover of the interval [0,1] such that Vo # 0 for every o € A.
Consider a countable subfamily Ag = {V; :i € N} C{V, :a € A}. Then,

OeR\QO,l]\Gw),

which implies that

R\ ([0,1]\Uw> ¢ P.

i=1

Hence, [0,1] is a P-Lindeldf subspace of X. Note that [0,1] is not Lindeldf. In fact, the family
U ={{x,0} : 2 €[0,1]} is an open cover of [0,1], but it admits no countable subcover.

The following example demonstrates that a P-Lindel6f space is not necessarily P-compact.

Example 2.5. Consider the primal topological space (R,U,P) defined as follows:
U={ACR| A= or for every y € A, there exist real numbers p < q such that y € (p,q) C A}.

and P = 28\ {R}. Now let {V4}aen be a any open cover of R. Then there exits countable Ag C A
such Uyep, Va =R ¢ P.

Now consider the family Let V = {W,, = (-n,n) : n € N}, where V CU. Clearly,

Uw.=r¢P.

neN

Take the finite subfamily Vo = {W; = (—4,4) : i < m, i,m € N} C V. Then UJ;¢,, Wi =
(=m,m) € P, it follows that (R,U,P) fails to be P-compact.

Theorem 2.6. Every closed subspace of a P-Lindeldf space is also P-Lindeldf.
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Proof. Let (X,T,P) be a P-Lindelof space and let FF C X be a closed subspace. Suppose that
U ={V, :a € A} is an open cover of F. Then the collection & U {X \ F} forms an open cover
of X. Since X is P-Lindeldf , there exists a countable subfamily

Ag={V;: i eN} C{X\F}U{V,:a €A}

such that

Uvier.

€N
Consequently, we obtain

x\[FyUv] ¢,

ieN

which shows that F is itself a P-Lindelof subspace of X. O

A subspace of X that is not closed may fail to be P-Lindel6éfness, as this example demon-
strates.

Example 2.7. Consider the PTS (R, T, P) defined as follows:
T = {UgR:ﬂ%U or R\U isﬁnite},

and
P={UCR|R\U is infinite }, see Ezample 2,3 [2].

Let U = {V, : a € A} be an open cover of R. Since /2 € Vi for some € A, it follows that
R\ V3 is finite. Define Uy = {Vg} C U. Because Vg ¢ P, we conclude that R is a P -Lindeldf
space.

Now consider the subspace X = R\ {v/2}. We claim that X is not P-Lindeldf. In fact, let

V={{z}:2e€X}
be the open cover of X consisting of singletons. For every countable subfamily {{x;} : i € N},
we have
i€N

Hence X is not P-Lindeldf.
Observe also that X = R\ {V/2} forms a discrete subspace of R, but it is not a closed subset.

A subset W of a topological space (X, 7) is said to be w-open [14] if and only if there exists an
open set U € 7 such that U \ W is countable. The collection of all w-open sets forms a topology
on X that is finer than 7.

The following theorem establishes a relationship between a cover consisting of w-open sets
and the concept of P-Lindelof .

Theorem 2.8. Let (X,T,P) be a PTS and let A C X. Then the following statements are
equivalent.

(1) A is a P-Lindelof subspace of X ;

(2) For every w-open cover U of A, there exists a countable subfamily Uy C U such that X \

(A\Ulo) ¢ P.
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Proof. (1) = (2): Suppose that A is a P-Lindeldf subspace of X, and let U = {W, : @ € A} be
an arbitrary w-open cover of A.

For each x € A, there exists some a(z) € A such that x € W, (). Since Wy (,) is w-open,
there exists an open set V(. such that

€ Vo and Vi(p) \ Wa(e) is countable.

Thus, the family {V,(,) : © € A} is an open cover of A. Because A is P-Lindeldf, there exists a
countable subfamily {V4(,,) : 7 € N} such that

X0 4\ (U Vawo)| £ 7.
Now, observe that -
X\ [an ( UNVa(mﬂ c x\ [4\ UN (Voo \ Wa) U Waten ) |
Equivalently, : )
X\ [an ( gVam))] cx\ [\ ( g (Ve \ Watan 0-4) [ ( QNW“(”””M
For each i € N,z the set (Vi(a,) \ Wa(xi))zﬁ A is countable. Hence, th;re exists a countable
subset A () C A such that

(Va(xi) \Wa(xi)) NA C U{WO‘ T e Aa(m%)}.

Therefore,

A\ K U(UtWa:ae Aa(mn})) U < U Wa(wnﬂ

€N i€EN
C A\ KL% ((Va \ Wa)) N A)) U (gWaw)]
C A\ (iEUNVa(zi))

This yields

X\ [A\ (U Va(zn)] C XN\ AN [(U (U{Wa Pa e Aa(mn})) U(U Wam))H :

i€N ieN ieN
Consequently
x| (U (Ut a e daed) JU(UWec )] | £
i€N i€N
(2) = (1): Since every open set is also w-open, the conclusion follows immediately. O

Corollary 2.9. APTS (X, 7,P) is said to be P-Lindelof precisely when, for any w-open covering
U of X, there exists a countable subcollection Uy C U satisfying | JUy ¢ P.

Theorem 2.10. Let (X, T,P) be a PTS and let A C X. The following statements are equivalent.

(1) A is a P-Lindeldf subspace of X ;
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(2) For every family {Fa}aca of closed subsets of X satisfying A() (Naca Fa) = @, there exists
a countable subfamily {Fa}aca,, with Ag C A, such that (X \ A)J [Uaer (X \F.)] ¢P.

Proof. (1) = (2): Let {F,: a € A} be a family of closed subsets of X such that A (N,es Fa) =

(). Then we obtain
ACX\ () Fa=|JX\Fo).
a€EA aEA

Since each X \ F, is open in X and A is a P-Lindeldf subspace of X, there exists a countable

subset Ag C A such that
x|y (U avm)|er

a€lg

Now we observe that

AU (U avr)=xO [ valU( U e

a€lg a€lg

= a0 =)

a€Ng

=x\[a\ [ (x\F)| gP.
aENg
(2) = (1): Let {V,, : @« € A} be an open cover of A. Then
AN <X\QLEJAVQ> — 4 (aOAmva)) ~0.

Since X \ V, is closed for each o € A, condition (2) ensures that there exists a countable subset

Ao C A such that
AU U va) ¢ P

aENo
Equivalently,
el ( U n)=xijan vl er
a€lg a€lg
Hence, A is a P-Lindel6f subspace of X. O

In particular, taking A = X in the above Theorem 2.10, yields the following corollary.

Corollary 2.11. Let (X,T,P) be a PTS, and let {Fy}aeca be a family of closed subsets of
X such that (N,cp Fo = @. Then X is a P-Lindeldf space if and only if there is a countable
subfamily {Fy}acn, with Ag C A such that

U x\F.)¢P.

a€Ng

Theorem 2.12. Let (X, T,P) be a PTS. If G and H are P-Lindeldf subspaces of X, then their
union G U H is also a P-Lindelof subspace of X .

Proof. Consider an open cover {W, : a € A} of GU H. Since G is a P-Lindeldf subspace of X,
there exists a countable subfamily Ag C A such that

X\(G\ U Wa> ¢P.

aENg
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Similarly, as H is also P-Lindel6f, we can choose a countable subfamily A; C A satisfying
X\ (H\ U Wa> ¢ P.
aEN
Now, consider Ag U A1, which is still countable. For this family we have
X\ {(GUH)\ U Wa] ¢P.
a€ANgUA;

Thus, the union G U H is covered by a countable subcollection of {W,, : a € A} in the sense of
P-Lindelof. Therefore, G U H is a P-Lindel6f subspace of X. O

Theorem 2.13. Let (X, T,P) be a PTS and let G, H C X. If G is a P-Lindeldf subspace of X
and H is closed in X, then the intersection G N H is also a P-Lindeldf subspace of X.

Proof. Consider an open cover {W, : o € A} of GN H. Define
U={W, :ace AJU{X\ H}.
Clearly, U forms an open cover of GG. Since G is P-Lindeldf, there is a countable subfamily

{W4 : a € Ag} such that
X\ [G\ U Wa} ¢ P.

aElNo
Notice that

X\[G\ U Wa] gX\[(GmH)\( U WQ)]

a€lg a€lg
Hence,
X\ [(GmH)\ ( U Wa)] ¢ P.
€l
This shows that G N H is a P-Lindelof subspace of X. O

Theorem 2.14. Let (X,T,P) be a PTS, and let ,G,H C X satisfy G C H C CI(G). Then the
following statements are true:

(1) Suppose G C X is P-Lindelé and P,-closed. Then the subspace H C X is Lindeldf.
(1) Suppose H C X is P-Lindeléf and G C X is g-closed. Then G is a P-Lindeldf subspace
of X.

Proof. (1) Assume that G is both a P-Lindel6f subspace of X and Pgy-closed. Let {W, : o € A}
be an arbitrary open cover of H. Clearly, {W, : « € A} also serves as an open cover of G.
Since G is P-Lindeldf, there exists a countable index set Ag C A such that

X\ (G\ U Wa> ¢ P.
a€Ng
Because G is Py-closed, this condition implies
cl@) < |J Wa
a€lg

Hence,
HC | W,
aENg
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which shows that H is P-Lindeldf subspace of X.
(2) Now assume that H is a P-Lindel6f subspace of X, and suppose G is g-closed. Let
{W, : a« € A} be an open cover of G. Since G is g-closed, we have

cuG) < | wa,
aEA

and because H C CI(G), it follows that

As H is a P-Lindelof, there exists a countable subfamily indexed by Ag C A such that
X\ (H\ U WQ) ¢P.
aclNo

Notice that

X\(H\ U Wa> gX\(G\ U Wa).

a€Ag a€hg
Therefore,
x\(e\ U wa) ¢
a€lg
This proves that G is P-Lindel6f in X. O

Corollary 2.15. Let (X,T,P) be a PTS. For subsets G,H C X with G C H C CI(G), if G is
Pqy-closed, then G is P-Lindeldf subspace of X if and only if H is P-Lindeldf subspace of X .

Theorem 2.16. Let (X, T,Py) and (X, T,Ps2) be PTSs, and let A C X. Then A is both a P;-
Lindelof subspace of X and a Po-Lindelof subspace of X if and only if A is a (P1 U Pz)-Lindeldf
subspace of X.

Proof. = Suppose that A is both a P;-Lindel6f subspace and a Ps-Lindel6f subspace of X. Let
U = {U, : a € A} be an arbitrary open cover of A in X. Since A is P;-Lindel6f, there exists a
countable subfamily {U, : o € A;} C U such that

X\ [A\ U Ua] ¢ Pr.
aENy
Similarly, since A is Pa-Lindeldf, there exists a countable subfamily {U,, : & € A2} C U such that
x\[a\ U U] g7
a€l,
Let Ag = A1 UA5. Then Ag is countable, and we have
X\ [A\ U Ua] ¢ Py UPs.
a€lg
Hence, A is a (P; U P2)-Lindel6f subspace of X.

<« Conversely, assume that A is a (P; UP2)-Lindelof subspace of X. Let U = {U,, : o € A} be
an arbitrary open cover of A in X. Then there exists a countable subfamily {U, : & € Ao} CU
such that

X\ [a\ [ va] gPiumps.

aENg
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This means that

X\[A\ U Ua] ¢ P and X\[A\( U Ua)} ¢ Py.

a€lg a€lg
Hence, A is both a P;-Lindelof and a P»-Lindelof subspace of X. O

Theorem 2.17. Let f : (X,T,P) — (Y,0,f(P)) be a continuous surjection. If A C X is
P-Lindeldf, then its image f(A) CY is also P-Lindeldf.

Proof. Let {V,, : @ € A} be an open cover of f(A). Since f is continuous, the family {f~1(V,) :
a € A} forms an open cover of f~1(f(A)). As A C f=1(f(A)), it follows that {f~*(V,) : a € A}
is also an open cover of A.

Because A is P-Lindelof, there exists a countable subfamily indexed by Ag C A such that

x\[a\ U )] ¢P
a€Ng
Applying f, we obtain
s [ s( (U )| ¢ s
acho
Since f is surjective, this reduces to

[ U vl ¢ s

ac€lp
Thus f(A) is an P-Lindelof subspace of Y. O

Corollary 2.18. Let f : (X,T,P) — (Y,o,f(P)) be a continuous surjective function. If
(X, T,P) is a P-Lindeldf space, then (Y, o, f(P)) is also a P-Lindeldf space.

Theorem 2.19. Let f: (X, T,P) = (Y,0, f(P)) be an injective and continuous function. If A
is a P-Lindelof subspace of X, then f(A) is a P-Lindeldf subspace of Y.

Proof. Let {V, : @ € A} be an open cover of f(A) in Y. For each z € A, there exists a(z) € A
such that f(x) € V(). Since f is continuous, for every x € A there is an open set U, € T with
x € U, such that

f(UT) C Voz(w)-

Hence, the family {U, : x € A} forms an open cover of A in X.
Because A is P-Lindelof, there exists a countable subset Ag C A such that

X\[A\ U Ux} ¢P.
x€Ap

Since Uy, C ™ (Vo)) for each z € A, we have
A\ Y 24\ {7 Vaw):
TE€AQ r€Ag

It follows that

xyfay o] exvfan U 7 aw)].

zE€Ag x€Ap
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Hence,

X\ [a\ U £ Vaw)] £P,

r€Ap

Applying f, we obtain

FEON [F AN F(F Usen, Vaw)) | £ £(P).

Since f is injective, it follows that

F(F Usen, Vo)) = (UxEAo Va(m)) N f(X).

It follows that,
FEON [FA)\ Usea, Vaw | € F(P).

and hence

YA £\ Usen, Vatw | # £(P).
This shows that f(A) is a P-Lindelof subspace of Y. O

Theorem 2.20. Let f : (X,T,P) = (Y,0,Kp) be a bijective continuous function. Then, for
any ‘P-Lindeldf subspace A of X, the set f(A) is Kp-Lindeldf in Y.

Proof. The proof follows directly from Lemma 1.4, Lemma 1.5, and the corresponding Theo-
rem 2.19. U

Corollary 2.21. Let f: (X,T,P) = (Y,0,Kp) be a bijective continuous function. If (X, T,P)
is P-Lindeldf, then (Y,0,Kp) is Kp-Lindeldf.

Conclusion

This study extends the classical notion ofLindel6fness to the framework of primal topological
spaces by introducing and analyzing the concept of P-Lindeléf . We established main proper-
ties distinguishing it from the classical case, showing that every Lindel6f space is P-Lindelof f,
though not conversely, and that the property is preserved under closed subspaces and continuous
mappings.

Additionally, P-Lindel6fness was characterized using w-open covers, linking primal and
classical topological refinements. These findings demonstrate that PLindelofness generalizes
Lindeléfness while maintaining structural coherence within the primal framework, provid-
ing a foundation for future studies on related properties such as P-paracompactness and P-
paral.Lindel6fness
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XapaKTEepUCTUKN JUHIeJIe(PHOCTH B NEPBUITHBIX
TOIIOJIOTUYECKNX ITPOCTPAHCTBAaX

Ao6no Kaxuc
Maremarnueckuit dhakyabrer
Konnemx nckyccrs 1 Hayk
Yuusepcurer Hampxpana
CaymoBckasi ApaBust

Awnnoraums. B paGore [2] aBrop BBes noHsITHE P-KOMIIAKTHOCTH YepPe3 NEPBUIHYIO CTPYKTYPY. Jlannas
CTaThsl PACIIUPSAET ITY PabOTy, ONIPENeIss U UCCIenys P-JINHIeIeBCKYI0 KOMIAKTHOCTh B IIEPBUYHBIX
TOIOJIOTUYECKUX MTPOCTPAHCTBAX, YCTAHABJINBAs €€ OCHOBHBbIE CBOMCTBA U MPEIOCTABJIsIsT HEKOTOPBIE Pe-
3yJIBTATHI B KAYECTBE €CTECTBEHHBIX 00OOIEHUN CBONCTB NOKPBHITUS B paAMKaX MEPBUYHON CTPYKTYPDI.

KiroueBblie ciioBa: IIEPBUYHOE, IIEPBUYHOE TOIIOJIOTUYIECKOE IIPOCTPaHCTBO, P-J_.[I/IHHGIIQBCTBO.
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Abstract. Movement of a freely rolling body along a chute with a given curve configuration is considered
in the paper. The detachment condition is obtained with the use of the method of moving basis. The
separation point is found from obtained equations in cases where the curve is given parametrically and
in Cartesian and polar coordinates. The implementation of the proposed method is illustrated for some
particular curves.

Keywords: natural basis of a curve, curvature of a curve, equation of motion, ellipse, Archimedes’

spiral.
ElirE

Citation: S.B.Bogdanova, S.0. Gladkov, On the Analityc Definition of the Separation
Point of a Freely Rolling Down Body, J. Sib. Fed. Univ. Math. Phys., 2026, 19(2),
214-222. EDN: NZDRNR.

Introduction

The problem of the detachment of a point body rolling down a curve under the action of
gravity is solved in this paper. The solution of this problem is known for a special case of
circle [1]. However, literature review has shown that in general formulation this problem is not
solved [2—4].

In order to solve it the method of the natural basis is used [5,9]. The method consists of
the tangent ort 7 pointed in the direction of body motion and the normal ort n pointed in the
direction of concavity of the curve. The basis vectors are connected by well-known relation

dr
T K
ds ™
dn
2K
ds ™
1!
where curvature of the curve is K = |y7|2é > 0 [10,11] (see Figs. 1,2).
(1+y7)”

1. The detachment condition
Let us write down the basic equation of motion

ma =N+ mg
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ﬂ?g

7] \ ng'

Fig. 1. The distribution of forces in various parts of the curve

N
N X

for a body of mass m moving from right to left (Fig.1). Force F' = N + mg in projections on the
axis n is

m|an| = [N| — |pr,mg| in the area of convexity TP,

mla,| = — |N| + |pr,mg| in the area of concavity KM,

where a, = Kv?n is the centripetal acceleration of the body. As a result the system is rewritten
in the form

N
Kv? = u + gcosa in the area of convexity TP,
Kv? = —-"— —gcosa in the area of concavity KM.
m

The separation of the body from the gutter is described by the condition N = 0. It means that
separation in the convex region T'P must be determined by a contradictory relation

Kv? = gcosa, (2)

since the right hand side of the equation is negative due to condition cosa < 0 (Fig. 1) but the
left part is positive. This means that separation of the body on a convex (or straight) section of
the gutter is impossible. Separation of a rolling body in a concave area M K is quite possible. It
follows from the lower equation (1)

Kv? = —gcosa, (3)

where both parts of the equation are always positive (Fig. 1). Of course if it turns out that
Kv?

> 1 then the body stays in the trough but otherwise equation (3) is solvable. A similar

analysis of Fig. 2 when the rolling occurs from right to left leads to the same result: the separation
of the body is impossible on a convex or rectilinear section of the trough but it is possible on a
concave section because cos o > 0 according to condition (1).

Summarizing equations (2) and (3) and using relation v? = 2¢g (H —y), where H is the
ordinate of the point from which the rolling of the body begins, one can obtain universal condition
for the detachment of a body rolling down a chute under the action of gravity (friction is not
taken into account):

|cos a

2(H —y) = (4)

Let us consider condition (4) when shape of the chute is given in various ways. When the
shape of the chute is described in Cartesian coordinates as y = y(z) then condition (4) is

2|y’ (H —y(z)) =1+y~. (5)
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Y

4 0

Fig. 2. Movement of the body from right to left

When the shape of the chute is described parametrically @ = x(t),y = y(¢) then condition
(4) is

@] (2 +5%)
2(H —y(t) = —~— L, 6
(H () = 758 (6)
When the shape of the chute is described in polar coordinate system r = r(¢) then condition
(4) takes the form

r’ cosp —rsing
r2 4 201 — oyt

2(H — 1 (p)sinp) = (7“2 + r/2) (7)

It is important to note that all three relations are ordinary differential equations. They
should be solved with respect to x,t or ¢ since the shape of the chute is considered to be given.
Summarizing all the above, one have to

1. establish the fundamental solvability of these equations that means the existence of a
separation point.

2. find a solution of these equations.

Let us consider some specific examples for equations (5)—(7).

2. Finding separation points on curves given in Cartesian
coordinates

Using equation (5), it was shown [12] that among the family of curves y = 1 — 2", n € R,
x € [0;1] the earliest separation of the body rolling from the top (0; 1) can occur only at n = 4.19.

This value is the minimum of function z(n) = , n € R, and the point of separation

is equal to 0.7065.

Consider another example of application of equation (5). Let us find the shape of a concave
curve providing the normal force to the body rolling down from left to right at each point of the
curve is equal to zero. Let us use condition (5) and projection of the equation of motion ma = F

on axis T:
v = gsina,
{ (8)

v?K = glcosal.

2n—2
n n2_
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According to the definition of curvature, one can write

do
dt [ ds
dt

where & < 0 and cosa < 0 due to given above assumptions. Division of the first equation (8) by
the second gives

dfoz
ds

do
v-dt

&

v

)

dv  sina
— = da.
v cosa
Then it follows that
v = , C<O.
coS o
It is logical to assume that at the initial moment of time vy (1) = —C. Then
Yo
v=— .
COS &

Let us differentiate this equation in time. Using the first equation (8), one can find

. . sin «v
v =gsina = —uv -

cosa
Then tga = ~ 9y + C. Assuming that a (0) =7 and C = 0, finally one can write

Vo
a(t) = m — arctg <gt> .

Vo

According to Fig. 3, it is clear that

As-|cosal = Az >0, —sina-As= Ay <0. (9)

h

Ay
Ax

7
(0] X

Fig. 3. Visual representation of inequalities (9).

Then
& =wv-|cosal,
Y = —v-sina.

Substituting v = —

in these equations, one can obtain
CoS (v

:t:UOa

. gt
y=uwg-tg|m™—arctg— | = —gt.
Vo
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Taking into account the initial condition y(0) = h, one can find
y=——"52°+h. (10)

The obtained result means that body moving along a parabola is in close to zero gravity
condition. It is used in parabolic flights to create weightlessness.

3. Finding separation points on parametrically defined
curves

As a first example, let us find the point of detachment of a body rolling down from the top
of a cycloid
x=a(t—sint),
{ y=a(l—cost) (11)

Let us substitute (11) into (6) and obtain after some transformations a surprisingly simple re-
sult: the breakaway points are determined by the roots of the equation which is clearly illustrated
in Fig. 4.

31 _7[ I:37r
=y 2
5] 2
l, _____________ —
0 T T T T T T
0 2 4 6 8 10 12

Fig. 4. Tllustration of the points of detachment of the body from the cycloid.

Another illustrative case is associated with an ellipse the equation of which in parametric
form is

T = acost,
y = bsint.

Condition (6) for the rolling of a body from the point (0;b) leads to the trigonometric equation
of the third degree
(a® — b%) sin®t + 3b? sint — 2b° = 0. (12)

2
Solution of equation (12) in the case a = b leads to an obvious result sint = - that coincides

with the solution of the classical problem of body detachment from the circle of radius R [1].
Cubic equation (12) has two complex roots and real root:

b> ((a2 — bQ)% +a®— 62a> : b2
sint = z - > . (13)
e o ()

(a2-b2)3

Solution of this equation requires at least the fulfilment of the condition 0 < b < a, i.e., a = kb,
where k > 1. Let us substitute this relation in (13) and obtain after some transformations rather

curious result )
(VEZ—T+k)" —1

1 . 14
(VIZ =T+ k) VR =1 .

sint =
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The right-hand part of relation (14) is always less than one but greater than zero for k > 1.
2
This follows from the limits %nnl f(k) = 3 and klim f(k) = 0. The graph of function f(k) =
— —00
2
(VEZ—T1+k)® -1
1

(\/k2 -1+ k)3\/k2 -1

is shown in Fig. 5.

0.6
0.5+
0.4+
Jik)
0.3

0.2

0.1

10 20 30 40 50 60 70 80 90 100
k

(VIE=T+k)° —1
(VIE =T+ k) V1

Fig. 5. Function f(k) = at k> 1

This means that separation of the body from the chute in the form of an ellipse that freely
moves down from the point (0;b) is inevitable. The point of separation is determined by the
solution of equations (13) or (14).

It follows from equation (14) that the value of the parameter ¢ at which separation occurs is
a
the same for each family of ellipses satisfying the condition 7= k. That is the moment of time

of the body’s rolling off such ellipses is always the same.

4. Finding separation points on curves given in polar
coordinates

Let us consider the spiral of Archimedes given by the relation r = agp, a > 0 as an example.
In this case expression (7) can be rewritten in the form

cosp — wsinp

2(Ho — psing) = (1 +¢?
(Ho — psing) = (14 ¢*) o

; (15)

where Hy = ¢ sin gy and the ¢q is the polar angle at which the equilibrium point is located on a
particular turn of the spiral. This point can be found from the solution of the following equation

P = —tgp. (16)
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As an example, consider the first turn of the spiral for which 0 < ¢ < w. The concave part of
cosp —psing|  @sing — cosgo)
802 + 2 - (‘02 + 2
the equilibrium point on the first turn of the spiral r = ¢ for which the numerical solution of

equation (16) is ¢ = 2.028757838.

the curve is of interest, and it is clear that . Fig. 6 shows

Fig. 6. Equilibrium point on the first turn of the spiral r = ¢

It is clear that rolling from the highest point of the spiral is possible both from left to right
and from right to left. Indeed, the numerical solution of the equation

psine — cos

2 (Hy — si = (1 + ©?
(Ho — psing) = (14 ¢?) T2

(17)

on the interval (0;7) results in two values: ¢ = 1.394434720 and ¢ = 2.788024853 shown in
Fig. 6. The problem of the points of equilibrium and separation points of the body can be solved
in exactly the same way on subsequent turns of the spiral r = . Fig. 7 shows the points of
equilibrium and points of detachment of the body on the first six turns of the spiral.

It follows from Fig.7 and equation (16) that equilibrium positions of the body asymptotically

™
tends to the ray ¢ = — with an increase in the number of the spiral turns (they are shown by

filled circles). According to this picture, points of separation both on the left and on the right
are located almost on a straight line (they are depicted by squares). Thus, it was found that
approximate relation for the right-hand separation points has the form

y = 094z + 1.32,
and for the left-hand separation points it is
y=—0.88z — 1.4.

Taking into account the specifics of the geometry of the line in question, this result is quite
expected.
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SIE]

.
\
/

e

3n
2

Fig. 7. Points of equilibrium and points of detachment of the body for the first six turns of the
spiral

Conclusion

It is worth noting the following main results of this study:

1. A strict physical condition of detachment of a body rolling down a chute of a certain shape

under the action of gravity was obtained.

2. Several examples related to the rolling of a body along known curves were considered. They

are cycloid, ellipse and the spiral of Archimedes.

3. Equation of special curve that provides motion of a body under condition of permanent

separation from the chute was proposed.
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TOJISIPHBIX KOOpAUHATAaX. [IJ1s1 KOHKPETHO 33/JaHHBIX KPUBBIX ITOKA3aHO, KAK «paboTaeTs Mpe/JI02KEHHbIH
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Abstract. We present a method for the efficient computation of weighted sums over the sets of nonneg-
ative integer solutions to linear systems of a specific form. Our main result is an explicit formula that
evaluates such sums through a discrete analogue of the Newton—Leibniz operator. This formula serves
as a powerful tool for tackling combinatorial problems. To illustrate the effectiveness of our approach,
we apply it to classical examples, including the problem of counting lucky tickets.
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this paper.

1. Preliminaries

Let Z" = Z X Z X --- X Z, where Z is the set of integers. Let us introduce integer vectors
al = (a),al,.. . al.), where j = 17427 ..., n, and define the matrix A = (a7 )., xn, whose columns
are given by (a/)" = (a],a},...,al,)", j =1,2,...,n. Suppose the set

K={zeR"|z=tia" + - +t,a",t €RL}

is a pointed cone (i.e., one that does not contain any line). We denote by the same symbol the
following lattice cone, which will be implied everywhere hereafter in the work:

K={zeZ"|z=ta" 4+ - +t,a" t € ZL}.
Definition 1.1 ([1]). Consider a function g : Z% — C and a point = from the lattice cone K.
A sum of the form
Pa(z;g)= Y g(b) (1)
At:w,teZg

is called a wvector partition function with weight g(t).

*ivladimir 1990year@mail.ru
(© Siberian Federal University. All rights reserved
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We note that the vector partition functions with various weights g(¢) were considered in [2], a
structure theorem for vector partition functions was presented in [3]. Its proof rests on a formula
for counting lattice points in rational convex polytopes [4]. An effective algorithm for computing
vector parition functions was developed in [5].

The projection operator 7; acts on a given function of several variables g(t1,...,t,) as follows:

ng(t) = g(tla ER ati—1a07ti+la ERR atn)a = 17 -1y
the shift operator §; increments the argument ¢; by one, i.e.,

(Szg(t) :g(tla-”ati—lyti + lyti+17~-~7tn)7 1= ].,...,TL.

2. Main result

Consider the problem of summing the values of a function of several variables g(t1,...,t,)
over nonnegative integer points (t1,...,t,) of the integer lattice that are solutions to a linear
equation of the form:

ag...anty tajas...apto+ - +ay...[kl...apnte +- -+ ay...an_1t, = ay ...anx,

where t;, ¢ = 1,...,n, are nonnegative integers, x is a nonnegative integer, a; are pairwise coprime
nonnegative integers and the symbol [k] means that the factor a is omitted from the product.
We consider a polynomial difference operator

w@) = JI @7 -

1<i<jsn

Definition 2.1 ([6,7]). The operator

Wyp(,m) = ] 6m—6fm))

1<i<jgn
is called the discrete analog of the Newton-Leibniz operator.

Theorem 2.1. Let a1, as,...,a, be pairwise coprime nonnegative integers, and let x be a non-
negative integer. Let a function g(t1,...,t,) be defined on Z2. If a function f = f(t1,...,t,) is

=z

a discrete primitive of the function g(t1,...,tn), i.e., W(0)f(t1,...,tn) = g(t1,...,tn), then

S(z) = Z g(t1, ... tn) = Wi (0,7) f(a12, asx, . . ., anx).

Sh_iar..[k]...antg=a1...anx

Proof. We adapt the proof strategy from [6] as follows. Consider the sum s4(x) of the form

sq(z) = Z @t .ghn

Sh_jar..lk]..antp=ai...anx

Rewriting the sum in a different form, we obtain:

Sq(x) = Z gt glntn,

t|==
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Next, we derive an expression for computing s,(z). Finally, consider H(z; q):

1 1 1
(1—q"2) (1 —gy?2) (1 —qn"2)

Note that H(z;q) can be represented in the following form:

5a) =) sq(z)z
x=0

H(zq) =

We denote
1
I'= {ZG(C |z| < min },

1<k |qg |2

then, using the residue theorem, we obtain

n
qudz—_zres 1 Z U
q 27’(’1 Z:chl pt z= qzk ZI+1 n

We introduce W k] as follows:

wer)=wikl= [ 6% -
1<i<j<n,i,j#k
Proposition 2.1. The following assertion is true: -
W)= T @ —am)wikl. (2)

i=1,i#k

Now we proceed to the calculation of the desired sum:

S(z) = > glte, ... tn) =

roqa1...[k]l..antpr=a1...anx

= > W(8)f(t1, .. tn)

roqar...[k]l..antpr=a1...anx

= > W ()8 f(0) =

Sh_iar..[k]...antg=a1...anx

- > SOt W(0)f(0) =

r_qa1..[k]l..antp=a1...anx

= 37 Gnn L am W (8) £(0).

[t|=x

From the definition of the sum s,(x) and the formula for its computation, we obtain the following
formula for S(z):
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Define
armto L gmT g
nifl ak—l(";Q)
T 0T Th—1
Wi (6[k], w[k]) = Wi_ll (;E,CJ,ll(nfz)7r :
k+1 k41 k+1
=l 5,%"(71_2)7%

Expanding W (J) using (2) and substituting it into the previous equality yields:

n

ak(z+n—1)
0 + (—1)n* H (5 — 59 )W k] £(0) =

n
1 T (6% —o7) i=1,i£k
i=1,i#k

(_1)n—k(5;€1k(w+n*1)W[k]f(0) _

NE

S(x) =

=~
Il

|
NE

=~
Il
-

(— 1) koW ]2 £(0).

I
WE

=~
Il
—

We now examine W [k|o;** f(0) separately:

Wik =TI 6 =650 =
1<i<j<n,i,j#k
— H (5;11'7@—5gi7rj)7T17T2...[k;]...an(alx,agx,...,anx):

1<i<g<n, 1,57k

= Wnr(6[k], w[k]) f(a12, asz, ..., apx).

Substituting the found expression into S(z) yields

n

Sa) =Y (~1) Wk £(0) =

(=) ks W (STK], 7 [k]) flarz, age, . . ., ana).

1

k

Using the form of Wy (d,7), we obtain the desired formula:
S(x) = Wni(0,7)f(arz, azx, . . ., an®).
Let us consider a generalization to the case where the condition is given by a system of linear
equations of the form considered earlier:

S(x) = Z g (t(l),...,t(m)) . (3)

1 1),(1 1 1 1 1 1
ag )...al(cl)tg )+---+a(1 )...agcl)_ltgcl):ag )...a,(ﬂ)zl

0™ al ™) g pal™ M) _g(m)qm)y

The coefficients al(-j), t=1,...,k;, j =1,...,m in each individual row under the summation
sign are nonnegative pairwise coprime integers, and ¢\/) = (tgj), .. .,t,(jj )). The operator 6§] )
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acts on a function g( t . ,t(m)), where t(7) = (t(j) t@), in the following way: 6§j)g =
g (t(l) t(j)1 t(j) +1, tfi_)l, e 7t(m)) The operator 77( ) is defined similarly.

We note that similar sums with linear constraints on the summation indices were considered
in [8,9] in the connection with the Hadamard product of power series [10].

Let us define W () by

(m)

we = ] ((5](1>)a§“ (5<1>m>_.. 11 ((5§m))aj

1<i<j<ka 1<i<j<hkm

-()").

ie, W) =W (W), . W([60m).

Definition 2.2. The operator

Wi (6, 7) H H ((5545))&55) T — (51(8))@55) 7rj>

1<s<m 1<i<j<ks

is called the discrete analog of the Newton—Leibniz operator. It can be written in the following
form:

Wir(0,7) = Wit (5(1),77(1)) Wi (5<m>,w<m>) .

Theorem 2.2. For each j =1,...,m let pairwise coprime nonnegative integers a(J) ...,ag)
and nonnegative integers x;, 1 = 1, ...,m be given. Let a function g = g (t(l), . ,t(m)), where
@ = (tgi), e ,t,(ji)), be given. If a function f = f (t(l), . ,t(m)) is a discrete primitive of the

function g, i.e., W(6)f(t) = g(t), then

1 1 m m
S(z) = Wi (6,7) f(() ot K...,t,ﬁm)))t(_j)_ Dk
J=a g i=1. ki, 5=1...m

Proof. For convenience, denote by T the set of nonnegative integer solutions of the system under
the summation sign in (3). Since W f = g, we have

=3 W) (t(l ..,t<’”>) -

teT

—-S W) (5(1>)t(1) (5(m))t £(0) =

teT

-y (am)“” (5<m>)t(m W(6)£(0) =

teT

— 3 (5(1))

t§1)+'“+t;(cll):m1

JEOMEN @ (m)4(m)

. (5<m>) W (8) £(0).
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Applying the formula for s,(z) derived earlier, the last equality yields:

. (,L(i) i ki—
GO Rk

i=1k=1 j:L;#k ( (5;8))(1%) j (5?)(1;1') )

W) =

. agiv)(mi-i-ki—l)
k1 Em ™ (5&)) i
N : —WF(0).
s1=1 52:2111;[1 & ((5&))‘123 B (5(1))“5 >>
i=ljs; ' !
Since W (&) = W (M) ... W (6(™)), we obtain the following:
k1 Km m (5‘53))(1(:1)(%1-&-161—1) A
> 2 I LW (9l s (0) =
s1=1  sp=li=1 ¢
k km m a® (k;— ) NaDg,
=30 3 TTen (5) T et (5) s
s1=1 sm=11i=1
where
ks ald) at?
L= ] ((59) o (5@)) ; )
Jj=1,j#si
As in Theorem 2.1, we note that
WO sl) . W@ [s,]) (50) 7 (50) 5 40) =

=W (0 [s1], 7V [sa]) ... Wr (8" [sm], 7™ [s10]) f (a),

where f(az) = f (agl)ml, e a,(cll)ml, e agm)mm, e a,(cz)xm).
Substituting the resulting expression into the penultimate equality, we obtain the desired
expression for our sum:

S(z) = Wyi(8,7) f (t&”,...,t}j},...,t‘ﬁ%...,t,ﬁ’”ﬂf’)

£9) g

D i=1..k;,j=1..m

3. Examples

Example 3.1. Let us find

S(,Tl,l‘g) = Z 1.

et e =z ¢ (D 4P =y
: Lo o
The function f can be chosen as f = Zt1t2t4t5, then

7+3 2)(z3 +3 2
S(xy,m2) = (27 + 321 + L(xfk 22 +2)
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Example 3.2. The result can be applied to the problem of enumerating lucky tickets, where
a ticket is identified by a six-digit number and is considered lucky if the sum of the first three
digits equals the sum of the last three digits. As a specific example, let us compute the number
of tickets for which the sum of the first three digits equals 25.

Pos = E 1—[A]. (4)
8D 44D =25
2 44 44D =25

In formula (4), A is the set of tuples (tgl), . ,tg2)> satisfying

0 118 ) =4 ) ) = 25,

with at least one t(j) > 10.

i

We find the cardinality of A using the inclusion-exclusion principle:
6
|A] = Z S(15,25) — (65(5,25) +95(15,15)) + 185(5,15) — 95(5,5),
i=1

where the values S(x1,x2) are computed using the formula from the example above.

This research was supported by the Russian Science Foundation and Krasnoyarsk Regional
Science Foundation, project no. 25-21-20076.
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cI)yHKI_[I/II/I BEKTOPHOI'O pa36I/IeHI/I§I B 3a/Jla9aX CYMMMUPOBaHMUA
AJIsd CACTEeM JIMHEMHbIX ypaBHeHI/II'?i oIrpeaej/ieHHOI'o Bnia

Baagumup A. YcneHckuii

Denepanbubiii uccneposareabekuit nearp KHIL CO PAH
Kpacnosipck, Poccuiickass @eeparus

Cubupckuii demepasbHbIl YHUBEPCUTET

Kpacnosipck, Poccuiickas ®eneparus

Awnnoranusi. Mbr paccmarpuBaeM MeTOs, st 9(OHEKTHBHOTO BBIYUCICHUS B3BEIMIEHHBIX CYMM ITO MHO-
2KECTBAM HEOTPUIATEJbHBIX [I€JIOUMCJIEHHBIX PEIeHU CUCTEM JIMHEHHBIX YPABHEHUIA CHEIMaIbHOTO BH-
na. HammM oCHOBHBIM PE3YJILTATOM sIBJISIETCS siBHAs (pOpMyJia, KOTOpasi BBIUKUCI/ISIET TAKUE CYyMMBbI ITy-
TEM BBEJIEHUSI JUCKPETHOTO aHaJjora omeparopa Heiorona—/lettouuna. /lannas dopmyna mpemsocrasiisier
MOIIIHBIA MHCTPYMEHT JIJIsi PelleHns: KOMOMHATOPHBIX 3aa4d. Mbl geMoHcTpupyeM 3hPeKTUBHOCTD Ha-
IIIETO TIOX0/1A, IPUMEHSISI €70 K KJIACCUIECKUM 3aa9aM, BKJIIOUYAsT BBIUYUC/IEHNE KOJTUIECTBA CUACTIUBBIX
OMJTIETOB.

KuroyeBbie ciioBa: GyHKIME BEKTOPHOIO pa3bMeHUs, pa3HOCTHBIE YpaBHEHUs, CYMMHpOBaHue (hyHK-
.
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Abstract. Since the beginning of the last century, non-associative algebraic systems have been used to
coordinatize non-Desarguesian projective translation planes. Such systems as semifields and quasifields
are now find application in cryptographic algorithm design. Hall quasifields were introduced in 1943 and
were the first examples of non-distributive and non-associative quasifields. They are two-dimensional
quasifields over the center, all non-central elements of which satisfy unique quadratic equation. The
automorphism group acts transitively on non-central elements. Hall quasifields of the same order coor-
dinatize the isomorphic translation planes, that is Hall planes. Increasing the dimension of the quasifield
over the center, we obtain generalized quasifields with the Hall condition. Such a quasifield cannot be
either a semifield or a near-field. More than one non-isomorphic quasifields with the Hall condition can
correspond to one irreducible polynomial over a given field. The spread set method is used for reasoning
and calculations. It allows to present the multiplication rule as a linear transformation and so to de-
scribe subfields and sub-quasifields, spectra and automorphisms. These structural questions with some
solutions are naturally transferred from the two-dimensional case. Unlike Hall quasifields, a multidimen-
sional quasifield with the Hall condition cannot be generated by a single element, this fact completes the
results by M. Cordero and V. Jha (2009) on covering and primitivity. Presenting examples, the authors
list all non-isomorphic quasifields of order 16 with the Hall condition and define their automorphism
groups.

Keywords: Hall quasifield, quasifield with Hall condition, spread set, spectrum, automorphism, right-
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primitive quasifield.

Introduction

To coordinatize the points and the lines in a finite projective plane, the elements of suitable
set @ are usually used. The properties of the incidence relation allow to introduce two binary
operation of addition and multiplication on ). A classical Desarguesian projective plane is
coordinatized by a skewfield, a translation plane by a quasifield. The concept of quasifield is
obtained by excluding the associativity of multiplication and one of the distributive laws from
the list of skewfield axioms.
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Definition 1. An algebraic system Q = (Q,+, ) with two binary operations + and - is called a
right quasifield if

1) (Q,+) is an Abelian group;

2) Q" =@\ {0},) is a loop;

3) the right distributive law holds, (a + b)c = ac+be (a,b,c € Q);

4)a-0=0 foralla € Q;

5) the equation xa =xb+c is uniquely solved for all a,b,c € Q, a # b.

A left quasifield is defined analogously.

The first examples of non-trivial semifields not being fields were presented in 1906-1907 by
L. E. Dickson [1], O. Veblen and J. Maclagan-Wedderburn. In the literature until 1975, the term
«Veblen-Wedderburn systems» was usually used to refer to quasifields [3, 20.4]. Quasifields have
anomalous properties compared to fields, but they are also widely used in projective geometry,
coding theory, and combinatorics.

Definition 2. A kernel of a right quasifield Q is the set of all elements k € Q satisfying the
conditions:

1) k(a+b) = ka + kb;

2) k(ab) = (ka)b for all a,b € Q.

A kernel of a quasifield is always a skewfield, hence it necessarily contains the prime subfield
formed by integer multiples of identity. A quasifield can be considered as a vector space over its
kernel [4, theorem 7.2]. Thus, a finite quasifield is of order p™, where p is prime. It is clear that
a quasifield of prime order p is the field; the minimal order of non-trivial quasifield is 9. We call
a center of quasifield @ the subset of the kernel K whose elements commute with all elements
from Q:

Z(Q)={z€ K| za=azVa € Q}.

A center of an arbitrary quasifield is not necessarily a subfield, see the examples of exceptional
Zassenhaus near-fields [3].

A quasifield with two-sided distributivity is called a semifield. First examples of non-trivial
finite semifields were shown by L. E. Dickson in 1906. A quasifield with associative multiplication
is called (right or left) near-field. First examples of near-fields were constructed by L. E. Dickson
in 1905 [5], all finite near-fields were completely classified by H. Zassenhaus in 1936 [6].

The first examples of finite quasifields that are neither semifields nor near-fields were presented
by M. Hall [7] in 1943 (see also [3, 20.4]).

Let the polynomial p(x) = 22 — rz — s be irreducible over GF(q) (¢ = p", p is prime). A
quasifield @ of order ¢ with the kernel K ~ GF(q) is called Hall quasifield, if K is the center of
Q@ and each element of @ \ K is a root of the polynomial ¢(x).

A finite Hall quasifield is a field iff it has order 4; it is a non-trivial near-field iff K = GF(3)
and ¢(z) = 2% + 1 [4, Lemma 9.2]. Hall quasifields over the same finite field K are isotopic
and coordinatize isomorphic translation planes which are Hall planes [8, Theorems 3.2 and 4.2].
Thus, all three non-isomorphic Hall quasifields of order 9 are isotopic to the Dickson near-field
of order 9. The properties of Hall planes are presented, for instance, in [9, Chapter 14].

Hall quasifields attract the attention of researchers by the possibility of applications and gen-
eralizations. G. Nagy identifies in [10] Hall quasifields that admit 2-transitive sets of even permu-
tations. Y. Hiramine proposes [11] a generalized Hall quasifield @ with base 1, A over kernel K,
each element of which ¢ = a+b) from Q\ K satisfies the functional equation €2 — 7(b)¢ — s(b) = 0,
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where r and s are mappings from K* to K. M. Biliotti and co-authors in [9, 14.3.11] formulate
the questions on the existence of infinite generalizations of Hall quasifields.

We can specify the examples of «near-Hall» quasifields not contained in any finite Hall quasi-
field. These are quasifields of order 16 whose spread sets were listed by U. Dempwolff while enu-
merating pairwise non-isomorphic translation planes of order 16 [12]. There are exactly 8 such
planes: one Desarguesian, coordinatized by the field GF(16), two are semifield planes, and five
are coordinatized by non-isotopic quasifields. V.M. Levchuk and P.K. Stuckert in [13, Theo-
rem 3.3] showed that each of Dempwolff quasifields Q1, Q3, Q4 is a set-theoretic union of seven
maximal subfields of order 4. These quasifields are not Hall quasifields, since they have dimen-
sion 4 over the center Zs, although all their non-central elements are the roots of the same
polynomial ¢(z) = 2% +x + 1.

Changing the dimension of the quasifield over the kernel in the definition of Hall quasifield,
we obtain a quasifield with Hall condition.

Definition 3. Let Q be a right quasifield of order ¢™ with the kernel K ~ GF(q) (¢ =p", p is
prime, m > 2). We say that Q is a quasifield with Hall condition if Z(Q) = K and there exists
an irreducible polynomial o(z) = x*> —rx —s € K[z] such that all elements of Q\ K are the roots

of p(x).

Clearly, m = 2 gives the Hall quasifield definition. This paper solves structural problems for
quasifields with Hall condition and lists all such quasifields of order 16 with their automorphism
groups. An explicit example of the quasifields with the simple non-Abelian automorphism group
PSL(2,7) is given.

1. Structural questions for finite Hall quasifields

The following structural questions for finite semifields and quasifields have long been studied
and were written by V.M. Levchuk in [14].

(A) Enumerate mazimal subfields and their possible orders.

(B) Find the finite quasifields Q with not-one-generated loop Q*.

(C) What loop spectra Q* of finite semifields and quasifields are possible?
(D) Find the automorphism group Aut Q.

In the previous paper [15], the authors solved (A)—(D) for finite Hall quasifields, listing known
results with proving new ones. We summarize key results for comparison with the m-dimensional
Hall condition case.

The spread set method is the primary investigation tool, for more details see [16].

Let Q = (Q,+,-) be a (right) quasifield of order ¢ (¢ = p", p is prime) with the kernel
K ~ GF(q). Then Q is a (left) vector space m-dimensional over K, and for fixed u € @, the
right multiplication map p,, : * — xu is a linear transformation of @ (by the kernel definition).
The set of all these transformations ¥ = {p,, | u € Q} is called the spread set of ). By definition,
Y contains zero and identity maps; the difference of any two distinct elements is invertible. The
set of matrices

R={0(u) | ue Q} C GLn(q) U{0}

for these linear transformations (in a fixed base) is also called the spread set.
Let Q be a right Hall quasifield of order ¢® with the kernel (center) K ~ GF(q) and associated

polynomial p(x) = 22 — rz — s. We will write elements of @ as rows (z,y), ¥,y € K, and choose
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the base ey, ey of the linear space (0, where e; = 1 is the quasifield identity, es ¢ K. The spread
set matrices are [15]

o= (5 ) vre swo=(5 ), 0

the multiplication of row vectors is performed according to the rule
(u,v) - (z,y) = (u,v)0(x,y), u,v, 2,y € K.

Note that the coordinate form of the multiplication record in a Hall quasifield Q) with e; =1
does not depend on the choice of the second base element. This is explaned by the transitivity of
the group Autx@ on @\ K. The matrices 6(x,y) with y # 0 forms a conjugacy class in GLy(q)
with characteristic polynomial ¢(x) [17].

Let P be the minimal subfield of K containing the coefficients r, s of the polynomial ¢(z),
|P| = p'. Tt is clear that ¢ | n and n/t is odd, otherwise K contains the splitting field of p(x). In
particular, if n = 2%, then P = K.

Theorem 1 ([15, Th. 1]). The automorphism group Aut @ of the Hall quasifield Q is of order
(¢*> — q)n/t, it consists of all semilinear transformations

@ =@y ) @

where a,b € K, b# 0, 0 € AutpK. The kernel stabilizer AutixQ 1is of order ¢*> — q, it consists
of all linear transformations (2) with o = 1.

Corollary 1 ([15, Cor. 2]). Two Hall quasifields Q1 and Qs of order q* with the center K ~GF(q)

and associated polynomials o1 (x) = 22 —rix— s, and o) = 22 — rox — so are isomorphic iff
there exists an automorphism o of K such that r{ = ra, s = sa.

Thus, to determine the number of pairwise non-isomorphic Hall quasifields of the same order,
we must group the irreducible polynomials in K[z] according to their coefficient field P. In
particular, all Hall quasifields of order p? with different associated polinomials are pairwise non-
isomorphic. In general case, the number of pairwise non-isomorphic Hall quasifields is at most

q(q—1)/2.

Theorem 2 ([15, Th. 2|). The center K of a finite Hall quasifield Q is its unique mazimal
subfield, except when K ~ GF(2?"+1) and p(x) = 2® + 2 + 1, where Q is the union of K and
subfields of order 4.

Non-associative multiplication in a quasifield leads to taking into account the order of brackets
even when writing the product of identical factors.
Definition 4. The right-ordered n-th degree of an element a € Q* is defined inductively:
JRESY

al):a, :ai)-a, 1=1,2,....

The smallest integer m with the condition a™ = 1 is called the right order of a, the set of right
orders of all elements is the right spectrum of the loop Q*.

Definition 5. An element a € Q* is called right-primitive if the multiplicative loop Q* is ex-
hausted by the right-ordered degrees of this element:

Q= {1,a,a2),a3),...}.

A quasifield Q containing a right-primitive element is also called right-primitive.
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A left-ordered degree, left order, left spectrum, and left-primitive element are defined simi-
larly. As proved in [14, Lemma 5], the right and left orders of an element do not exceed the order
of the loop Q*. More precisely [15, Pr. 2|, the right order of an element a of a right quasifield
divides the order of the matrix 6(a) of a spread set in the group GL,,(q). Calculating the left
order of an element in a right quasifield (and vice versa) is more complicated.

For a Hall quasifield @, the transitivity of the automorphism group on @ \ K implies that all
non-central elements have the same right order and the same left order.

Theorem 3 ([15, Th. 5|). The right spectrum of a Hall quasifield Q is M U {u}, where M is
the set of all divisors of ¢ — 1, v is a divisor of ¢> — 1 that does not divide g — 1. Conversely, for
any M U{u} of the described form there exists a Hall quasifield with such a right spectrum. The
left order of any non-central element in a Hall quasifield is three for r = s, four for r =0, and
more than four otherwise.

In 1991, G. Wene conjectured [18]: Any finite semifield is left-primitive or right-primitive.
This conjecture was disproved in 2004 by I. Rua, who presented a counterexample of order 32.
This commutative Knuth—Rua semifield is neither right-primitive nor left-primitive. A second
counterexample is the Hentzel-Rua semifield of order 64, constructed by [19] in 2007 (see also [14]
for details).

M. Cordero and V. Jha studied [20] the primitivity problem for quasifields, focusing on the
non-primitivity of Hall quasifields covered by proper subquasifields. Let @) be a finite quasifield
with the set of proper subquasifields Q@ = {Q; | 1 < i < n}, such that Q@ = UQ;. Then Q is
a covering of Q, @ is a quasifield admitting a covering. Clearly, a quasifield with a covering is
non-primitive. More precisely, any element a € @) is neither left- nor right-primitive.

Among finite Hall quasifields, some are coverable, others are right-primitive in the case when
P = K and ¢(z) is a primitive irreducible polynomial. For any ¢ = p" there exist ¢(q> —1)/(2n)
of right-primitive Hall quasifields of order ¢?, where ¢ is the Euler function [15].

2. General results for quasifields with the Hall condition

Let @ be a right quasifield of order ¢"™ with the Hall condition. Its kernel K ~ GF(q)
coincides with the center, all elements of @ \ K are roots of the irreducible polynomial () =
2?2 —rz — s € K[z]. Such Q admits a cover by Hall quasifields of order ¢>.

Theorem 4. A quasifield Q of order ¢"™ with the Hall condition and kernel K ~ GF(q) is the
union of isomorphic Hall quasifields of order ¢* intersecting on K.

Proof. For any a € Q\ K, consider the two-dimensional linear subspace H, = {x+ya | z,y € K}
and verify that it is closed under multiplication. Indeed, let b,c € H,, b = 21 +y1a, ¢ = 29 +y2a,
zi,y; € K. If yy = 0, then ¢b € H,. For y; # 0, the vectors 1,b form a base of H,, and
¢ = x3 + y3b. Then

cb = (23 + y3b)b = 23b + y3b> = x3b + y3(rb + 5) = yzs + (x3 + y37)b € H,,.

Note that we do not directly simplify the product (x1 + y1a)(z2 + y2a) due to only one-sided
distributivity.

So, H, is closed under addition and multiplication, it is a Hall quasifield of order ¢? with
the center K and associated polynomial ¢(z). Now we choose d € Q \ H,, compose Hy and so
on. All such Hall subquasifields H,, a € Q \ K, are isomorphic, since they have the same order
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and are determined by the same quadratic polynomial. The number of such subquasifields is
obviously

=1l4+q+¢+-+q¢">

The theorem is proved. g
For ¢ = p = 2, a special case arises when the covering is composed of subfields of order 4.

Corollary 2. A quasifield Q of order 2™ with the Hall condition and with the kernel K ~ Z,
and associated polynomial o(x) = x? + x + 1 is the union of 2™~ — 1 subfields of order /.

Unlike Hall quasifields, several non-isomorphic quasifields may correspond to one polynomial
p(z) for fixed ¢ and m. This is confirmed by direct calculations even in the case of minimal
order |@Q| = 16 (see below) and is explained by the ambiguity of composing matrices of a spread
set. Let us explain using the example m = 4. Consider the matrix 0(z,y, z,t) of a spread set
for arbitrary z,y,z,t € K. It is clear that for y = z = ¢t = 0 we obtain the scalar matrix
6(x,0,0,0) = zE. In other cases, the vector (x,y, z,t) must be a root of the polynomial p(z):

(I7 y7 Z? t)e(z7 y7 Z? t) = T(x’ y’ Z, t) + 5(17 07 0’ 0)' (3)

The matrix of a spread set is uniquely determined by its first row, i.e. the remaining elements
are functions (polynomials) of the variables z,y, z, t:

r Yy =z t

G(xyzt): fl f2 fS f4
B g1 92 g3 9ga
hi ha hs hy

here f; = fi(x,y, 2,t), g; = gi(x,y, z,t), hy = hi(x,y, 2,t). Then from the equation (3) we get:

yfi+zg1 +thy = —p(),

yfa+ 292 + the = y(r — z),
yfs + zgs + ths = z(r — x),
yfa+ 294 +thy =t(r — ).

2

From this system of m = 4 equations, m* — m = 12 functions f;, g;, h; are not uniquely de-

termined, as well as for other m > 2. For m = 2, that is, for the Hall quasifield, we have
m =m? —m = 2, and the functions of the spread set are expressed uniquely.

We cannot yet propose a solution to the problem of the structure of the automorphism group
of a quasifield with the Hall condition due to the existence of a large number of variants (see
examples below), except for the following obvious fact. The group Aut @ must permute the Hall
subquasifields H,, a € @ \ K. A subgroup of Aut @ that fixes the subquasifield H, induces an

automorphism group Aut H,, whose structure and order are known, see Theorem 1.

Lemma 1. Let Q be a quasifield of order ¢™ with the Hall condition, its center be K ~ GF(q),
P ~ GF(p') be the coefficient subfield. Then the order of the automorphism group Aut Q divides

the number %(q2 @) (I+q+¢+-+q" )
The question (A) on maximal subfields is solved similarly to Hall quasifields.

Theorem 5. Any subfield of a quasifield Q with the Hall condition is contained in one of its
Hall subquasifields.
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Proof. Consider the centralizer of a € Q: C(a) = {x € Q | ax = za}. The centralizer of the
element a in the subquasifield H, is equal to K U {a,r — a}, see [15]. We will show that no
element b € @Q \ H, commutes with a. Let the first three base elements of the quasifield @ be 1,
a, b (they are linearly independent). Consider the matrices of a spread set 6(a) and 6(b):

0 1 0o ... 0 0 1
s r 0 ... a B v
0(a) = a B ~v ... o(b) = s 0 r ’

here a®> = s+7ra, ba =ab=a+ Ba+yb+ ..., b> = s+ rb, the coefficients of the decomposition
in the base are the corresponding rows of the matrices. By the definition of a spread set, the
difference of these matrices must be non-singular, but

0 1 -1 ... 0 -1
S — « ’["—IB — PPN S —« T_B - et
det(0(a) —0(b)) = a—-s B fyffyr U ) r —Z =0

The resulting contradiction shows that outside the subquasifield H, there are no elements com-
muting with a. And like the case of Hall quasifield [15], the centralizer of an element a € @ \ K
is KU{a,r —a}.

Now let F be a subfield of @ that is not completely contained in H,. If b € F'\ H,, then
ab =ba and b € C(a), then b € K, that contradicts to the choice. |

Corollary 3. The center K of a finite quasifield QQ with the Hall condition is its unique maximal
subfield, except when K ~ GF(22*1) and ¢(x) = x> + x + 1, where Q is the union of K and
subfields of order 4.

The question of spectra is also solved similarly to the finite Hall quasifield, except that we
cannot yet guarantee the existence of a Hall quasifield for any possible choice of kernel and
associated polynomial.

Theorem 6. The right spectrum of a quasifield Q with the Hall condition is M U{pu}, where M
is the set of all divisors of q—1, 1 is a divisor of ¢> — 1 that does not divide g — 1. The left order
of any non-central element in a Hall quasifield is three for r = s, four for r =0, and more than
four otherwise.

Here p is the order of the root a of ¢(x) in the multiplicative group of the field K () ~
GF(q?), that is, p is uniquely determined by ().

Since the degrees of any non-central element a € @ belong to the Hall subquasifield H,,
a quasifield @ with the Hall condition is not generated by one element. It is neither left- nor
right-cyclic, since the base elements necessarily belong to different Hall subquasifields H,,.

Recall that right-cyclic is a quasifield @ of order ¢"™ with the kernel K ~ GF(q), admitting
a K-base {e, a, a?, ... ,am_l)}, composed of right-ordered degrees of some element a € Q
(left-cyclic is defined similarly).

Theorem 7. A finite m-dimensional quasifield with the Hall condition (m > 2) is not left- and
right-primitive, left- and right-cyclic, and is not generated by one element.

The following result bounds the dimension m of a quasifield with the Hall condition.
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Theorem 8. A finite quasifield with the Hall condition cannot have dimension 8 over its center.

Proof. Let |Q| = ¢, a € Q\ K, A = 0(a) is the corresponding matrix of a spread set, A € GL3(q).
Since a ¢ K, then the matrix A is not scalar, its characteristic polynomial has degree three and
is divisible by the minimal polynomial of A:

det(A—AE) = (AN —rA—s)(A— ), BEK.

Let b € @ be an eigenvector of the linear transformation with the matrix A, corresponding to
the eigenvalue \ = f:
bA = Bb = ba = bp.

From the definition of a loop it follows that a = 8 € K, we get a contradiction. m]

A quasifield with the Hall condition is neither distributive nor associative.

Theorem 9. A finite quasifield Q with the Hall condition of dimension m > 2 over the kernel
s not a semifield.

Proof. Let Q be a semifield with the Hall condition, |Q| = |K|™, m > 2 (more precisely, m > 3).
If a € Q\ K, then p(a) = p(a+1) =0. Hence a®> —ra—s=0and (a+1)> —r(a+1) —s=0,
2a+1—r=0. If p# 2, then a = (r — 1)/2 € K, it contradicts to the condition. Hence, only
p =2 and r =1 are possible.

Since m > 2, there exist a,b € @ \ K such that 1,a,b is a linearly independent system over
K. Then ¢(a) = ¢(b) = p(a + b) = 0, whence ab + ba = —s.

The system 1, a,b+ s is also linearly independent over K, therefore a(b+ s) 4+ (b+ s)a = —s,
as = sa. Further, from a + s ¢ K it follows ¢(a +5) =0, s> =5 =0, s =1 (s # 0 due to the
irreducibility of the polynomial ¢(z)). Thus, p(z) = 22 + z + 1, |K| = 22k+1,

Since m > 3, the basis @ over K contains at least four linearly independent vectors. Let these
be the vectors 1,a,b,c. Thena+b+c € K, p(a+b+¢) =0, ab+ba =ac+ ca =bc+ cb=1:

(a+b+c)+(a+bte)+1=
=(@+a+1)+®*+b+1)+ (2 +c+ 1)+ (ab+ ba) + (ac + ca) + (bc + cb) =
=14+1+1#0,

we obtain the contradiction that completes the proof of the theorem. ]

Recall that there is one near-field among the Hall quasifields, it is Dickson near-field of order 9.
The remaining near-fields of dimension 2 over the kernel do not satisfy the Hall condition: neither
the seven exceptional Zassenhaus near-fields, nor the Dickson near-fields from the class DF(q, 2),
q # 3. We will show that the Dickson near-fields of dimension greater than 2 over the kernel also
do not satisfy the Hall condition.

Theorem 10. A finite quasifield QQ with the Hall condition of dimension m > 2 over the kernel
s not a near-field.

Proof. Let Q € DF(q, m) be a Dickson near-field of dimension m > 2 over the center K ~ GF(q),
g = p". Then (g, m) is a Dickson pair, i.e. all prime divisors of m divide ¢g—1 and m #Z 0 (mod 4)
for ¢ =3 (mod 4).

In accordance with the Dickson—Zassenhaus construction [3], we define a new multiplication
o on elements of GF(¢™). Let z be a generator of the multiplicative group of the field. For any
element u = z*™*7 the congruence

¢ =1+35(g—1) (modm(q—1))
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leads to the number ¢ € {0,1,2,...,m — 1} and we set wou =u - wd' .

It is clear that for j = 0, that is, for u € (z™), we obtain w o u = u - w and, in particular,
uwou = u? is a square in the field GF(¢™). The subgroup H = (2™) has the order (¢™ —1)/m and
contains more than two elements for any m > 3, which is easily verified by methods of calculus.
This means that the quadratic equation u o u — ru — s = 0 will have more than two roots in the
field GF(q™), among the elements of the set H, which is impossible. The theorem is proved. O

3. Quasifields of order 16 with the Hall condition

Let @ be a quasifield of order 16 with the Hall condition, 4-dimensional over the center Zs.
Then any element a € @, not equal 0 or 1, has the minimal polynomial p(z) = 2% + x + 1,
irreducible over the center, and a quasified @) is the union of seven subfields of order 4. The
matrix A = 6(a) from the spread set R C GL4(2) U {0} has the minimal polynomial divisible to
©(x) [21], so the normal diagonal form of the matrix A — AE must be diag(1,1,¢(\), p(A)) or
diag(1,1,1,0%(N\)).

The square matrices of the same dimension are conjugated iff their characteristic matrices
have the same normal diagonal form. Therefore, without loss of generality, we can assume that
R\ {0, E} contains in the union of two conjugacy classes [A;] and [As], with the representatives

01 00 01 00
Ay = 1 1.0 0 Ay = 1100
00 01 1 0 01
0 011 01 11
Direct computer calculations show the powers of these classes: |[41]| = 112 and |[Az]| = 1680.

Nevertheless, we must preserve in the class [As] only the matrices A, where the first row a =
(a11, a12, a13,a14) is the root of the polynomial ¢(z), that is with the condetion a- A+a+1 = 0.
Here 1 = (1,0,0,0) = e; is the identity of a quasifield @ and the first base vector. The union of
two conjugacy classes, with this restriction, contains 448 matrices. Divide all the matrices into
subclasses numerated by the first row: Myoo1, Moo10, Moo11, - - -, M1111. Choose one matrix from
every subclass, complete the matrices set by zero and identity matrices, and prove the definition
of a spread set: any non-zero matrices difference must be non-degenerated. From the subclass
Mo100 we choose Ay or A;. Computer search of variants results in 100 spread sets from the class
[A1], no one spread sets from the class [A3], and three spread sets from the union [41] U [Azg].

It is known (for instance, [22]), that the isomorphism of the quasifields of the same order p™
is a linear map 3 : u — uB of n-dimensional vector space over Z,, it operates on the spread sets
R and R’ by conjugation:

B '9(u)B = 0'(uB) Yu€Q

(here 6(u) € R, 6'(uB) € R’). This linear map with the matrix B must transfer the identity of
the first quasifield to the identity of the second quasifield, therefore the first row of the matrix
B equals (1,0,0,0). Consider all such the matrices, we obtain the isomorphism classes and,
simultaneously, we find the automorphism group of every quasifield.

To store information about the matrices B € GL4(2) and quickly access them in programs,
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we introduce the binary number of each matrix (see also [19]):

b1 b2 b1z bu
bai bax bag bog
b31 bz b3z b3y
bsr baz baz by

N(B)2215'b11+214~b12+213-b13+212'b14—|—211-b21+"'—|—2b43+b44.

So, for instance, the identity matrix £ has the binary number 33825. The Tab. 1 contains the
spread sets of all pairly non-isomorphic quasifields of order 16 with the Hall condition, defined
by binary numbers of their matrices, without 0 and F.

Table 1. Spread sets of quasifields

Quasifield | Binary numbers of matrices from R\ {0, E'}
Q1 4713 9133 12773 19475 23223 27484 31178
40664 44934 48511 51250 54862 59387 62868

Q2 4713 9133 12773 19475 23494 27003 31388
40792 44430 48887 51250 55231 58836 63050

Q3 4713 9636 14686 19475 23494 25562 31388
38472 41349 48511 51250 57319 59387 65213

Q4 4713 9636 15062 19475 21406 27484 31178
38472 41349 48887 51250 55231 61309 65003

Qs 4713 10671 15062 19475 22506 27484 29109
38472 44430 48887 51250 54219 61309 62868

Qs 6105 11686 14686 19475 21103 26036 31388
39912 41349 48887 51250 54219 61309 63050

Q7 6905 11175 14686 19475 21103 25562 29109
38472 42892 46532 51250 56982 61309 65003

Qs 7033 10671 15062 19475 22506 26036 30285
40792 44430 48887 51250 54219 57749 62060

Qo 4729 9135 12758 19475 23271 27482 31165
40520 44940 48580 51250 54942 59381 62827

Q1o 6761 11181 14821 19475 21183 25556 29002
38488 42894 46583 51250 57030 61307 64924

Qn 7161 10663 14942 19475 22378 26044 30405
40920 44422 48767 51250 54091 57757 62180

The spread sets of three quasifields Q9, Q19 u Q11 contains two matrices 19475 (A4;) and
51250 (A; + E) from the class [A4;], and other matrices from the class [As]. The first eight
quasifieds has the spread set from [4;] U {0, E}.

Now we consider the isomorphisms 3 : Q; — @Q; and obtain the elements of the automorphism
groups Aut Q;. The Tab. 2 contains the binary numbers of matrices from automorphism groups.

The small orders of these groups allow us to recognize the groups by the spectrum, see Tab. 3.

Theorem 11. There exists exactly 11 pairly non-isomorphic quasifields of order 16 with the
Hall condition. They all are J-dimensional over the center Zs and they are the union of seven
subfields of order 4. The automorphism groups of these quasifields are: Ss, S4, A4, Z7 NZ3 and
the simple non-Abelian group PSL(2,7).
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Table 2. Automorphism groups

Quasifield

Aut Qz

Binary numbers of matrices from Aut Q;

Qla Q7a Q97
Q10, Qu1

Sy

33811 33825 33842 33887 33901 33918 33943 33957
33974 34011 34025 34042 35858 35875 35889 35930
35947 35961 35998 36015 36029 36054 36071 36085

Qs

Sy

33353 33366 33463 33710 33737 33759 33825 33887
33974 34094 34119 34225 35382 35527 35545 35631
35662 35673 35889 36015 36054 36151 36257 36302

Q2

S3

33811 33825 33842 35858 35875 35889

Qs

S3

33825 33943 34042 35858 35961 36012

Qs

AN

33090 33149 33214 33300 33403 33517 33825
33918 34011 34738 34769 34788 35623 35661
35809 36119 36142 36276 36379 36423 36562

Q4

Ay

33090 33300 33710 33825 34203 34509
35253 35555 35673 36054 36204 36410

Qs

PSL(2,7)

33063 33086 33099 33106 33132 33141 33190 33215
33226 33235 33261 33268 33311 33333 33353 33366
33379 33404 33437 33463 33483 33492 33505 33534
33558 33581 33610 33628 33639 33649 33685 33710
33737 33759 33764 33778 33811 33825 33842 33887
33901 33918 33943 33957 33974 34011 34025 34042
34074 34094 34100 34119 34153 34163 34207 34219
34225 34242 34284 34294 34324 34347 34367 34373
34385 34426 34450 34477 34489 34499 34519 34556
34589 34596 34617 34630 34651 34658 34714 34723
34750 34753 34780 34789 35109 35133 35151 35159
35178 35186 35244 35252 35270 35294 35299 35323
35358 35382 35405 35411 35429 35451 35476 35516
35527 35545 35567 35569 35607 35631 35662 35673
35681 35702 35740 35748 35781 35794 35818 35837
35858 35875 35889 35930 35947 35961 35998 36015
36029 36054 36071 36085 36123 36140 36151 36163
36207 36212 36246 36257 36282 36302 36322 36345
36373 36393 36412 36417 36436 36477 36507 36519
36530 36559 36570 36595 36636 36646 36666 36674
36702 36708 36755 36777 36789 36813 36817 36843

Table 3. Number of automorphisms of order 2,3,4,7

Quasifield

AwtQ:] | 2 17 AuQ;

Qh Q57 Q77 Q97 Q107 Qll 24 9

Sy

Q2, Qs

DN OOl W
(=}

6 3

Qs

21 14 6

Q4

12 31 8 Ay

Qs

168 | 21 | 56 | 42 | 48 | PSL(2,7)
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Note that the computer result corresponds to the estimation of automorphism group order
from Lemma 1: the order of |Aut Q] must divide the number

2
%(qr"—q)~(1+q+q2+-~-+qm*2)!:5(22—2)(1+2+22)!:2.7;

Really, it holds for orders of all constructed automorphism groups Aut Q;.

To investigate quasifields, it is useful to represent the matrix elements in the spread set by the
functions (polynomials) of the first row elements as arguments. In the case of basic field Zy these
functions are Zhegalkin polynomials, which are easy to find by direct search or by the indefinite
coefficients method. Thus, the functional record of the spread set matrices for the quasifield Q5
is following:

T Y z t
0(z,y, 2, 1) = y+z+yz+yt xz+y+yz t+yz z+yt+ 2zt
s z+yz+yt t+yz rHz+t+yz  y+uyt+ ozt
z2+t z y+z rz+y+z+1
10 0 0 01 0 0 0 010 0 0 01

—x0100+1100+21001+t0010+

oo 1ol 00 01 1010 01 10
0 0 0 1 0 0 1 1 1 1 1 1 1 0 0 1

0 0 0O 00 0 O 0 0 0 O

n 11 10 4t 1 0 0 1 4 ot 00 0 1

z
li a1 071 0 0 1 000 1
0 0 0O 00 0 0 0 0 0 0
For compact record of the matrix polynomial 6(z,y, z,t), we replace each coefficient matrix

with its binary number:
0(x,y, z,t) = x[33825] 4+ y[19475] + z[10671] + ¢[4713] + yz[3808] + yt[2448] + zt[272].

Such the functional representation of the spread set for all quasifields is shown in the Tab. 4.
Note that two first terms are zE + yA; throughout the table.

As it is proven in [15], three quasifields of order 16 with the Hall condition from the paper
[13] are not contained as subquasifields in any finite Hall quasifield. Let prove this fact for
all quasifields of order 16 with the Hall condition, without exact matrix representation of all
11 spread sets. Nevertheless, this proof is possible due to the unique irreducible quadratic
polynomial over Z,, and it is difficult for another basic field, even in the case of the same
dimension 4.

Theorem 12. A quasifield of order 16 with the Hall condition is not contained in any finite Hall
quasifield.

Proof. Let @ be a quasifield of order 16 with the Hall condition, it is 4-dimensional over the
center Zs. Let the vectors e; =1, e3 = a = (0,1,0,0), e3 = b = (0,0,1,0), e, = ¢ = (0,0,0,1)
form its base. Consider the correspondent matrices from the spread set:

0 1 00 0 0 1 O 0 0 0 1
1 1 0 0 bl b2 bg b4 Ci1 Cg C3 (4

f(a) = 0(b) = O(c) =

(a) ai 0 0 1 ’ ( ) 1 0 1 0 ’ (C) Cs C¢ C7 Cg ’
0 ay 1 1 b5 bG b7 bg 1 0 0 1
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Table 4. Functional representation of spread sets

Quasifield | 6(z,y, 2,t)

O 2[33825] + y[19475] + 2[9133] + t[4713] + 22[2058] + 2[2192]+

+y2z[1250] + yt[1229] + 2t[33] + zyz[140] + zyt[72] + 22t[2081] + y2¢[1043]
Qs [33825] + y[19475] + 2[9133] + t[AT13] + x2[2562] + 2£[2320]+

+yz[1733] + yt[1468] + 2t[33] + xyz[652] + xyt[328] + x2t[2081] + yzt[1043]
Qs (33825 + y[19475] + 2[9636] + £[4T13] + y2[2669] + yt[1468] + =¢[3731]
Q4 2[33825] + y[19475] + 2[9636] + t[AT13] + y2[747] + yt[3556] + 2¢[3355]

] + ] +
Qs 2[33825] + y[19475]
] ]

2[
+y + 2[10671] + t[4713] + y2[3808] + yt[2448] + 2¢[272]
Qs 2[33825] + y[19475] + 2[11686] + £[6105] + 2y[72] + 22[2568] + £t[400]+
+yz[64] + yt[3457] + 2t[801] + zyz[1190] + zyt[3157] + 22t[803] + y=t[528]
Q- [33825] + y[19475] + 2[11175] + £[6905] + y=[512] + y¢[256] + =£[2048]
Qs (33825 + y[19475] + 2[10671] + [7033] + 2y[196] + 22[2562] + y=[1638]+
+yt[289] + 2t[3857] + xyz[3240] 4+ xyt[2204] 4+ x2t[394] + y=t[887]

Qo 2[33825] + y[19475) + 2(9135] + £[4729] + 22[2050] + £[2064]+
+yz[1254] + yt[1165] 4+ xyz[140] + xyt[72] + x2t[2081] + yzt[1043]

Qo | #[33825] + y[19475] + 2[11181] + [6761] + £2[2050] + x[2064] +
+yz[1130] + yt[1221] + 2t[2081] 4+ xyz[140] + xyt[72] + x2t[2081] 4 yzt[1043]

Qu 2[33825] + y[19475] + 2[10663] + t[7161] + y=[8] + yt[128] + 2£[2048]

ai,bi,¢; € Zy. If a3 = 0, then we have the matrix 6(a) = A; with the minimal polynomial
2% + 2 + 1, and the matrix 6(a) = Ay with the minimal polynomial (22 + x + 1)? in the case
a1 = 1.

If the Hall quasifield Q' of order 22" with the kernel K ~ GF(2") contains the subquasifield
Qo of order 16 isomorphic to @, then n is odd, Qo N K = {0,1}, p(x) = 2? + = + 1.

Let ¢ be an isomorphism from @ onto ()y. Define the images of base elements 1, a, b, ¢ in Q.
It is clear that 19 = 1 is the identity of the quasifield @’. Choose the image of ¢ =d € Q'\ K as
second base element of the Hall quasifield Q’, which is considered as 2-dimensional vector space
over K. Then d ¢ K, otherwise the kernel K contains the subfield of order 4, and the polynomial
() is reducible over K; denote d = a” = (0,1).

Calculate the products of base elements a and b in the quasifield Q:

ab = a@(b) = (bl, bg, b37 b4) == b1 + bQCL + b3b + b467 ba = (0,1, 0, 0, 1) =ai +c.

If by = 0, then (bs + a)b = by + baa. The elements b3 + a and by + bea belong to subquasifield
H, in the quasifield @, and so b € H, due to closedness, and the linear dependence of 1, a, b
contradicts the base choice. Thus, by = 1.

Let b° = (x,y) € Q. If y = 0, then b° € K, that contradicts the condition ¢(b%) = 0
Therefore, y # 0 and from (1) we have

0'(b7) = 0'(x,y) = (—yfso(ff) Tgx) - (yl(:L'Qf-ZL"F 1) 11%) '
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Find the image ¢ from the conditions ab = by + baa + b3b + ¢ and ba = a1 + ¢:

¢ =a’b” 4+ 0117 + baa” + b3b” = (0,1)0'(x,y) + b1(1,0) + b2(0,1) + bz(x,y) =
=@ N2+ o+ 1)+ by + b3z, 1+ 2+ by + bsy),
@ =07a’ + 117 = (z,9)0'(0,1) + a1(1,0) = (y + a1,z + y).

Now we have the system of equations

y @2 +z+ 1)+ b+ bz =y +a,

(4)
l+z+by+bsy=1z+y,

and from the second equation we obtain (b3 + 1)y =14 be, and y € Zo, y = 1, or by = b3 = 1.
If y = 1, then we obtain b = 21 +d =21+ a%, (a + b)? =2 € K. Because p(a+b) =0 in @,
we see p(z) =0 in @', the contradiction.

It remains to consider the case by = b3 = 1. As ca = a1 + b + ¢, from the isomorphism we
have c°a’ = a1a% + b° 4+ 7,

0 1

wrane+) (] 1) =00+ @)+ Gt aatn) =0 =0, ¢ =)

If a; = 0, then the minimal polynomial of the matrix (a) is A2+ X+ 1, and from the arbitrary of
base elements choice it follows that the matrices 8(b) and 6(c) have the same minimal polynomial.
Turning the matrix 8(b) — AE to a normal diagonal form, we obtain

1 0 0 0

0 1 0 0

0 0 MN+r+1 0 ’
0 0 t A2+ A+1

where t = byA2 + (bs + by + 1)\ + (bs + by). It is possible only t = 0 or t = A\? + X + 1, therefore
bs = 1, by = by + 1. Note that the condition det(0(b) — AE) = (A2 + A+ 1) leads to by = bg = 1
and bg = by +1 = 0. The element b; is non-zero, because otherwise the matrix 6(a) + 6(b)
contains equal rows and is degenerate. Thus, b; = 1, by =0,

0 010
CR )
1 10 0
and the first equation from the system (4) become
P H+ry+yi+r+y+1=0. (5)

For the matrix 6(c), the characteristic polynomial is (A% + A\ + 1)?, so ¢3 = ¢ = 1 and
c7 = ¢ + 1. The minimal polynomial of the matrix

0 0 0 1



Olga V. Kravtsova, Valeria S. Loginova Finite Quasifields with the Hall Condition

is A2 4+ X + 1, and we have two possible cases:

c5 =0, cs =1,
(1) {es=ci, (2) §es=c1+co,
¢y = c1(1 + o), ca=c1(1+c2)+ 1.

Further we consider ac = ¢1 + coa + b+ c4c and (ac)?:

oo y z+ y)
a’c® = (0,1 _ =c1(1,0) +c2(0,1) + (z,y) + ca(y, z + vy),
00 (4 oy 1)) =0+ )+ () +enlo +3)
(z+y) P +y+ 1) =c+a+ay,
14+ ¢ =ca(z+y).

If ¢4 = 1, then x4+ = 1, and the first equation is y> +y+1 = ¢1, that leads toc; = 1, y = 1,
x=0,b" = (z,y) = (0,1) = a?, it contradicts linear independence. Thus, ¢4 = 0, c; = 1, and
the case (1) is realized. The element ¢; is non-zero, because otherwise the matrix 6(a) + 6(c)
contains the equal rows and is degenerated:

0(a)+6(c) =

_ o O O
— =0 O
_ o O O
S = = O
— O O =
_ O = O
O = O =
_ O = O

1
0
1
0

o O = O

1
1
0
0

oS O = O

Therefore, ¢; = 1, and the first equation leads to 22 +y? +x +zy+ 1 = 0, and from (5) we have
y = 0, that is impossible. The resulting contradiction proves the theorem. O

Remark 1. Note that the matrices 8(b) and 6(c) from this proof have the binary numbers 12204
and 7769 respectively. They are, together with the matriz 8(a) = Ay, contained in eight spread
sets from our 103 ones, obtained by direct computer calculations. Nevertheless, the quasifields
with these spread sets are in three isomorphism classes of the power 7, 7 and 28, so, they are
isomorphic to quasifields with another matrices 0(b) and 0(c). This result indirectly confirms the
validity of the proved theorem.

Conclusion

The enumeration problem for quasifield of order 16 with the Hall condition solved here is
naturally generalized to the problem of constructing quasifields of another orders. We must note
that even in the case of |@Q| = p* and p > 2 the reasonings and calculations will become much
more complicated, because in this case the minimal polynomial of a non-scalar matrix can be the
product of two different irreducible polynomials p(x)i(x) € Z,[x]. The question of the existence
of such quasifields remains open, as well as an estimate of their number.

Problems on the order and the quantity of subquasifields in Hall quasifields and in the quasi-
fields with the Hall condition are of natural interest: Can such a quasifield contain a subquasifield
of a dimension greater than two over the kernel?

The assumption of the existence of a non-Hall quasifield in a Hall quasifield does not contain
obvious contradictions. It seems possible that an arbitrary subquasifield F' of a Hall quasifild
Q@ does not satisfy the Hall quasifield definition. Evidently, it may be in the case when the
coefficients of the polynomial ¢(z) do not belong to the center of subquasifield F.
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The authors hope for further development of the spread set method in relation to the objects
described and for progress in solving the problems of classification of finite quasifields.

This work is supported by the Krasnoyarsk Mathematical Center and financed by the Ministry
of Science and Higher Education of the Russian Federation (Agreement no. 075-02-2025-1790).
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Koneunsle KBa3uIoJia c yciioBuemM XoJ11a
Ouabra B. Kpasmosa

Cubupckuii deiepajbHbIl YHUBEPCUTET
Kpacuosipck, Poccuiickas @eeparius

Basiepus C. JlorunoBa
WMucturyT BHIYMCIUTEILHOTO MOseuposanus CO PAH
Kpacnosipck, Poccuiickas @emeparims

Awnnoranusi. [y KOOpAMHATH3ANNNA HEJE3aPTrOBLIX MPOEKTUBHLIX MJIOCKOCTEH TPAHCIANNI ¢ HAYAIA
[POIILJIOTO BEKa IIPUMEHSIIOT HEACCOIUATHBHBIE aJIredpandecKue CUCTEMbI: HOJIYIOJs ¥ KBA3UIOJsd. DTH
CHCTEeMBI HaXOJSAT ceiff9ac MPUJIOXKEHNE U B Pa3paboTKe KPUNTOIPAMDUIECKUX aJITOPUTMOB.

Ksasunoss Xosta 6b11u npeactaBiessl B 1943 romy u siBUJIUCH TEPBBIM IPUMEPOM HEIUCTPUOY THUB-
HBIX U HEACCOIMATHBHBIX KBa3WIIOJEH. DTO JBYMEpHbIE HaJl [IEHTPOM KBA3UIIOJIsI, BCE HEIEHTPAJIbHbIE
9JIEMEHTBI KOTOPBIX YIOBJIETBOPSIIOT OJTHOMY KBaJpAaTHOMY ypaBHEHH0. ['pymma aBTOMOPGMU3MOB meii-
CTBYeT TPAH3UTUBHO HA HEIEHTPAJbHBIX dIeMeHTaX. Bce KBasnmoss XoJua OMHOrO MOPsIKa KOOPINHA-
TU3UPYIOT OJHY IJIOCKOCTHb TPAHCJISANNN — IJIOCKOCTh XOJIJIA.

VYBenuauBasi pa3MepHOCTh KBA3WIIOJsT HAJ IEHTPOM, IOJIydYaeM OOOOIIEHHbIE KBA3UIIO/IS C YCIOBU-
eM Xosuta. Takoe KBa3umosie He MOKeT ObITh HU IMOJIYIIOJIEM, HUA MOYTU-T10J1eM. OJIHOMY HENPUBOJMMOMY
MHOT'OYJIEHY HaJl JAHHBIM IIOJIEM MOXKET COOTBETCTBOBATH HECKOJILKO HEM30MOP(MDHBIX KBA3HUIIOJIEH C YCIIO-
BueM XoJIa.

s mcceoBaHusT IPUMEHSIETCS METO/I, PETYJIIPHOIO MHOXKECTBA, OCHOBAHHBIN HA 3AIMCA YMHOXKEe-
HUSI KaK JIMHEHOTO Mpeobpa3oBaHus. PelleHre HEKOTOPBIX CTPYKTYPHBIX BOIIPOCOB €CTECTBEHHO IEpe-
HOCHUTCS C JBYMEPHOTO CJIydasl: OIMHUCAHBI OO U CIEKTPBI. B oTiindme OT KBa3umoss XOJjia, MHO-
TOMEPHOE KBA3WIIOJI€ C YCJIOBHEM XOJJIa HE MOXKET MOPOXKIATHCHA ONHUM IJIEMEHTOM, YTO JOTIOJIHSIET
pesyabrarbl M. Kopmepo u B. [Ixxka 2009 1. 0 OKPBITUYA U IPUMUTUBHOCTH.

[IpencraBisiss mpuMepsbl, aBTOPHI MEPEUUCIISIIOT BCe HEM30MOPQHBIE KBA3UIIOJIsI MOPsAka 16 ¢ yciio-
BreM XOJIJIa U ONPEIESIOT UX T'PYIIbl aBTOMOP(MU3MOB.

KuaroueBrle ciioBa: KBasumnose XoJ171a, KBa3UIIOJIe C YCJIOBHEM XO0JLIa, PEryJIIPHOE MHOXKECTBO, CIIEKTD,
aBTOMOP(U3M, MPABOIIPUMHUTUBHOE KBAa3UIIOJIE.
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Abstract. We study the motion of a charged particle in the Gutsunaev—Manko spacetime, which is an
exact solution of the Finstein—-Maxwell equations for a massive magnetic dipole. The problem is reduced
to the motion in the two-dimensional effective potential. We find the circular orbits corresponding to
potential stationary points not only within the equatorial plane but also under and above it. We show
that the motion in the Gutsunaev—Manko spacetime retains such a property of the classical Stgrmer
problem as the transition from periodic to quasi-periodic and chaotic trajectories. Furthermore, for
certain parameter values, the Gutsunaev—Manko spacetime allows for the existence of families of periodic
trajectories same as in the classical problem. However, for alternative parameter settings, the families
of periodic orbits deviate noticeably from the classical ones.
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Introduction

Magnetostatic solutions of the Einstein—-Maxwell field equations are of considerable interest
due to their possible astrophysical applications. Plenty of such solutions have been found [1]
mainly by generating them from stationary vacuum or electrovacuum solutions using the Bonnor
theorems [2]. However, the physical properties of those spacetimes, such as the asymptotic
behavior or the motion of the test objects have received limited attention so far.

Among numerous exact magnetostatic solutions, the ones that are most valuable from an
astrophysical perspective satisfy two essential criteria simultaneously. First, the solution must
reduce to Schwarzschild spacetime both at large distances from the source and in the absence
of a magnetic field. Second, the magnetic field should exhibit dipole behavior if observed far
enough from the center. Only such solutions can be interpreted as the exterior field of some
massive object with the dipole magnetic moment. Gutsunaev and Manko [3] demonstrated that
the solution they derived fulfills both of these requirements.

In this work, we study the trajectories of charged test particles in the Gutsunaev—Manko
spacetime. This is actually a special case of the gravitational Stgrmer problem which has a long
and extensive history since Pisacane [4] incorporated the Newtonian potential into analysis of
the Van Allen radiation belts. The study of relativistic corrections for that problem was started
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by Prasanna and coworkers [5-8], who considered the motion of charged particles in the external
dipole magnetic field in the background Schwarzschild and Kerr spacetimes. Later, Preti [9]
and Bakala et al [10,11] addressed various aspects of the same problem. The Paczynski-Wiita
potential as the other background has been considered by Schovancové et al [12]. The study of the
relativistic off-equatorial motion of charged particles has begun with the works of Prasanna and
Sengupta [13] and has been continued by Kovar et al [14,15] who, among other results, confirmed
the existence of circular halo orbits in the relativistic case of the Stgrmer problem. The external
magnetic field utilized in the papers listed above doesn’t make a contribution to gravity. The
fully general relativistic approach, accounting for the distortion of spacetime by the energy of
the magnetic field, was adopted by Kovar et al [16]. They considered the trajectories of charged
particle in the Bonnor spacetime [17], which is the other exact solution of the Einstein—-Maxwell
equations.

A remarkable property of the Stgrmer problem is the existence of chaotic motion [18], [19].
This chaotic behaviour persists in the vicinity of strong gravitational fields. Nakamura and
Ishizuka [21] verified this phenomenon in the context of the Kerr spacetime and Kovar et al [16]
showed the same for the Bonnor spacetime. Thus, it is reasonable to anticipate the presence of
chaotic motion in the Gutsunaev—Manko spacetime as well.

In this study, we consider the two aspects of the gravitational Stgrmer problem within the
Gutsunaev—Manko spacetime. First is the existence and stability of circular orbits of charged
test particles. Both the equatorial and halo orbits are treated. Second is the transition from
regular to chaotic behavior of the trajectories with the change of the initial conditions.

Natural units with the speed of light ¢ and gravitational constant G set to unity are used
throughout the paper.

1. Gutsunaev—Manko solution

The line element ds? = g, dz"dz” of a static axially symmetric spacetime can be written in
the form

k2e2v

2 2 2
ds? = fai® — dx dy )_k

(z* —9?) <x2_1 + 1—y? 7(x2—1) (1-v?) de?, 1)

where f(z,y) and y(z,y) are functions dependent on the prolate ellipsoidal coordinates (z,y),
and k is a constant. Gutsunaev and Manko [3] derived the following expressions for the metric

1 jz—=1(n_ ngi
S i 2
f 2 x+1<d+d+>’ @)
2 =1  (n_dy +nyd )
=y (1 ad) @2 — )

functions:

2 =

3)
with auxiliary quantities defined as
ne =2 —y? £ 20yVa2 — 1+ a? (z +1)°, (4)

de =22 —9? £ 20yV/22 — 1+ o2 (z — 1)%. (5)

These expressions provide a solution to the Einstein—-Maxwell equations, modeling a massive
magnetic dipole. The parameter of the solution « governs the value of the magnetic field. The

—249 —



Sergei Ph. Tegai, Ivan V. Kichigin Charged Particles Finite Motion in Gutsunaev—Manko. ..

corresponding electromagnetic four-potential has only one non-zero component

_Ska® (i —1) [2(1+ 0?) 0+ (1-30%) a® + 4 4 o]
B (1+0?) (n_dy +nyd ) :

A, (6)

Looking at the behaviour of the metric functions and the four-potential at large distances
from the source, Gutsunaev and Manko [3] demonstrated that the solution is asymptotically flat
and the parameters k and « determine the mass m and the dipole moment p of the central object
by means of the expressions

1—3a?
M= e @)
B 8o

m?  (1-3a2)" )
An important property of the Gutsunev—Manko solution is that it continuously reduces to
the Schwarzschild spacetime when the parameter « decreases from any value in the range
0 < a < 1/4/3 down to zero.

The Schwarzschild coordinates (r,6) are related to the prolate ellipsoidal coordinates (x,y)
by the transformation = (r — m) /k, y = cos 6. For illustration purposes, we utilize logarithmic
scaling for the radial coordinate, setting p = Inrcosf and z = Inrsin 6.

As the only axially symmetric stationary black hole solution of Einstein-Maxwell equations
is the Kerr—-Newman solution, the Gutsunaev-Manko spacetime should somehow violate the
conditions of the uniqueness theorem. Indeed, Karas and Vokrouhlicky [22] demonstrated that
the Gutsunaev—Manko solution is not free from singularities residing above the horizon x = 1.
Specifically, both the metric function f(x,y) and the Riemann tensor diverge at the surface
generated by the rotation of the curves di(x,y; @) =0 around the symmetry axis. The two
singularity curves start in points (x = 1,y = 1) and terminate again at y = 1 but with « > 1.
To interpret this solution as representing the exterior spacetime of a realistic astrophysical object
carrying a magnetic moment, it is necessary to posit that the entire singularity is enveloped by
the stellar surface.

2. The effective potential

The motion of a particle with specific charge ¢ and four-velocity u* = da* /ds is governed by
the Lagrangian

1
L= igwu“u” + qA,ut. (9)
Conservation laws corresponding to the cyclic coordinates ¢ and ¢ are

oL

E = % = gttut7 (10)
oL
L= o —Gpott? — qA,. (11)

Inserting these into the first integral u,u* = 1, we obtain the equation

da\? dy\? (L +qA,)” 2
— it <gwa: <ds> + Gyy (ds) ) + Gt (1 - T =K (12)
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which corresponds to the motion of a particle in the two-dimensional effective potential

Veff(xvy) = Jtt (1 - W) . (13)

o)

The potential remains unchanged under simultaneous sign reversals of L and g. Therefore, we
will further consider only the positive specific charge q.

The shape of the effective potential (13) is primarily characterized by its stationary points.
Every stationary point corresponds to a circular orbit. These orbits can occur either in equatorial
plane or outside of it. In the latter case they are referred to as halo circular orbits. The number,
type and stability of effective potential critical points depend on the values of the parameters
L,q and «p.

We first consider the parameter choice which yields a clearly distinguishable magnetic lobe
so that we can relate the motion in the Gutsunaev—Manko spacetime with the classical Stgrmer
problem. The case is shown in the Fig. 1. There are three equatorial potential wells separated
by two barriers. The outermost potential well centers around a local minimum. The motion
here is determined mainly by gravity because the magnetic field is of dipole nature and thus
decays faster than gravitational. On the contrary, the trajectories in the intermediate lobe are
much more affected by the Lorentz force exerted on the charged particle by the magnetic field.
The lobe itself has a crescent form typical for Stgrmer problem. It is located around a saddle
point called 'thalweg’. Its corresponding circular orbit is unstable to non-radial perturbations.
No circular orbits exist in the innermost potential well adjacent to the horizon. All particles in
that region inevitably fall into the horizon, demonstrating relativistic behaviour similar to the
Schwarzschild trajectories falling to the singularity.

Fig. 1. The contour lines of the effective potential with the parameter values ag = amax/2,
L =8, ¢ =90. The horizon and singularity are shown in dark red

The effective potential exhibits a stable halo circular orbit for the previously selected param-
eter values. This is illustrated in Fig. 1, where the location of the orbit above the equatorial
plane can be clearly seen. These types of orbits were initially investigated by Kovaf et al. [16]
within the context of Bonnor spacetime, where such trajectories exist even for electrically neu-
tral particles. In the Gutsunaev—Manko solution, the circular halo orbits are only possible for
sufficiently large charges.
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Varying the parameters L and g changes the number and character of effective potential
stationary points both in and above the equatorial plane. Areas in the parameter space with
different behaviour of effective potential are separated by its vanishing hessian lines and are
shown in Fig. 2.

20

15

~ 10

0 10 20 30 40 50 60 70 80 90

q

Fig. 2. The areas of the parameters ¢ and L with different numbers of effective potential sta-
tionary points for o = 1/2v/3. Dashed lines indicate the vanishing Hessian in the equatorial
plane. Solid lines correspond to vanishing Hessian outside the equatorial plane. There is only
one singular point above the equatorial plane in the region I, there are two of them in region II
and no halo circular orbits in the region N

Dashed lines denote the vanishing Hessian in the equatorial plane, dividing the parameter
plane into four distinct regions. In the upper right part the potential exhibits two minima and
two maxima in equatorial plane as in our starting choice described earlier. Conversely, the
lower-left region shows no equatorial extrema. There is only one minimum and one maximum
in equatorial plane in the remaining parts of the parameter plane. Innermost stable circular
orbits (ISCO) with positive angular velocity lie on a green dashed line, while those with negative
angular velocity follow a blue dashed line.

Solid lines in Fig. 2 delimit parameter values leading to different number of potential station-
ary points outside the equatorial plane. Only one stationary point exists above the equatorial
plane in region I, necessarily being a minimum corresponding to a stable circular orbit. Two
stationary points occur in region II, where the point farther from the equatorial plane remains
a minimum while the closer one forms a saddle point. No halo circular orbits appear in region
N. Due to the system’s mirror symmetry, stationary points below the equatorial plane replicate
those found above it. Although halo circular orbits characterized by negative L signs exist in
regions I and II of Fig. 2, the particle on the halo circular orbit maintain positive angular velocity.

3. Periodic, quasi-periodic and chaotic motion

It is well established [18-20] that the Newtonian dynamics of a charged particle in a dipole
magnetic field may display chaotic behavior. Consequently, analogous properties might reason-
ably be anticipated in the Gutsunaev—Manko spacetime. Periodic orbits play an essential role
in analyzing such chaotic systems. We focus here specifically on simple periodic off-equatorial
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trajectories possessing mirror symmetry with respect to equatorial plane.

In this section of the paper, we primarily investigate the parameter choice yielding distinctly
separable magnetic and gravitational lobes. This case is is physically closest to the classical
problem since the magnetic and gravitational components remain distinguishable.

To find periodic orbits, we initiate vertical upward launches of a particle from the equatorial
plane. By adjusting the starting position zy, we ensure that orbit returns to the initial point
vertically from below. Continuous variations in particle energy E result in slight shifts of the
starting location for periodic orbits, thereby generating families of simple periodic orbits.

We found that the Gutsunaev-Manko spacetime admits the same families of periodic os-
cillations observed in the classical problem of a charged particle revolving around a magnetic
dipole. A classification scheme for these orbits was introduced by Markellos, Klimopoulos, and
Halioulias [23]. Families of symmetric simple-periodic orbits are denoted as f0, f1,.... The
families are enumerated by their starting points located at the right boundary of the potential
well as shown in Fig. 3. The difference from the classical problem is the existence of an f0 family
branch in the gravitational well displayed in Fig. 3(b). The left branch of the fO curve starts at
the maximum of the effective potential (p 2 2.71) in the equatorial plane, while its right branch
begins at the minimum of the gravitational well at (p = 3.79). Increasing the specific charge ¢
lowers the barrier between the magnetic and gravitational wells. When this barrier disappears,
the two parts of the f0 family merge.

0.999
13
0.998
12 0.997
0.996
1.1
) R 0.995
1.0 0.994
0.993
0.9
0.992
08 0.991
14 16 18 20 22 24 26 4 5 6 7

p p
(a) (b)

Fig. 3. Families of symmetric periodic orbits in Gutsunaev—Manko space located in (a) magnetic
lobe and (b) gravitational lobe. Colors assigned to orbit families are as follows: brown — f0,
red — f1, green — f2, orange — f3, blue — f4, magenta — f5. Effective potential in equatorial
plane is shown in black. Points mark transitions in stability of orbits. Parameter values are
ap = Qmaz/2, L =8 and ¢ = 90

Typical forms of poloidal projections of the trajectories of the types f0, f1, f2, f3, f4 and f5
are presented in Fig. 4, as well as the projections of irregular trajectories, originate from different
starting points.

Trajectory projections of even families f0, f2,... cross the equatorial plane at one point while
trajectory projections of odd families f1, f3,... cross the equatorial plane at two different points.
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Fig. 4. Typical forms of poloidal projections for different families. Even curves f0, f2, f4 are
shown in the top row using the same colors as in Fig. 3. Odd curves f1, f3, f5 are displayed
in the second row. Chaotic trajectories of the same energy are depicted in gray. Parameter
values used are o = 1/2v/3, L = 8 and ¢ = 90. Energy E = 0.986 for f0, f1, f2 and f3, while
FE = 0.858 for f4 and f5

The families f2n and f2n+ 1, n=0,1,... form a connected pair. Their curves intersect at the
maximum of odd family.

Let Azo, Au§ be small displacements of trajectory starting coordinate and velocity. These
displacements induce subsequent small deviations Axy, Auj of coordinate and velocity of the
trajectory next intersection with the equatorial plane. Then stability of orbits is governed by
the following linear mapping, as discussed in [24]

(am)=(o ) (am) (14)

where a, b, ¢ and d are the stability parameters of the solution given by the partial derivatives

_ 6501 _ (3'.1’1 c—= 6’&%’ _ 8u9f
- ) - ) - ) - .
O0xg oug O0xg oug

a (15)
For orbits symmetrical with respect to the equatorial plane, the equality a = d holds true [25].
The condition of orbits stability is |a| = |d| < 1. Pieces of curves close to their start at the
right side of the effective potential exhibit instability. Changes in stability occur precisely when
|a| = |d| = 1 and are indicated by points in Fig. 3. For instance, f0 family is unstable from its
starting point at the potential maximum until its highest energy point. Subsequently, a stable

— 254 —



Sergei Ph. Tegai, Ivan V. Kichigin Charged Particles Finite Motion in Gutsunaev—Manko. ..

phase emerges until the curve intersects with the f1 trajectory. After that it becomes unstable
again. Finally, stability restores at the leftmost section of fO curve. The branch of the f0 family
residing within the gravitational well maintains stability throughout.

Dynamical systems are commonly analyzed using Poincaré surfaces of section. In this study,
we construct these surfaces by plotting the intersection points of trajectories with the equatorial
plane. Details of the location and stability of periodic orbits obtained earlier in this section
significantly aid this process. The resulting Poincaré maps corresponding to the same energy
levels used in Fig. 4 are presented in Fig. 5 and Fig. 6.

Fig. 5. The Poincaré map for parameter values a = 1/2\/37 L=8,q=90 and E = 0.858

The Poincaré section in Fig. 5 is constructed for energy F = 0.858. It includes two stability
islands originating from the f5 family (shown in magenta) and one island stemming from the f4
family (blue). Additionally, a group of regular quasi-periodic curves surrounds the boundary of
the Poincaré section (yellow). Curves in the vicinity of 3-periodic orbit are presented by three
islands on the same section (black). Gray dots illustrate chaotic trajectories.

A 0.003
0.06 g
i >
0.002 - /]
0.04
!
0.02 0.001| i ;
= =
S 0 ~ 0
~0.02 -0.001| %
0.04 k
-0.002 ~—
-0.06
: -0.003
1367 1368 1369 1370 1371 235 236 237 238 239 240

P p
(a) (b)
Fig. 6. The Poincaré map for parameter values o« = 1/2\/5, L=28,q=90and F = 0.986. Central
part of the surface is omitted for clarity since we could not detect any islands of stability there
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The Poincaré section in Fig. 6 represents the system at energy level E = 0.986. On this
section, we observe only two stability islands belonging to the f1 family, located near the left
and right edges of the section (colored red). The middle part of the section is removed because
it consists solely of chaotic motion. As can be seen from Fig. 3, trajectories of the f2 and f3
families do exist for energy E = 0.986. Nevertheless, we don’t observe them clearly on Poincaré
surface of section because they produce chaotic motion due to their instability.

Conclusion

We have considered the motion of test charged particles in the Gutsunayev-Manko spacetime.
This spacetime has been interpreted by its authors as the field of a massive magnetic dipole based
on the asymptotic behavior of gravitational and electromagnetic potentials. Our results show that
the Gutsunaev—Manko solution also bears other important properties of the gravitational Stgrmer
problem. Firstly, it contains all the classes of periodic orbits introduced by Markellos [23].
Secondly, it allows the existence of halo circular orbits. And finally, the problem involves a
transition from regular to chaotic motion of charged particles within the magnetic lobe of the
effective potential.

The distinction between the relativistic problem and its classical counterpart arises from the
presence of an additional potential well near the event horizon. This leads to the appearance
of innermost stable circular orbits and finite trajectories falling into the horizon. Qualitatively,
these trajectories resemble those in Schwarzschild spacetime. However, the innermost stable
circular orbits appear in pairs. One orbit for particles moving with positive angular velocity and
another for particles with negative angular velocity.

Other possible differences involve the behaviour of off-equatorial periodic orbits with the
change of parameters. This is illustrated in Fig. 7. The families exhibited in Fig. 7(a) correspond
to a point in parameters space characterized by two extrema of the effective potential in the
equatorial plane, located to the right of the blue dashed line in Fig. 2. Whereas Fig. 7(b)
portrays families corresponding to a different point in parameter space with no stationary points
existing in the equatorial plane and two stationary points outside it.

First of all, the curves f0, f1 do not intersect the boundary of the potential well, but rather
approach asymptotically towards the line E = 1 (see Fig. 7). In these situations, Markellos’
classification method fails because the starting points of families are missing from the right
boundary of the potential well. To address this issue, we distinguish odd curves by number of
loops in their poloidal projections and determine types of even orbits based on intersection with
odd family curves. However this classification can be uncertain because for some parameters
values the number of f1 curves can be greater than one (Fig. 7(a)) and the curve of even family
can intersect with both f1 and f3 (Fig. 7(b)).

Furthermore, if the stationary point of the potential represents a two-dimensional minimum,
an even-type curve will emerge from it (as seen in Fig. 3(b) and Fig. 7(a)). Also off-equatorial
periodic orbits exist even in the absence of circular orbits in the equatorial plane (Fig. 7(b)).

The obtained picture of families of symmetric periodic orbits in the Gutsunaev—Manko space-
time shows that these families, for certain particle parameters values, exhibit noticeable differ-
ences compared to the classical problem of charged particle motion in the field of a point magnetic
dipole [23]. One reason behind these qualitative disparities in the behaviour of the curves arises
from distinctions in the number and type of singular points of the effective potential.
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Fig. 7. Families of symmetric periodic motion of a charged particle in Gutsunaev—Manko solution.
The figures are given for parameter values: (a) ¢ = 13, L = —1 and (b) ¢ = 12, L = —0.1. Colors
of curves are: fO — brown, f1 —red, f3 — orange and effective potential is black
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DUHUTHOE JIBUKEHE 3aPAKEeHHBbIX YaCTHUIl B IPOCTPAHCTBE
I'ynynaeBa-ManbKO

Cepreii ®P. Terait

NBan B. Kuuuruu
Cubupckuii deiepalbHbIl yHUBEPCUTET
Kpacuosipck, Poccuiickas Pejrepariust

Awnnoranusi. MbI paccMaTpuBaeM IBUKEHUE 3aPKEHHBIX YaCTHUIL B TpocTpaHcTBe [yirynaeBa—MaHbKO,
KOTOPOE IIPEJICTABIISIET COOOI TOTHOE pellleHne ypaBHeHnit Ditamreiina—MakcBesuia 11t MACCUBHOIO Mar-
HUATHOI'O JIATIOJISA. 3a/a9a CBOAUTCS K UCCIIEIOBAHNUIO JIBUXKEHNSI B JIByMEPHOM 3D PEKTUBHOM IIOTEHIUAIE.
MpbI HAXOUM KPYTrOBble OPOUTHI, COOTBETCTBYIOIIME CTAIIMOHAPHBIM TOYKAM ITOTEHIMAJA, KAK B 9KBATO-
pUAaSbHON MJIOCKOCTH, TaK U BHE ee. MbI JeMOHCTPUPYEM, 9TO JBUXKEHWE B mpocTpaHcTBe ['yryHaeBa—
MaHbKO cOXpaHsieT TaKoe CBOMCTBO Kjaccudeckoinl 3amadu CrTépmepa, Kak IIEPEXO] OT IHEPHOAUICCKUX
TPAEKTOPHI K KBA3UIIEPUOAWIECKIM U HEPeryJsipHbIM. KKpome Toro, npu omnpeies€HHbIX 3HAYEHUAX [1a-
pameTpoB npocrpancTBo ['yiynaeBa—MaHBKO JI0ITyCKaeT CyIIeCTBOBAHUE CEMENCTB IePUOIMIECKIX TPa-
€KTOpHii, aHAJIOTUYHBIX KjaccumdeckuM. OIHAKO CYIIECTBYIOT U TAKUE 3HAYEHUs IIapaMETPOB 3aJadu,
MIPY KOTOPBIX CEMENCTBA MEPUOANIECKIX OPOUT 3aMETHO OTIMIAIOTCS OT KIACCHIECKUX.

KimroueBsle cioBa: obmiasi Teopust OTHOCHUTEIbHOCTH, 3a1a4a CTépMepa, nepruoguiecKkue opoUThI, Xao-

THUYIECKOEe JIBU2KEHUE.
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Approximation theorems for solutions to parabolic operators appeared since 1970-th, see
[3,12], for the heat equation. Actually, these were generalizations of the realated theorems
in Complex Analysis see [11,25,35] and [2,17,19-22, 31, 32] in the theory of (mostly, elliptic)
PDE’s. Recently, the interest to approximation theorems for general parabolic and elliptical
parabolic systems has essentially increased, see, for instance, [5-7,9, 10, 14,24, 26,27, 34]. The
main reason for this interest is the following: the classical theory of boundary value problems for
parabolic and elliptical parabolic systems was developed in cylinder domains where the method
of separating variables allowed to use approximation theorems for elliptic operators instead, see,
for instance, [4,16,33]. Nowdays, a possibility to consider the boundary problems parabolic
for systems in non-cylinder domains becomes very important. For instance, it is the case in
Cardiology, because the shape of heart changes over time, see, for instance, [13] where an the
ill-posed problem for a parabolic equation was used in the bi-domain model of the myocardium.

In the pioneer papers, Runge considered a pair of domains D; C D of the complex plane
and the problem of approximation of holomorphic functions in D; by holomorphic functions
in Dy (here the spaces were endowed with the natural Fréchet topology of the space C(D)).
Various authors used different topologies in the approximation theorems (uniform topology of
convergence on compact subsets, toplogies of Lebesgue spaces, Sobolev spaces, etc.). But it
turned out that, for elliptic systems, conditions granting for two domains to be a Runge pair
are depend essentially on the behaviour of the complement Dy \ D;. For the heat equation,
domains G; C Gy C R™"! form a Runge pair if and only if the complements Ga(c) \ G1(c) of any
section Ga(c) of the larger domain to the section Gi(c¢) of the smaller domain by hyperplanes
t = ¢ = const, have no compact components in the larger section.

Actually, as the Faedo-Galerkin method is still very efficient for solving boundary value
problems, the consideration of Runge pairs allows to construct series representing a solution to
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a problem with summands regular at a greater domain. Besides, it is important for applications
to have approximation theorems with respect to topologies controlling the behavior of functions
up to the boundary of the related domain; see, for instance, Runge type approximation theorems
in the Lebesgue space for analytic functions [11], for strongly parabolic operators [27,34], and
approximation theorems in the Sobolev spaces for elliptic operators [31, Ch. 5], [32, Ch. §|.

In this paper we concentrated our efforts on the Runge type approximation theorems for
strongly 2m-parabolic operators with constant coefficients in anisotropic Sobolev spaces. The
primary motivation is the systematic use of this type of spaces for solving boundary value prob-
lems. We rely essentially on the results of the paper [27] on the Runge type approximation
theorems for Lebesgue L2-solutions to strongly 2m-parabolic operators keeping the related de-
notions in the present paper.

1. Preliminaries

Let R™, n > 1, be the n-dimensional Euclidean space with the coordinates x = (z1,...,2,)
and let 2 C R™ be a bounded domain (open connected set). As usual, denote by Q the closure
of Q, and by 02 its boundary.

We consider functions over R" and R"*!. As usual, for s € Z, we denote by C*() and
C*(2) the spaces of all s times continuously differentiable functions on Q and , respectively.
The spaces C*(f2) are known to be Banach spaces with the standard norms and the C(Q) are
the Fréchet spaces with the standard semi-norms.

Let also L?(Q2) be the Lebesgue space over Q with the standard inner product (u, v)z2(o) and
let H*(£2), s € N, be the Sobolev space with the standard inner product (u,v)gs:(). As usual,
we consider the Sobolev space H™*(Q2), s € N, as the dual space of H§(f2) where H§(Q) is the
closure of the space C¢5,,,(€2) consisting of smooth functions with compact supports in Q.

Given m, s € N, we also need the anisotropic Sobolev spaces H?™**(G), s € Z, in a domain
G C R™*! with the standard inner product,

(u,v) gams.s(q) = Z (5‘38€U73§‘3€U)L2(G)~

|a|+2mji<2ms

Besides, for v € Z,, we denote by H?2™$(@) the set of all functions u € H?*™*(G) such that
d%u € H?>"5(Q) for all |8| < 5. It is convenient to denote by H."**(G) the space of all the
k-vector functions with the components from H?™%*(G), and similarly for the spaces LZ(G),
H};"*"**(G), etc. These are known to be Hilbert spaces, see [15].

Let L be a (k x k)-matrix differential operator with constant coefficients in R™ of an even

order 2m:
L= Y L8

lal<2m

where L, are (k x k)-matrices with real entries such that L}, = L, for all multi-indexes a € Z'}
with |a| = 2m. Consider the strongly uniformly (Petrovsky) 2m-parabolic operator

£L=0,-1I,

see, for instance, [4,28]. More precisely, this additionally means that the operator (—L) is strongly
elliptic, i.e. there is a positive constant cg such that

(_1)m+1w*( Z La<a>w260‘w|2|g|2mk

|a|=2m

for all ¢ € R™\ {0} and all w € C*\ {0}; here w* is the transposed and complex adjoint vector
for the complex vector w € CF.
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As usual, we denote by L£* the formal adjoint operator for L:

L=, Y (~1)o(LL( ).

lal<2m

Under these assumptions the operator £ admits a unique fundamental solution ®(z—y,t—7) of
the convolution type, possessing standard estimates [4, formulas (2.16), (2.17)]) and the normality
property ( [4, Property 2.2]), i.e.

Lot®(x—y,t—7)=10(x —y,t—7), (1)

(here the right hand side equals to the unit matrix I multiplied by the Dirac distribution at the
point (z,t) which is commonly written as é(x — y, ¢ — 7), where ¢ denotes the Dirac distribution
at the origin), and

Ly 0" (x —y,t —7)=Ixd(x —y,t —7), (2)

where ®* = (®;;) is the adjoint matrix for ® = (®;;).
Let S.(G) be the set of all the generalized k-vector functions on G, satisfying the (homoge-

neous) equation
Lu=0in G (3)

in the sense of distributions. Also, let the space S, (G) be defined as follows:

UUDésﬁ(U)’

where the union is with respect to all the domains U C R™!, containing the closure of the
domain G.

Then estimates [4, formulas (2.16), (2.17)]) for the fundamental solution imply the standard
interior a priori estimates for solutions to (3), see, for instance, [28, §19], or [8, Ch. 4, §2] for the
second order operators. This means that the operator £ is hypoelliptic, i.e. all the distributional
solutions to equation (3) are C*°-differentiable on their domain. Then the following embeddings
hold true:

$:(@) € S£(G) € CF(@).
Moreover, as the coefficients of £ are constant, the elements of the spaces Sz (G), Sz (G) are real
analytic with respect to the space variable x € G(t) for all t € (T1,T%), where T} = inf(, yyeq t,
T = sup(, yeq t, and

G(t) ={z e R": (x,t) € G},

see, for instance [4]. In particular, the so-called Unique Continuation Property with respect
to the space variables = for each fixed t holds true for both the parabolic operator £ and the
backwards parabolic operator L£*.

Given a pair of domains G; C G € R™!, Runge type approximation theorems were proved
in [27] for the Fréchet spaces S;(G1) D Sg(G2) endowed with the topology of the uniform
convergence on compact subsets of G; and the Hilbert spaces

L} £(G1) = S£(G1) NLi(G1) D Lj £(G2) = S£(G1) NLE(Go).

Let us formulate the related result for the spaces Li ~(G;) in our particular situation of
operators with constant coefficients. With this purpose we need additional regularity assumptions
for the domains G; and G5. Namely, we assume that the boundary of domains G; satisfies the
following properties.

(A) The set Ga(t) is a Lipschitz domain in R™ for each ¢ € (T1,T5>) and for any numbers ¢3,t4
such that T < t3 <ty < Ty the set I'y, 1, = Upepy,,)0G(t) is a Lipschitz surface in R™+1
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(A1) For each t € [T1,T5], the sets G1(t) = {x € R™ : (z,t) € G1}, are domains in R" with
C?™_-boundaries if n > 2;

(A2) The boundary G of G is the union G(71) U G(Tz) UT, where
I'= UtE(Tl,TQ)aGl(t)

is a C?™1.smooth surface without points where the tangential planes are parallel to the
coordinate plane {t = 0}, i.e. we have

n

S (wy(,1))? > €0 for all (z,t) €T

j=1
with a positive number &.

Of course, a cylinder domain G = Q x (11, T») satisfies assumption (A) if 9Q is a Lipschitz
surface and it satisfies assumptions (A1), (A2) if 99 is a C?™-smooth surface.

Theorem 1. Let Gy C Gy be domains in R" such that Gy # R"*L. If domain Gy satisfies
assumption (A) and bounded domain Gy satisfies (A1), (A2) then Sp(Gs) is everywhere dense
in the space Li »(G1) if and only for each t € (Ty,Tz) the set Go(t) \ G1(t) has no compact
(non-empty) components in the set Ga(t).

Proof. As the Unique Continuation Property with respect to the space variables x for each fixed
t holds true for both £ and £*, the statement follows from [27, Theorems 2.2, 2.4]. O

A similar theorem for the heat equation was obtained in [26] for cylinder domains and in [34]
a similar result was proved for the strongly parbolic Lamé type system. Of course, for general
strongly 2m-parabolic operators with variable coefficients the situation is more complicated, but
for operators with bounded real analytic coefficients the answer is practically the same, see [27].
We want to extend Theorem 1 to the scale of anisotropic spaces Hz:?”s’s(Gj), 1<j5 <2,
seN,
H) 7"%(G) = H) ™ %(G) N S.(G).

Similarly to the space Li’ (@), by a priori estimates for strongly parabolic operators, the spaces
H)'7"**(G) are closed subspaces of the Hilbert spaces H}™*™**(G).
Next, denote by Hy "> ~*(G) the completion of C*(G) with respect to the norm

, sEN;

Polgrzmeey = s |9
ol gry-2mes gy
weHz,st,s(G)

here H reflects the fact the usually H=%(G) is reserved for the dual space to H(G) with slightly

different norm. As it is known, the space H;V’_%LS’_S(G) is a Banach space, see [1]. The
following property is important for the futher exposition.

Lemma 1. Let G be a bounded domain in R"*t. Then the space C5%(G) is everywhere dense
in F; 7200 @),

Proof. Indeed, by the very definition, the space C°(G) is everywhere dense in I:I,;'Y’*Qms’fs( )

G
On the other hand, as it is well known that C§% (G) is everywhere dense in the space L (G)

Now we note that the norm || - |2 () is stronger than the norm || - ||I:I—'y,—27ns,75(G) on C¥(G)
k
for any s € N. Thus, the statements of this lemma follows because we may approximate any

element of the space Ci°(G) by Cg% (G)-vectors in || - ||z ()-norm. O
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2. Approximation in the anisotropic Sobolev spaces

The main result of this paper is the following theorem.

Theorem 2. Let s € N, v € Z, G1 C Gy be domains in R"*! such that Go # R"™L. If
domain Gy satisfies assumption (A) and bounded domain Gy satisfies (A1), (A2) then S (G2) is
everywhere dense in the space HZ:%mS’S(Gl) if and only for each t € (T1,T5) the set Go(t) \ G1(t)
has no compact (non-empty) components in the set Ga(t).

Proof. We begin with the necessity. To prove it we may use the arguments similar to the proof
of [27, Theorem 1.2] adapting them for the present situation.

Indeed, as the boundary of the domain G is at least C'-smooth then the complement G\ G
is an open set with Lipschitz boundary. If there is a number ¢; € R such that the set Ga(tg) \
G1(tp) has a compact non-empty (connected) component K (o) in the set Ga(tg) then K(¢o) is
a closure of a domain Dy C Ga(ty) with Cl-smooth boundary. We have to prove that there
is a vector u € Hif’zs’s(Gl) that can not be approximated by elements of S;(G2). Now, if a

point yo € Ko, then (yo,t0) is an interior point of G \ G; an hence any vector column Uj(x, 1),
1 <1 < k, of the fundamental matrix ®(z — yo,t — t9) belongs to the space HZ:%mS’S(Gl).

Now we may envoke the (second) Green formula for the operator L, see, for instance, [30]
for general operators admitting regualar left fundamental solutions or [29] for the second order
parabolic operators. Namely, let G, be a Green bi-differential operator for the operator L, [30,
§ 2.4.2]. As it is known, it has order (2m — 1) with respect to the space variables x, acting from
Cim’l(ég) X Cim’l(ég) to the space of n-differential forms with coefficients from C1(G>), i.e.

oo gL(gaU) = (vag)Li(Gg) - (’UvL*g)L%(Gg) for all g9,v € Cim71(53) (4)
3

and any domain G3 € G2 with piecewise smooth boundary. As the Green operator of a sum of
differential operators can be presented as the sum of the corrresponding Green operators, then
for £ we obtain:

gﬁ(gu U) = g*vdx - gL(gav)v
and then the (first) Green formula holds true:

- Gr(g,v) = (Lv, )Lz (@s) — (v, L79)12(q,) for all g,v € Cy™(Gs). (5)

Since (yo,t0) is an interior point of Gy \ G, we may choose a bounded domain G3 with a
piecewise smooth boundary dGs such that (yo,tg) € G3 €@ G and 0G3 € G;. If the vector
function Uj(z,t) can be approximated in H)”*™*(G;), s € N, by a sequence {ul(l)}ieN from
the space S;(G2) then the sequences of the partial derivatives {8582‘85%(2)}, |a] +2mj < 2mes,
|8] < 7, converge uniformly on 0Gs. On the other hand, (the first) Green formula (5) and the
normality property (2) of the fundamental solution ® imply the (second) Green formulas for all
1eN:

ul(i)(x,t) = — Gr(®(x —y,t — T)7ul(i)(y, 7)) for all (z,t) € Gs. (6)
G
Note that there is no need to assume that G3 is a cylinder domain because this Green formula
is a corollary of the local reproducing property of the fundamental solution. Now, passing to the
limit with respect to i« — +o00 in (6) we obtain

U(x,t) =— g Gre(®(x —y,t —7),U(y, 7)) for all (x,t) € G3 N Gy. (7)
Gs
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However, since ® is a fundamental solution to £ then the right-hand side of formula (7) belongs to
Sz (G3). Therefore the vector function U; extends as a solution V; to equation (3) from G1NG3 to
G3, i.e. to a neighbourhood of the point (yo, tp). In particular, since any solution to the operator
L in G5 is real analytic with respect to the space variables in Gy(t) for each ¢t € (T1,T»), then
this extension is unique on Gs \ (yo,t0). This means the vector function V; € Sz(G3) coincides
with the [-th vector column U; of the fundamental matrix ®(z — yo,t — to) in Gs \ (Yo, t0))-
Thus, we obtain a contradiction because for the matrix V(z,t) with columns V;, 1 <1 < k we
have LV = 0 in G5 but L®(x, yo,t, to) coincides with the d-functional concentrated at the point
(Yo, to) multiplied on (k x k)-unit matrix. The necessity is proved.

Next, we proceed with the sufficiency. Actually we slightly modify the proof from [3] for the
solutions to the heat equation, adapting it to the topology of the anisotropic Sobolev spaces,
cf. [26,27] for the approximation in the Lebesgue spaces.

Indeed, let for each t € (T, Tz) the set Ga(t)\G1(¢) have no compact (non-empty) components
in the set Ga(t). The Hahn-Banach Theorem implies that G, G2 is a £-Runge’s pair in the
sense of the present theorem if and only if any continuous linear functional f on H’,I:ims’s(G’l)
annihilating the space S;(G2) also annihilates the space HZ:%mS’S(GQ).

As we have noted above, the space H}'2™**(G) is a closed subspace of the space H}">™**(G).
Then any continuous linear functional f on H}'2™*(G1) can be extended as a continuous linear

functional F on H}*™**(G;), i.e. as an element of the Sobolev spacefl,;'y’ﬁms’*s(Gl). In
particular, F' can be identified as a distrubition 1) on R"*! supported in G; and having a finite

order of singularity:
F(u) = (u, ) for all u € H*™*(G). (8)

Let W be the vector function, with components obtained by applying the functional F' to the
corresponding columns of the matrix (z,t) - ®(x — y,t — 7):

W(yv T) = <(I)*($v y7ta7)7¢($vt)>'

Clearly, it is well-defined outside the support of . By (1), for any vector ¢ € Co% (R™+1) we
have

Lot (" (z,y,t,7),0(y, 7)) = ¢(z,1),
and then, the hypoellipticity of £ implies that the vector function

Voo, t) = (®*(2,9,t,7), 0(y, 7))
belongs to C°(R™!). In particular, the vector function W can be extended as a distribution
to R"*! via
<VV7 SO> = <thvw>a
because v is a (k-vector valued) distribution with compact support. o
Next, according to (1), columns of the matrix ®(z,t,y,7) belong to S, (G2) with respect to
variables (z,t) for each fixed (y,7) & Go. Hence, if F € (H)*™*(G4))* annihilates the space
Sc(G2) then we have B
W(y,7) =0 for all (y,7) & Ga. (9)
But (2) implies that
LW =) in R* L, (10)
in the sense of distributions and, in particular,

LW =0 in R*™™\ G. (11)

Note that the operator £* is backwards-parabolic and, for any solution v(y,7) to the equation
L*v = 0, the vector w(y, ) = v(y, —7) is a solution to the strongly parabolic system of equations

- 265 —



Pavel Yu. Vilkov, Alexander A.Shlapunov On approximation theorems for strongly parabolic systems. ..

(07— Ly )w = 0 with constant coefficients. Thus, by the hypoellipticity of such systems, W (y,7) €
C°(R™!\ G;) and, in particular, it is C*°-smooth with respect to y in R™ \ G1(7) for each
7 € R where, as before, G1(7) = {x € R" : (z,7) € G1}.

As the domains G; C Gy satisfy assumptions (A), (A1), (Az) and Go # R™"! the components
of sets R"™ \ Go(t) C R™\ G1(t) are either empty sets or closures of Lipschitz domains. Since the
set Ga(t) \ G1(t) has no compact components in Ga(t), we see that each bounded component
of R™\ G1(t) intersects with R™ \ G2(¢) by a non-empty open set for each t € (T1,T»). Hence,
as solutions to the backwards parabolic operator £* are real analytic with respect to the space
variables x, the vector W vanishes on every bounded component of R™\G1 (¢) for each t € (T1,T%).
Next, let G;(t) be the union of G} (t) with all the components of the set G;(t) that are relatively
compact in R”. By the discussion above, the closure of G (t) lies in the closure of G5(t). Then,
by De Morgan’s Law we have

(B \Gi(9) N (R \ Galt) ) =B\ (Galt) UG (1)) =R\ Ga). (12

In particular, this means that the vector W vanishes on unbounded components of the set
R™\ G1(t) for each t € (T1(G1),T2(G1)), too. Thus, (9) and the real analyticity with respect to
the space variables of solutions to the operator £* imply that

W(y,7) =0in R\ G1(7) for all 7 € R,

i.e. the vector W is supported in G;. R
Using Lemma 1, we approximate the distribultion ¢ € H, " *"%7%(G;) by a sequence
{¥i} C C§%(G1) in the space H,_""?™7%(Gy). Then for vectors

Wiy, 7) = (2" (z,y,t,7),¥i(x,1))
we have
LXW; =; in R, (13)
and, in partucilar, by the hypoellipticity of parabolic operators with constant coefficients,
{W;} € C(R™1). Since C°(R™T!) C H;V’Qm(l_s)’l_s(Gl), Lemma 1 provides that we may

approximate each vector W; by a sequence {V; j} C C§%(G1) in the space I:I,;A”Qm(l_s)’l_s(Gl).
Again using Lemma 1 we see that

1£* Vi = Wllgamn iy = s (£ (Vi = Wa) iz =
“‘PHHz,st,s(Gl)gl
tpEc(ofk(Gl)
= sup (Vij— Wi,ﬂﬂ)Li(G)‘ =

<1
W”HZ'ZMS’S(GQ\

PECT,(G1)

’(Vi,j - Wi,&P)Li(Gl)

”L‘pHHz-ﬂm(sﬂ),sﬂ(Gl)

= sup
lenggms,s(GKl
PE€CF7, (G1), L0

||‘C<)0HH”I,2m(s—1),s—1(Gl). (14)

On the other hand, the scale of spaces HZ’2mS’S (@) is constructed in such way, that any 2m-
parabolic operator £ continuously maps H)*™**(G) to Hz’2m(s_1)’5_1(G), s € N, i.e. there
exists a positive constant C(s,~, L, G) such that

1C0] g 2mie 161y < O(5,7, £, G) |[ollggy 2mevs ) for all v € H]2"%(G). (15)
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Then, taking into the account (14) and (15), we conclude that

1£5(Vij — Wi)Hﬁ;m—mS,—S(Gl) <C(s,v,L,G)|Vij; — WiHI:I;’Y,%n(lfs),l—s(Gl), (16)

i.e. the sequence {£*V; ;} converges to L*W; in the space Hy "> 7*(G,) as j — +oc.
Hence, it follows from (8), (13), (16) and the contunity of the functional F that for all
u € Hz:ims’s(Gl) we have

F(u) = (u,v) = lim (u, ;) = lim (u, LW;) =
11— 00 71— 00

17

= lim lim (u, £*V; ;) = lim lim (Lu,V; ;) =0, (17)

1—00 j—00 1—00 j—00

because Lu = 0 in G in the sense of distributions. Thus, F annihilates H}'2™**(G), too, that
was to be proved. O
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Amnnoranmsi. Mur ucciieiyem 3asiady o napax PyHre jyisi co60JIEBCKUX PEIEHHI CHJIBHO PaBHOMEDPHO
MapaboOIMIECKUX CUCTEM B HEIUJIMHAPUUECKUX OOJIACTIAX CHEIUAJILHOTO BHAA. MBI JIOKa3bIBa€M, UTO
ecsi KO3 (PUIUEHTHI TapabOJIMIECKOTO OlepaTopa MOCTOSTHHBI, TO JIBE 00JACTH C JIOCTATOYHO TJIAIKUMK
rpaHMIAMY, HUKAKMe Y9aCTU KOTOPBIX HE HapaJulesibHbI Itockoctu ¢t = 0, obpasyror napy Pynre rorma
M TOJILKO TOIJa, KOTJA JOIOJHEHHS JII0OOrO cedeHusi DOJIbIel 00JIacTu K CEeYeHUIO MEHBINEeH objiacTi
IJIOCKOCTAMH t = const He UMEIOT KOMHAaKTHBIX KOMIIOHEHT B 6OJ'II)H_IeM CceYeHunuu.
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Introduction

Since the discovery of quasicrystalline order in solids [1], a large number of results related
to the modification of various alloys with quasicrystals have been obtained. Alloys modification
leads to changes and improvements in such properties as strength, creep, microhardness, etc.
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[2-6]. Tt is necessary to highlight the studies of aluminum alloys modified with quasicrystalline
particles of the composition Al-Cu-Fe. In this case, a more homogeneous transition between the
matrix and quasicrystalline particles occurs [3, 5], resulting in improved properties.

Quasicrystals Al-Cu-Fe used for the modification can be obtained by various methods: ex-
treme cooling [7], plasma spraying [8] and solid-phase synthesis [9, 10]. They can be grown to
macroscopic sizes [10,11]. Quasicrystal phases can be formed in an insignificant range of Al
Cu and Fe concentrations [9-12], their production is accompanied by the formation of approx-
imants depending on the thermodynamic conditions of synthesis and concentrations of compo-
nents [9, 12]. The growth of the quasicrystalline phase is associated with the formation of defects,
which dynamics was studied in [13]. And the use of impurity atoms in obtaining quasicrystals
can affect approximants’ existence. Thus, the addition of Si atoms as impurities makes it possible
to avoid the formation of the monoclinic phase AlysFey4 [9,10], which is typically formed during
Al-Cu-Fe quasicrystals production or phase transformations [7]. The temperature dynamics of
the Al-Cu-Fe quasicrystalline phase formation is determined by the chemical energy of the inter-
action of Al-Cu, Al-Fe and Cu-Fe atom pairs. Two of these reactions are endothermic, and one is
exothermic [14], therefore both the annealing process and the sequence of mechanical activation
of the initial components are important [15], although the mechanical activation itself leads only
to the formation of the approximants of the phase in question [14-15]. The sequence of phase
transformations in the Al-Cu-Fe ternary system was studied in [12,14-15] and is reflected in
the three-stage solid-phase synthesis of quasicrystals described in [9-10]. The addition of ready
quasicrystals to pure aluminum [3-5] or with various impurities [6] leads to different reactions
of solid-phase synthesis on the surface and in the bulk of quasicrystals. Thus, annealing at tem-
peratures of 300°C and 400°C for 250 hours can lead to the disappearance of the QQ phase [16],
which does not occur when adding Ni atoms. The conducted studies confirming the improve-
ment of the properties of aluminum alloys by introducing close in composition quasicrystals leave
the question of the existence of thermodynamic conditions for the formation of quasicrystallites
directly in various aluminum alloys open. Firstly, each alloy contains a specific set and concen-
tration of impurity atoms, leading to the formation of various phases in it and the formation of
corresponding properties. Secondly, the melting temperature of the alloy is usually lower than
the characteristic temperatures of solid-phase synthesis of the QQ phase in question. And, con-
versely, as the conducted studies demonstrate, the presence of impurity atoms can simplify the
production of the QQ phase by eliminating unnecessary approximants [17].

Therefore, the study investigates various temperature modes of annealing alloy D16 with the
addition of Cu and Fe atoms to ensure the concentration composition of the QQ-phase existence
in accordance with [10, 17]. To reduce the porosity of the samples, the hot isostatic pressing (HIP)
method has been used [18]. Various conditions of mechanical activation of the initial powders
of alloy D16, Cu and Fe has been applied. The phase composition of the samples obtained was
controlled by the X-ray diffraction (XRD) phase analysis. The annealing temperatures were in
the range from the D16 plasticity temperatures where T = 350 — 474°C [19] to the temperatures
of the Alg3CusgsFe1o QQ-phase nucleation during solid-phase synthesis where T = 600 — 800°C
[9-10].

1. Samples acquisition

Aluminum alloy D16 (Al 91-94.7, Cu 3.8-4.9, Fe up to 0.5 wt.%) was pre-crushed to grains of
1-100 pm. Micropowders of high-purity iron and copper were fused in a Pulverisette 6 planetary
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Table 1. Sintering modes

Sample 1,2 3 4 5

Annealing conditions
T, °C | 400 - 500 - 600 | 600 - 650 - 700 | 700 - 750 - 800 | 700
t, h 2-2-1 05-1-1 05-1-1 3

ball mill in an argon atmosphere for 15 hours at 300 rpm in a ratio of 25:12. The particle size of
the Cu and Fe powder mixture was 1-150 pm. The crushed D16 powder was mixed with Cu-Fe
micropowder in the mill for 1.5 hours at 200 rpm. Then the mechanically activated mixture was
pressed at a pressure of 2.2 GPa and annealed using the HIP method. The mass ratio of Al,
Cu and Fe atoms corresponded to the stoichiometric ratio AlgzCugsFeqs, taking into account the
presence of Cu and Fe atoms in the alloy D16. The pressure range during HIP was 13-15 MPa.
Tab. 1 demonstrates the parameters of individual annealing modes with annealing times for the
specified temperatures. The heating rate during sintering was 120°C/h, the cooling rate was
500°C/h.

Samples 1 and 2 in Tab. 1 differ in the conditions of component preparation and mixing.
Sample 1 was mechanically activated by mixing three components at once: D16, Cu, and Fe
for 5 hours, unlike the two-stage mechanical activation in other cases. After annealing by the
HIP method and conducting microscopic and X-ray phase studies of the samples, samples 1-3
were subjected to additional annealing in vacuum at 600°C for two hours. The dynamics of
microscopic and phase changes is analyzed below.

2. Microscopic studies

Microscopic studies of the samples obtained were performed on a Hirox KH - 7700 microscope.
Fig. 1 demonstrates the unequal porosity of the samples obtained. It can be concluded that
increasing the annealing temperature leads to more homogeneous alloys. Microscopic images
also demonstrate the presence of several phases in the samples, the concentration of which differs
under various annealing conditions.

The additional annealing of the samples 1-3 (micrographs of the samples are demonstrated
in Fig. 2) leads to a change in their microstructure and porosity.

3. X-ray diffraction phase studies

We were interested in the formation of the QQ phase in the obtained alloys and the annealing
modes under which it is formed. X-ray diffraction phase analysis was carried out on the prepared
surfaces using the standard powder method. The X-ray diffraction phase analysis results for the
samples under consideration are demonstrated in Figs. 3, 4, where the estimated concentrations
of the crystalline phases for each of the annealing modes are also indicated. The crystalline phases
from the ICDD powder database were identified for the obtained X-ray patterns. The intensity
difference (the lower graph in Figs. 3, 4), obtained by subtracting the intensities of the identified
crystalline phases from the X-ray pattern, was identified using the known X-ray patterns for
quasicrystals provided in the same database. It was found that the intensity difference of the
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e)
Fig. 1. Micrographs of the samples: a-1,b-2,¢-3,d-4,e-5 (Tab. 1)

X-ray patterns (Figs. 3a and 3d, 4c) is identified with high accuracy by the X-ray patterns of
the QQ phases.

Thus, for annealing mode No. 5 (Tab. 1), the intensity difference (Fig. 3d) corresponds to
X-ray diffraction pattern No. 49 — 1730 for the AlgoCuszgFei¢ phase. And for annealing modes
No. 1 (Fig. 3a) and No. 3 (Fig. 4c¢) after additional annealing in vacuum, the intensity difference

- 273 —



Pavel P. Turchin. .. Study of Quasicrystalline Phases Formation in Aluminum ...

Fig. 2. Micrographs of the samples: a - 1, b - 2, ¢ - 3 (Tab. 1) after additional annealing

corresponds to X-ray diffraction pattern No. 49 — 1511 for the AlgsCugoFers QQ-phase. The
reasons for low QQ phases concentrations in the alloys (units of percent), as well as methods for
controlling the QQ phase concentration, require separate study. The data obtained demonstrate
that the QQ phase is formed both at temperatures below the melting point of the alloy D16
(sample No. 1) and above this temperature (sample No. 5) without additional annealing. Addi-
tional annealing of sample No. 3 also leads to the g-phase formation, which was absent during
the primary annealing by the HIP method (Fig. 4c). And in sample No. 1, additional annealing
leads to the disappearance of the QQ phase (Fig. 4a).

Conclusion

The performed studies of phase formation in the alloy D16 enriched with Cu and Fe atoms to
the concentrations of QQ-phases existence has demonstrated the possibility of AlgoCuzgFeig and
AlgsCuggFers quasicrystalline phases formation directly in the alloy. For this purpose, various
annealing modes by the HIP method can be used in the temperature range from the plasticity
temperatures of the alloy D16 to the temperatures of solid-phase synthesis of the AlgzCugsFe;q
quasicrystalline phase. Quasicrystalline phases formation is possible both below the alloy D16
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Fig. 3. XRD results for the samples: a — 1, b — 2, ¢ — 4, d — 5. Arrows indicate QQ-phase
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Fig. 4. XRD results for the samples after additional annealing at 600°C: a — 1, b — 2, ¢ — 3.
Arrows indicate QQ-phase reflections
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melting temperature and above this temperature. Additional annealing can lead to the qua-
sicrystalline phase formation in the alloy, as well as to its destruction.
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Abstract. The first-principles calculations of the structural and magnetic properties of kotoite
NiCo(BOs3)2 have been carried out. The minimization of the lattice parameters shows the values to
be in good agreement with the experimental data (the difference is less than 1%). The atomic coor-
dinates have been calculated. Cobalt ions tend to occupy position 2a and nickel ions tend to occupy
position 4f. The same magnetic cell as in Ni3gB20Og but quadrupled in size (2a X b X 2¢) has the minimum
exchange energy for NioCo(BO3)2. In NiaCo(BOs3)2, the magnetic moments are oriented along the b axis
as in Co3B20gs.
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Introduction

Oxyborates with the general chemical formula M5_,M’,B3Og (where M and M’ are Co, Mn,
Ni, Mg, Cu, Cd) have long been the object of study up to present. Interesting features have
been discovered in these compounds. For example, in CuzB2Og a complex magnetic structure is
observed, with there being two magnetic phases. In the first phase (the singlet one), individual
spins interact, while in the second phase (the magnetically ordered one), clusters consisting of
several spins coexist [1]. At 10 K, there occurs a magnetic transition to a state representing the
superposition of these two phases.

The studies of the crystal lattice dynamics of the antiferromagnet Nig(BOg3)2 in the center of
the Brillouin zone show that the appearance of several new phonon modes and the anomalous
behavior of some "old" phonons at the antiferromagnetic ordering temperature and below, are
due to the existence of the structural phase transition associated with the magnetic ordering
of Ni3(BOs3)s [2]. However, in isostructural Coz(BOs3)2, this magnetostructural phase transi-
tion has not been observed. Recently, Niz(BO3)2 has been found to have great potential as an
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anode material for sodium-ion batteries. The Ni3z(BO3)s electrode has a high reversible capac-
ity of 428.9 mAh-g=! at 200 mA-g~!. The specific capacity of Ni3(BO3)s remains to be high
(304.4 mA-h-g~!) even at a very high current density of 2000 mA-g~! [3].

The solid solutions of Niz_,Co,(BO3)2 are known to exist [1,4,5], but a detailed study of
the physical properties of this compound has not been carried out. In this work, we present a
theoretical investigation of the structural and magnetic properties of kotoite NiaCo(BOs3)s.

1. Structural properties

According to [1,4], the NipCo(BOs3)2 compound has a crystal structure of kotoite with the
space symmetry group Pnnm. In [1,4], the parameters of the crystal lattice were determined,
but information on the coordinates of the atoms was not provided. Using the Wien2K software
package, we determined the crystal lattice parameters, atomic coordinates and distribution of
transition metal ions over the positions for kotoite NizCo(BO3)s.

In the Wien2K software package, use is made of the method of linearized augmented plane
waves with local orbitals [6,7,8]. The exchange-correlation energy is calculated in the LSDA
approximation [9] taking into account the density gradient [10], and Hubbard correlation coeffi-
cients. In our calculations, we used the potentials U=0.52 Ry and J=0 Ry [11, 12]. In estimating
the total energy, a set of 400 k-points in the Brillouin zone was used, and the value R,,,; K;,4,=7.0.
The energy calculation accuracy was 1 uRy. The following radii of atomic spheres were used in
the calculations: 2.02 at. units for nickel ions, 2.02 at. units for cobalt ions, 1.30 at. units for
boron and oxygen ions. The modified Blochl tetrahedral method was applied to calculate the
total density of the states [13].

Since X-ray diffraction cannot distinguish between nickel and cobalt ions due to the fact that
these ions have the same electronic configuration, it is impossible to determine the distribu-
tion of transition metal ions over crystallographic positions. In order to reveal how nickel and
cobalt ions are distributed over the positions, we calculated the energies of various cation-ordered
configurations. The unit cell of kotoite contains 6 transition metal ions, which occupy two crys-
tallographic positions: 2a and 4f. In Fig. 1, the transition metal ions are indicated by the blue
circles numbered 1 to 6. Ions 1 and 2 occupy position 2a, while ions 3-6 occupy position4 f.

. -Niice) /-8B @ -0

Fig. 1. The crystal structure of kotoite

The experimental values of the lattice parameters of NipsCo(BO3)s and the experimental
atomic coordinates for kotoite Niz(BOs3)q were the starting points for calculating the energy and
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minimizing the structural parameters for various cation-ordered configurations.

The results of minimizing the lattice parameters and atomic coordinates for the most preferred
type of cationic ordering are given in Tab. 1. The minimization of the lattice parameters showed
the values to be in good agreement with the experimental data (the difference is less than 1%).

Table 1. The calculated structural parameters of NipCo(BO3)2

Lattice parameters | a=A b=A c=A
Calculations [1] 4.48 5.46 8.42
4.48 5.42 8.35
Ion | Site Ton coordinates
x/a y/b z/c
Ni | 4f 1/2 0 0.3086
Co | 2a 1/2 1/2 1/2
0O, | 8h 0.7096 | 0.1811 | 0.1367
Oy | 4g 0.2420 | 0.3087 | 0
B 4g 0.5403 | 0.2370 | 0

2. Magnetic properties

There is no information on the magnetic properties of kotoite NigCo(BO3)2. The compounds
Co3(B0O3)2 and Niz(BOg3)s are known to be antiferromagnets, and the easy magnetization axis
in these compounds is oriented along the crystallographic directions b and ¢, respectively [14].
The magnetic structure of kotoites Coz(BO3)s and Niz(BO3)s was solved using the neutron
diffraction method [15,16]. It was not possible to completely solve the magnetic structure and
determine the magnetic moment of each magnetic ion in the cell. However, the authors assumed
the magnetic cell of both compounds to be 4 times larger than the elementary crystallographic cell
(2axbx2c). The magnetic moments of the transition metal ions in Coz(BO3) form ribbons. The
magnetic moments inside the ribbon are oriented ferromagnetically, while the magnetic moments
of different ribbons are oriented antiferromagnetically (Fig. 2).

Fig. 2. The magnetic structure of Coz(BOs3)2

In one of our previous works, we determined the exchange interaction parameters of kotoite
Niz(BO3)2 and showed the exchange interactions of the second coordination sphere to be im-
portant for the formation of magnetic order and we also observed an increase of the magnetic
cell [17]. The exchange interaction parameters were determined from the calculation of the total
energies of different magnetically ordered structures. Using the same technique, we calculated
the exchange interaction parameters for kotoite NigCo(BO3)s.

The exchange interaction parameters were estimated from the calculated energy values for a
number of different spin configurations, both for the magnetic cell coinciding with the crystal-
lographic one, and for the magnetic cells doubled along the a and ¢ axis (Tab. 2). Since only
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the spin configuration changed upon calculating the energies, and the other parameters of the
crystal structure remained unchanged, the total energy can be written as a sum of the exchange
contribution (the first term) and the constant value (eq):

1
Em=—3 D Jij (sisj ) +eo 1)

j

where J;; is the exchange interaction parameters between the ¢ and j atoms.

Table 2. The orientation of the magnetic moments on atoms, expressions of the exchange contri-
bution to the energy through the exchange interaction parameters and calculated energy values
of different magnetically-ordered structures for the magnetic cells coinciding with the crystallo-
graphic one

Configuration | Ni; | Nis | Nig | Niy | Nis | Nig

a u u d d d d

b d u d d u u

c d d d u u u

d d u d u u d

e d u d u d d

f d d d d d u

g d u u u d d

h u u u u u u

i d u u d d u

j d u d u d u

k d d d d u u

1 u d u u u u

Configuration The exchange part of energy (at.units)

a 8]1 + 8J2 - 8J4 - 2J3 — 2J5 — 4J6 — 4J7 — 4J8 — €0 -19741.869304
b 8J1 —8Jo+8Jy —2J3 — 2J5 +4Jg +4J7 +4Js — eg -19741.868375
c 4J1 +4J5 — eg -19741.869382
d 4J; —4J5 — eg -19741.868996
e —4J1 +4J5 — e -19741.869311
f —4J; —4J5 —eg -19741.869064
g d—8J1 +8Jo +8J4 — 2J3 — 2J5 + 4Js + 4J7 + 4Jg — eg -19741.868399
h —8J1 —8Jy —8Jy —2J35 —2J5 +4Js — 4J7 — 4Js — e -19741.868703
i —2J3 —8Jy 4+ 2J5 +4Jg — 4J7 — 4Jg — eg -19741.867484
j 2J3 —8Jy + 2J5 —4Js + 4J7 +4Js — eg -19741.867662
k —2J3 —8Jy+2J5 —4Jg + 47+ 4Js — eg -19741.868790
1 —2J3 —8Jy —2J5 —4Jg —4J7; —4Js — eg -19741.868945

Next, for description we use the exchange interaction parameters depicted in Fig. 3, where
J1 are the parameters of the exchange interaction between atoms 1-5, 1-6, 2-3, 2-4; J are the
parameters of the exchange interaction between atoms 1-3, 1-4, 2-5, 2-6; J3 are those for atoms
3-4 and 5-6 and J; are those for atoms 3-5 and 4-6, J5 are the parameters of the exchange
interaction of the second coordination sphere between ions 3-4 (5-6), Jg are those for ions 1-1, J7
are those parameters for 1-6(5) or 2-3(4) and Jg are those for 3-3, 4-4, 5-5, 6-6. The remaining
parameters of the exchange interaction are assumed to equal to zero.

Tab. 3 shows the directions of the magnetic moments, expressions of the exchange contribu-
tion to the energy through the exchange interaction parameters and calculated energy values of
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Fig. 3. The exchange interactions of the first (a) and second (b) coordination spheres

Table 3. The orientation of the magnetic moments on atoms, expressions of the exchange contri-
bution to the energy through the exchange interaction parameters and calculated energy values
of different magnetically-ordered structures for the magnetic cells doubled along the a and c axes

Magnetic cells doubled along the a axis
11212334 |45 |5 |6 |6 | Theexchange part of energy E (at.units)
u|d|u|d|u|d|d|u|u|d|d]|u| —4J3—4J5—8Js—4Js—eo | —39483,735147
u|juflu|d|{uflu|d|d|ul|ld|d]|u —4J3 —4J5 — eg —39483.735186
d|{u|d|ufd|ju|fd|fu|ju|fd|u]|d 4Js +4J5 — 8Js —4Js —eg | —39483.737539
u|lu|u|ld|u|fd|fu|ld|d|d|d]|d 4J3 +4J5 —8J7 —eo —39483.737646
uld|uju|d|u|u|d|d]|d]|u —8Js — €o -39483.736265
Magnetic cells doubled along the ¢ axis
1|12 23|34 |45 |56 |6 | The exchange part of energy | E (at. units)
d|ld|d|u|lu|jul|ld|d|d|u|d]|d —4J3 — eg -39483.735098
u|{d|d|d|d|u|ld|d|d|d|u]|d 4J3 — eo —39483.735187
dlu|lu|lu|lu|d|d|u|d|d|u|d —4J5 — eo -39483.739076
d|l|d|d|u|lu|juju|d|u|d|ul|nu 4.J5 — eg -39483.738125

different spin configurations for the magnetic cells coinciding with the crystallographic one and
for the doubled magnetic cells. The calculated values of the exchange interaction parameters
for NipCo(BO3), are given in Tab. 4. The exchange interaction parameters of NizgB2Og are also
presented for comparison [17].

Table 4. The exchange interaction parameters obtained taking into account the contributions to
the exchange interaction energy of the second coordination sphere

The exchange interactions (K) J1 Ja J3 J4 Js Js J7 Jg
NizB20Og -2.67 | -6.36 | -0.11 | 8.36 245 | -2.14 | -3.48 | 2.80
NizCoB20¢ -1.39 | -7.63 1.73 | 5.64 | -18.79 | —2.82 1.36 | 3.63

As can be seen from Tab. 4, three exchange parameters change significantly: J3, Js and J7.
In contrast to NigByOg, in NigCo(BO3)s the strongest exchange interactions (J5) are antiferro-
magnetic and they occur between the spins in the second coordination sphere. The exchange
interactions inside the triangular ribbons (Ji, J3) do not compete with each other, despite the
different nature of the interaction, whereas the exchange interactions between the ribbons (J;
and Jy) in the first coordination sphere compete with each other.
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In the case of the magnetic cell coinciding with the crystallographic one (Tab. 2), three
magnetic configurations have close energy values, two of them being ferrimagnetic and one being
antiferromagnetic due to a strong competition between the ferromagnetic and antiferromagnetic
exchange interactions in the magnetic system of NizCo(BO3)s.

We used the calculated exchange interaction parameters to determine the magnetic structure
with the lowest exchange energy for the magnetic cell quadrupled in size (2a x b x 2¢). The
magnetic structure shown in Fig. 4 has the lowest exchange energy per cell. This type of the
magnetic structure was proposed as a result of studying the magnetic structure of NigB5Og using
the neutron diffraction method.

Fig. 4. The magnetic structure with the lowest exchange energy for the magnetic cell quadrupled
in size (2a x b x 2¢)

In order to determine the orientation of the magnetic moments relative to crystallographic
directions, the total energies of the ferromagnetic state were calculated taking into account spin-
orbit interactions with the magnetic moments oriented along the crystallographic directions.
Tab. 5 shows the difference between the energy of the ferromagnetic state with the magnetic
moments oriented along the crystallographic axis [uvw| and the energy of the ferromagnetic
state with the magnetic moments oriented along the crystallographic axis ¢ (Ejypw — Ejoo1])
for NipCo(BO3)2 and for NigBsOg for comparison. As follows from the calculations performed,

Table 5. The calculated energies of the ferromagnetic state, depending on the orientation of the
magnetic moments

The orientation
of the magnetic | Ej,yw) — Ejoo1] (Ry) NiaCoB20s | Ejypw) — Ejoo1] (Ry) NizB2Og [16]

moments

[100] 6.1¥107 9.2%¥107
[010] -1.0*107° 9.2¥10°°
[001] 0 0

the magnetic moments in Ni2Co(BOs)2 are directed along the b axis. The magnetic moments in
Co3B350g are oriented in the same direction, while in NigB5Og the magnetic moments are oriented
along the ¢ axis. The calculated magnetic moments of nickel and cobalt atoms in Ni;Co(BO3)2
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are given in Tab. 6. For both magnetic ions, the calculated magnetic moments are close to the
nominal ones, corresponding to the high-spin state with the spin S = 3/2 for cobalt ions and
S = 1 for nickel ions.

Table 6. The calculated magnetic moments of nickel and cobalt atoms for NiCo(BOg3)s

Atom | Magnetic moments (up)
Co 2.82
Ni 1.78
0) 0.02
0) 0.07

Conclusion

In this work, we performed a theoretical study of the structural and magnetic properties
of kotoite NipCo(BO3)s. The calculated values of the crystal lattice parameters are in good
agreement with the experimental data. The study of cationic ordering show that cobalt ions
tend to occupy the 2a position. Despite the fact that the exchange interaction parameters
of NipCo(BO3)y differ from those of NigB2Og, the same magnetic cell as in NizgBaOg has the
minimum exchange energy. However, the direction of the magnetic moments changes. While
in NizgB3Og the magnetic moments are oriented along the ¢ axis, in Ni2Co(BO3)s the magnetic
moments are oriented along the b axis, as well as in Co3B20Og. It would be interesting to obtain
crystals of kotoite NiCo(BOj3)s and study their structural and magnetic properties in order
to evaluate whether the calculations using the Wien2K software package can well predict the
properties of the compounds.

The research was supported by the Russian Science Foundation and Krasnoyarsk Regional
Science Foundation, project no. 25-12-20012 (hitps://rscf.ru/en/project/23-12-20012/).
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MarnautHoe ynops/aoveHne 1 oOMeHHbIe B3anMO/IeiCTBUA B

Ni;Co(BOs3), co cTpyKTypoii KoTonTa Ha OCHOBE PACYETOB
IIePBbIX IIPUHIUIIOB

Csetrsiana CodpoHoBa
Aprem YepHblilieB
Anna CensHuHa
Anekcanap Kpblios

Tumodeit Tucienko

Mucturyr dusukn nm. JI. B. Kupenckoro

Denepasbublil uccaenopareabeknii nenrp KHIL CO PAH
Kpacnosipck, Poccuiickas Peeparimst

Awnnoranms. IIposesensl pacueTsl CTPYKTYPHbIX U MarHUTHBIX cBOiicTB NipCo(BOs3)2 co crpykrypoit
KOTOWTa C ITOMOIIBIO mporpamMuoro nakera Wien2K. MunnMusaiusi mapaMeTpoB KPUCTAIINIECKONH pe-
MIETKU TOKA3LIBAET, YTO MOy YEHHbIE 3HAUEHUsI HAXOATCS B XOPOIIEM COTJIACUU C IKCIIEPUMEHTAIHLHBIMEI
nanHbiMu (pasHura cocrasisier Menee 1%). VI3 pacuera sHepruil pasHbIX MATHUTOYIOPJ0YEHHBIX COCTO-
STHUI OIEHEHBI TTapaMeTpbl OOMEHHBIX B3auMojeicTBuii. OreHka sHEprun 0OMEHHOTO BKJIAJIA IMOKA3aJ1a,
aro B NizCo(BO3): MuanManbHON 9HEprHEi o6MeHa 00JATAET Ta YK€ MATHUTHAS CTPYKTYPA, ITO W B
NigB20s. Ognaxo B oriauune ot NizgB2Og B NigCo(BO3)2 MarHuTHbIE MOMEHTBI OPUEHTUPOBAHBL BIOJIb
ocu b, kak B Co3B20s.

KuroueBbie cJjioBa: MEPBONPUHITUIHBIE PACUYEThl, OOMEHHBIE B3aMMOIECHCTBUS, KOTOUTHI, MATrHUTHASI
CTPYKTypa.
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